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GIFT 



PREFACE. 



A word of explanatloa is due to the reader, in view of the fact thai 
the foilowing pages relate to bnt a BmaU number of the vast array of 
devicee included in the broad term Mechanifm. 

Having in the opening chapters considered the methods by which 
motion, and the modification of motion, may be represented and an- 
alyzetL and the basis npon which a proper classification of elementary 
mechanical combinations may be made, the neict queetion was, what 
classes of such combinations should be first examined. So large a 
proportion of these consist of pieces rotating in contact ut>ont fixed 
aies, that they seemed to havo a natural claim to precedence, which 
was dnly recognized. 

Attention vas accordingly next directed to the discneeion of the 
pitch sni'faces, and in natural sequence to the forms of the teeth, of 
gear wheels of all kinds. Which having been done, it appeared 
proper to publish so much as was completed, becaose notwithstanding 
that many treatises upon these special topics havo been written, there 
would seem to be room for another ; the more particularly since even 
in sweeping out this part of the shop, scraps of new material and cut^ 
tings of old have been found, in quantity and of quality to be worth 
using. 

The endeavor has been made to treat tho theory of the subject in a 
practical manner, for the beaefit of tho practical man. That is to 
say; the demonstrations are made as far as possible directly dependent 
npon the diagrams ; and the latter, in most cases reduced from work 
actually executed npon a large scale, are accompanied by explanations 
which it is hoped will enable any ordinarily expert draughtsman to 
"lay out" the movements with ease and accuracy. 

In order to avoid interrupting the argnment by subordinate discus- 
sione, as well as for more ready reference, an Appendix has been 
added, containing the methods of construction, and other graphic 
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BB, relating to yarioos carvee alladed to from tiioo to time in 
the bod; of the book. 

Among the works of previoiiB writers to vhich free reference has 
been made, the most prominent are the "Frindplea of Keohanism," 
by Prof. Willis, the great leader in this branch of science, and the 
" Geometry of Kaohinery," by hie great follower Prot Rankine ; bat 
this treatise is in no sense a revision of either. While the definitions 
and the nomenclature of the former author have been retained, it ha3 
not seemed desirable to adopt his method of treatment, convenient to 
adopt his order of arrangement, nor in eome cases possible to adopt 
his conclusions. Moreover, mnch of the subject matter is, it is 
believed, entirely new, as well as several of the devices and combina- 
tions illustrated ; original investigations alone furnishing the mate- 
rials for all that relates to the following topics, viz. ; 

1. Dissimilar Lobed Wheels duriTod from similar Elllpees. 

a. Intfirohangeable Logarithmic Spiral Mullilobes. 

S. Computation of Limiting Numbers of Teeth, Spur and Pin GcariDg. 

4. Limiting Diameter ot Describing Circles for Annular Wheels. 

5. Double Contact of EpicTcloidol Teeth in Inside Gear. 

6. The Odontoscope, for showing Effect of Wear in Bearings upon Velocity Ralio. 

7. Determination of a Series of Equidistant Cutters. 

8. Properties of Pamllel to Epicycloid, and Kew Theory of Pin Gearing. 

9. Elliptical and Lobed Conical Wheels. 

10. Oblique Rack and Wheel, with New Theory of Oblique Screw Gearing. 

11. FaUacy of Willis's and Rankine's Theory of Skew Teeth, with a, New Method 

of Construction. 
13. Spherical Screw and Face Wheel. 

Both the natnre of the subject and the mode of treatment are snch 
as to demand copious illustrations ; for the general excellence of 
which I am indebted no less to the liberality of my publishers than to 
the most efGciont services of my pupils, Mr. W. H. Bristol and Mr. 
F. Van Vleck. 

C. W. Mac Coed. 
Stevbks Institute of TECBiroLOor, 
HoBOKEM, N. J., Auguit ], 1888. 
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PREFACE TO SECOND EDITION. 



Bt the iasaing of another editioo, I am fortuniitely enabled to cor- 
rect many errors which existed in the flrst. Of these the greater 
part were merely typographical, being chiefly in the letters of refer- 
ence to the diagrams, and of a nature to be readily detected in moat 
coses by the reader ; and thanks are due to several friends for their 
kindness in reporting snch as they had noted. Bat in two or three 
instances there were more serious slips of the pen, likely to perplex, 
if not actoally to mislead ; these were oversights or omissions on my 
own part alone, and the text has been altered so ob to conform with 
tho original intention. 

There ia, however, in addition to these minor matters, one point 
requiring a more extended explanation than conid well be inter- 
polated, and to this matter especial attention is here requested. 

From the opening paragraphs on the manufacture of gear cutters 
(pages 177 and 178), it ia naturally to be inferred that the two 
hand-and-eye processes there mentioned, of turning a cutter to fit n 
template, preyionaly filed to tho form of an automatically-traced 
carve, are involved in the system pnrsuod by Messrs. Brown & Sharpe, 
and that consequently the exact duplication of cutters upon that 
system is a matter of extreme difficulty. 

I wish here to state with emphasis, that both these inferences are 
erroneous, and do injastice to the actual process ; since tho template 
is not filed to the mark, the cutter is neither turned nor fitted to it, 
and both cutters and wheels can be and are duplicated with facility 
and precision. 

A maater tool is first made, tho contour of whoso cnttiug edge is 
made to conform with the fine lino traced upon the template, under 
dose scrutiny with a magnifying glass, which is the only hand-and- 
eye process resorted to. This master tool is used only to give the 
finishing touches to other tools, whose outlines are again compared 
under the glass with the template, after hardening, in order to detect 
any distortion which may have occurred during that operation. 
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Till FKEFACE. 

These latter tools, having paesed this test, are the ones sctnallj used 
ill making the cutters, and all are so formed that they can be 
ground without changing the outline of the cutting edges. Thus 
the same cutter can be used for making many wheels, and the same 
tool for making many cutters, doring the working life of which the 
results must be exactly alike. 

It should be stated, also, that the master tool is made with but 
one catting edge, fitted to one side of the tooth-outline traced upon 
the template, and the second or working tool is made in two parte, 
both cat by that one edge, in reverse directions. This not only re- 
duces the amount: of hand-ond-eye work, but insurce that both sides 
of the tooth shall be exactly alike. The working tool might, of course, 
be used to shape a cutter by simple tuniing ; in point of fact, how- 
ever, it is not BO used, but has a radial motion with respect to tbe 
cutter blank while the latter rotates, even in giving the final touch to 
each tooth of the cutter. The result of this compound motion is the 
peculiarity above mentioned, that if the front of each tooth be ground 
to a radial plane, the outline of its cutting edge remains unchanged, 
thus securing the exact similarity of ali teeth made by the cutter. 
And, finally, any distortion in hardening the cutter may be detected 
by comparing its teeth under the magnifier with the template. 

It ia, perhaps, hardly necessary to say that the paragraphs which 
admit of such injurious inferences were written with no intention of 
unjustly disparaging n system which, if not entirely automatic in all 
its processes, nevertheless possesses unquestionable merits of its own ; 
they were written under a misapprehension, due to an explanation of 
its details which proved, upon a personal examination subsequeutly 
made, to be neither accurate nor complete. 

C. W. Mac Cokd. 
Jan. 1, 1885. 
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PRACTICAL KINEMATICS. 



CHAPTER I 



1. Meehiuiiini is the Bcience which treats of the desiring and con- 
fitraction of machinery. Its objects are, to inTestigate thoae abstract 
principles which are involved in planning correctly, and to describe 
the practical operations involTcd in successful execution. 

2. A Haohine is very properly said, in u general way, to be an arti- 
ficial work which serves to apply or to regulate moving power. 

This definition will not answer our purpose, for which it is not suf- 
ficiently minute ; but it is correct so far as it goes, and close and clear 
enough for the ordinary employment of the word. 

From its terms we infer that a machine applies or regulates ex- 
traneons power for some useful purpose. That is to say, the existence 
of the machine presupposes the existence of something to be done 
and of power to do it ; and it also implies the necessity of modifying, 
in Bomo way or other, both the force and tho motion caused by the 
force. Ifo machine can move itself, nor can it create motive power ; 
this must be derived from external sources, such as the falling of a 
weight, the uncoiling of a epring, or tho expansion of eteam. 

3. Motive power has different characteristics, according to tho 
nature of the source. It may bo constant, as in the case of a head of 
water kept at the same level by an unfailing stream ; it may vary ac- 
cording to regular laws, as when derived from expanding steam ; it 
may vary irregularly, like the strength of animals : or it may bo wholly, 
fitful and uncertain, like the wind. 

Bat these characteristics, as well as the supply of power itself, are 
beyond our control. We cannot create power as wo want it, but must 
take it whence we can get it. We cannot stipulate conditions, but 
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2 PUKE AND CONSTRVCnTB KECHANISIL 

most take the power as we find it, bo thankful for it at that, and 
adapt it to oar needs and porpoees as best we can. 

4. This is done b; the nee of machinery : and it is dear that in the 
Gonstmction of every machine, reference most be had to the charac- 
teristics of the motiTe power as well as to the natnre of the work to be 
done. Wc may therefore amplify the definition above given, and say 
that— A Machine is an assemblage of moving parts, interposed between 
the power and the work, for the purpose of adapting the one to the 
other. 

It is not, however, always necessary to trace back the source of 
power to its origin. For example, a line of shafting, whether itself 
driven by wind, water, or steam, may properly be considered as the 
"source of power" in reference to the various drills, lathes, planers, 
etc., driven by it. 

Pure and Constructive Mechanism. 

5. The operation of any machine depends upon two things, viz. : 
definite force and determinate motion. And in the process of design- 
ing, due conaideration must be given to both these, so that each part 
may be adapted to bear the strains put upon it, as well as to move 
properly in i-ektion to other parts. 

But the nature of the movements does not depend upon the strength 
nor upon the absolute dimensions of the moving pieces, and may often 
be clearly illustrated by a model whose proportions arc very unlike 
those of the actual working machine. Consequently the force and the 
motion may be considered separately ; and thus the science of Mecban- 
isni ia divided into two branches, called respeetivelT Pure and Cb»- 
atnictive. 

6. The selection of materials, and the proportioning of details with 
reference to strength and durability, arc governed directly by consid- 
erations relating to the forees involved. Closely connected with those 
are other considerations relating to facility in manufacturing, con- 
venience in repairing, and kindred features eesential to practical ex- 
cellence ; and the whole fall properly within the scope of Constmctive 
Keohuusm. 

But we may examine tbo action of a machine by merely putting 
it in motion, without actually setting it at work; and we can plan 
its movements withont regard to the requisite strength of the 
parts. 

The laws of motion may bo discussed quite independently of any 
consideration of the force involved, and without reference to either 
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the pover or the work ; and this conatitates the bnmoh called Pore 



7. Purpoeing now to confine oar attention to this latter hranch ol 
the Bcience, it is necessary, before entering npon its study, to define 
and explain the aenso in which certain terms and phiases of freqaent 
occnrrence shall be used. And first of all, we peroeiye that we have 
not, aa yet, assigned to the word machin« a meaning which is precise 
and in accordance with the above limitation. 

We mnet therefore modify the definition once more ; and consider- 
tug it with reference to its motion only, 

A Kaohine is a combination of parts to connected that when one 
moves according to a gieen law, the ethers must move according to cer- 
tain other laws. 

6. Hotion and Beit are essentially relative terms, within the limits 
of onr knowledge. We can conceive a body to remain in a fixed posi* 
tion in space, but we cannot know that there is one which does. If 
there be taij such body, it is tn s state of absolute rest. 

If two bodies, although both are moving in space, retain the same 
relative positions, each is said to be a^ rest with respect to the other : 
if they do not, either may be said to be tn motion with respect to the 
other. 

Path.— A point moving in space describes a line, called its path; 
which may be rectilinear or curvilinear. The motion of a body, or 
geometrical magnitude, may be defined by the paths of one or more of 
its points, selected at pleasure. 

Direction. ^Iq a given path, a point can move in cither of twodirec- 
tions only, which may be defined in Tarioua ways, as up or down, to 
the right or left, with the clock or the reverse ; direction, as well as 
motion, being entirely relative. 

9. TeloeitT, however, is not cssentioDy relative. Whatever the 
form of the path, the speed of tho motion is estimated by comparing 
the distance, or space, through which a point or body moves, with the 
time occupied in doing it. And since both space and time are abso- 
lute magnitudes, the velocity itself is absolute. 

Velocity is either uniform, equal spaces being traversed in eqnal 
times ; accelerated, tho spaces increasing, or retarded, the spaces de- 
creasing, while the times remain equal. And the rate of acceleration 
or of retardation may itself be either uniform or fluctuating. Bat it 
is not necessary to consider all the complications which may arise iu 
this way ; for our purposes it will suffice to make one general distinc- 
tion, viz. : that between motions with uniform velocities and motions 
with variable velocities. 
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10; In the case of uniform motion, the space variee directly with 
both the time and the Telocity. Thua if one body move twice aa long 
and twice as fast aa another, it will clearly travel four times as far. 
This is otherwise expressed by saying that the space increases in the 
compound ratio of the time and the velocity ; or, still better, in the 
form of an equation, thus, 

Space = Time x Velocity. 

The spaco and the time are measured by comparing them with fixed 
standards, or units, and may therefore be expressed by abstract num- 
bers. And so in consequence may the velocity ; for from the above 
equation we have 

in which the first member being composed of abstract terms, the 
second member will also be an abstract number, showing how many 
units of space are traversed in a unit of time. 

And this is the measure of absolute velocity when the motion is 
uniform. 

11, Angular Velocity. — This expression relates to rotatory motion, 
like that of a wheel turning in its bearings ; the speed of which may 
be measured by the linear velocity of any point in the rotating body 
whose radial distance from the axis is equal to the unit of space. 
This ia called the angular velocity, and may be either uniform or 
variable. 

If the angular velocity be uniform, the linear velocity of any point 
varies directly as its distance from the axis : for the angles are propor- 
tional to the times, and the arcs to the radii. Thus if one point be 
two feet, and another four feet, from the axis, the outer will move 
twice 98 rapidly as the inner, since in the same time it describes twice 
as large a circle. 

The speed of a wheel may also bo conveniently expressed by stating 
the number of turns it makes in a given time ; whieli evidently varies 
as the angular velocity, if the latter be uniform. 

The most concise and useful value, however, is the equation 

, , ,r 1 -1 Linear Velocity 
Angular Velocity = -^-^, • 

12, Bevolution and Rotation. — A point is said to revolve about a 
right line as an axis, when it describes a circle of which the centre is 
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in, and the plane perpeudicakr ki, that line. When all the points 
of a body thus reYolvo, with the same angular velocity and therefore 
vithout changing their relative positions, the body itself is said to re- 
toIto about the axis. 

If the axis passes through the body, as in the caeo of a wheel, the 
word rotation may bo properly tised synonymonBly with revolution. 

But it frequently occurs in mechanical combinations, as for instance 
in Watt's Sun-and-Planet Wheels, that a body not only rotates aboat 
OD axis which passes through it, but at tho same time moves in an 
orbit about another axis. In order to make a distinction between tho 
two motions, we shall in such cases speak of the first as a Eotation, and 
of the second as a Barolution, just as we say that the earth rotates on 
its axis, and revolves around the aun. 

13. Continuous Hotion. — Motion is in its nature contiQUons, in the 
sense that a point cannot move from one position in space to another, 
withont passing throngh all the intermediate positions, whether ite 
path be rectilinear or otherwise. But in tho nature of things it is im- 
possible for a point to go on moving indeijiitely in the same direc- 
tion, unless its path bo one that returns into itself, like a circle, ellipse, 
or other closed curve. 

And the possibility of such indefinite continuance is what is im- 
plied in tho expression continuous motion, as technically employed. 
A wheel taming freely in its bearings affords an example of motion 
continuous in this sense, which naturally occurs oftener in circular 
paths than in any others. 

14. Beeiprooatiiig Hotion. — If a point traverses the same path alter- 
nately in opposite directions, its motion is called reciprocaiing, whether 
the path bo rectilinear or not. But if the point travel in a circnlar or 
other arc, the use of this term will be confined to those cases in which 
the arc traversed is less than a circumference. For if a wheel make 
a number of complete turns, first in one direction and then in tho 
other, it is manifestly improper to style such motion reciprocating, 
notwithstanding the recurring reversals in direction. 

Reciprocating circular motion, like that of a pendulum, or of a lever 
swinging on a fixed centre, is also called vibration. 

16. bttermittent Hotion. — When a reciprocating piece has reached 
the end of its excursion in one direction, there must evidently be an 
instant of rest, before it begins to retnm. But it frequently is re- 
quired that a piece shall remain still for a definite time, after which 
it again moves, either in the same direction as before or in the oppo- 
site. When a piece in its action thus alternates motion with definite 
periods of rest, it is said to have an intermittent motion. If the mo- 
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tioBB occnr alternately in opposite dlrectioas, the action may he called 
an intermittent reciprocating motion. 

16. MechiiiiicaV Kovements. — Tho different kinds of motion abore 
specified are te a certain extent interchangeable. That is te eay, one 
kind may bo converted inte another, by means of Tarioos deTices. 
vhich ore called mechanical movementa. 

It is ordinarily the case, that a machine is composed of a namber 
of Bach movements, or enhsidioij combinations of parts, each fulfilling 
a distinct function in tho general operation. They are te the machine 
what tho members aro to the body ; bnt each one, serving a definite 
purpose in respect te its motion, may be regarded as a little machine, 
vhose action may be studied by itself. For example, the valve gear 
of a steam engine may be entirely disconnected from the other parts, 
and its operation investigated withont reference te them. 

17. Cycle of Hotions. — When a mechanical combination is set in 
action, its parts go througli a certain series of motions, involving 
various changes in direction, velocity, or kind of motion, in a regular 
order. It is nsnolly the case that the parts finally return to their 
original positions, after which the same motions will recur in the same 
order, and so on perpetually. Tho whole series ia called the Cyde. 
Under these circnmstances the combination is also said to have a 
Vnifonn Feriodio Hotion. These terms, however, are used only for 
want of better ones. Neither the word " Cycle " nor the word " Peri- 
odic " have any reference to the time required to go through the series 
of motions, nor does the word "XJniform" imply that the time occu- 
pied is always the same. 

IS. The terms are intended to convey the idea of regularity of 
enccesaion and constancy uf relation, as obtaining among the motions 
which make up the series. 

To illustrate : One revolution of the crank of a steam en^ne pro- 
duces a reciprocation of the piston and a series of different angular 
positions of tho connecting rod, which itself vibrates on a moving 
axis. And if the speed of the crank be uniform, the velocities of 
both piston and connecting rod will vary according to a definite law. 
Now it is clear that the parts will go through the same series of 
motions, in the some relative order, and with the same variations in 
velocity as compared with the speed of the crank, at every turn of the 
latter, whether it go quickly or slowly, nniformly or variably, in one 
direction or the other. 

19. Phaiei of Kotioa — This term ia used te designate the BaccesBive 
phenomena of varied motion. Thus, om phase in the movement of a 
Bteam engine would be represented in a diagram showing the relative 
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postdonB of the piBton, conoecting rod, and craok, at the beginning 
of a stroke ; another if the middle of the stroke had been selected, 
and 60 on. Sach diagrams, repreaenting different phases of the mo- 
tion, are often of the greatest utility in conveying clear ideaa of the 
action of complicated mechanical morements. Since the order of 
recurrence is the same, we may select at pleasure any phase as the 
beginning of a cycle. 

20. Recapitulating a little, we see from the foregoing that oTcry 
machine, regarded broadly as a contriTsnce for utilizing power, eou- 
sists essentially of three classes of parts ; the function of the first 
being to receive the power, that of the second to tninsmit and modify 
the force and the motion, and that of the third to do the work. Evi- 
dently, the nature and form of the first class depend directly and 
largely on the character of the motive power, those of the third class 
upon the nature of the work to be done, which also to a great extent 
determines the proper actual velocity of the machine while in practical 
operation. It is also apparent that these three classes of parts are in- 
dependent of each other, in so for that any kind of work may be dono 
by any kind of power, and by means of diSerent combinations of 
interposed mechanism. 

31. Now in what follows, we shall have to do only with tlic second 
of these classes. Our object is to investigate the laws -which govern 
the determinate motions involTed in the action of t)ie machine : and 
the motions as well as the form of the first class ore determined by the 
manner of action of the motive power, and those of the third by the 
nature of the work and tho manner in which it is to be done The 
motion of the one class has then to bo transmitted to tho other ; and 
as the given motion of the former may bo and usually in different from 
the required motion of the latter, it follows that, during transmission, 
the motion must be modified according to specific conditions. These 
objects are accomplished by the second of the three classes of parts 
above enumerated ; and it is the province of Pare Mechanism to dis- 
cosa the methods by which motion may bo transmitted, and to inves- 
tigate the laws which govern its modification daring the process, 

22. Elementary Combinations, — If two pieces be so connected and 
arranged that a given motion imparted to one compels the other to 
move in a determinate manner, these two constitute an elementary 
combination. Practically, the motions arc made determinate by means 
of a rigid frame, in relation to which, as well as in relation to each 
other, the two pieces move. But, obviously, the modification of the 
motion is best seen by comparing the movements of the two pieces with 
each other, so that for our purposes it is safficient to take note of tho 
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motion of which each one ia capable, without regard to the means 
by which it is restrained or limited. 

23k Driver and Follower. — That piece of an elementary combina- 
tion to which motion is supposed to bo imparted, is called the Driver: 
and the one whoso motion is made compulsory by the action of the 
other upon it, is called the Follotoer. 

A Train of Meohaninn consists of a series of parte, composing the 
whole or a portion of a machine, each of which receives motion 
from the preceding one, and transmits it to the next in order. The 
train is, therefore, made up of elementary combinations, and each 
piece 18 & follower to the ono which cornea before, and a driver to the 
one which comes after it. As the motion may be modiiiod at each 
BuccessiTe step, it is necessary to begin by considering the modifica- 
tions which may bo effected by means of ' elementary combinations 
only. 

31 Modes of Traiuminlon. — Strictly speaking, if we leave out of the 
question the agency of attractive or repulsive forces, such as magnet- 
ism, one piece cannot compel another to move nnless the two are in 
actual contact. 

But in many cases the motion of one piece is communicated to 
another by the intervention of a third one, under such circumstances 
that the movements of the latter are of no possible conseqnenco, the 
proper action of the whole depending entirely on the relative motions 
of the first and second : and these two may then bo properly regarded 
as forming on elementary combination. Wo have, then, that motion 
may be transmitted from a driver to a follower, 

1. By Direct Contact. 

2, Sy Intermediate Connectors. 

25. Links and Bands. — Such anintermediateconnectormust beeither 
rigid or flexible. If it bo rigid, it is called a Link, and can cither 
push or pull, like the connecting rod of a steam engine : being neces- 
sarily pivoted or otherwise jointed to both the driver and the follower. 

If the intermediate connector bo flexible, it is called a Band: for 
our purposes it is supposed to bo inextensible, and it c^a transmit 
motion only by pulling. 

26. Kodification of Sotion. — In the action of an elementary combi- 
nation, the motion of the follower may diSer from that of the driver 
in kind, in velocity, in direction, or in all three. For example, a con- 
tinuous rotation with uniform velocity may transmit continuous rota- 
tion whoso velocity is greater or less, uniform or variable, in the same 
direction or the reverse; it may transmit rotation intermittently : or 
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the follower may receive a reciprocating motion with a varying velocity 
in a rectilinear or a curvilinear path. lu an elementary combination, 
as has been pointed out, the path of each piece ie determined by its 
comiection with the frame-work of the machine, and it remains for 
ns to oBoertain, at each instant of the action, its direction and velocity. 
If this be done, the question is already settled as to whether the mo- 
tion haa been changed in kind. Hence we may properly say that the 
most important function of an elementary combination is to modify 
motion in velocity and directum, 

27. The laws which govern this modification are determined by the 
comparative movements of the two pieces. It is apparent on reflection 
that, at every instant of the action, or, in other words, for every possi- 
ble position of the driver with respect to the follower, there will exist 
a certain definite proportion between the velocities, and an equally 
definite relation between the directions, of their motions ; which will 
depend entirely upon the pieces themselves and the manner in which 
they act iipou each other, and caocot be affected by the absolute 
directions or velocities. 

Consequently, whatever the nature of the combination, the analysis 
of its action will be complete, if throughout its range we are able to 
determine, as between the driver and the follower, 

1. Tho Velocity Ratio. 

2. The Directional Relation. 

28. TSov, the velocity ratio of the two motions may remain tho some 
during the entire action, or it toay vary ; and this is also true of the 
directional relation. To illustrate : If two circular wheels gear with 
each other, turning about fixed axes, it is clear that the velocity ratio 
is constant. If one wheel ia twice as large as the other, it will at any 
instant be turning half as fast, whether the motions bo uniform or not. 
And so of the relative directions of the rotations ; if the wheels are in 
external gear, they will turn in opposite directions, if they ore in in- 
ternal gear they will turn in the same direction : but the directional 
relation, whichever it may be, does not change. If two elliptical, 
wheels engage, tho directional relation, as before, ia constant : but tho 
velocity ratio will change as the radii of contact vary. In the case of 
the piston and crank of a steam engine, neither the velocity ratio nor 
the directional relation is constant ; supposing tho crank to turn at a 
uniform rate in one direction, tho piston travels to and fro with a 
varying speed. 

It is this feature of constancy or the reverse, in these two partic- 
ulars, which distinguishes tho actions of elementary combinations 
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from each other, and forms tho trnti basis for their proper claaaifi- 
cation. 

88; QraphioBdpmemtatioiiofKotioiL—IthasalToady been suggested, 
that the action of a combination may often be most dearly illustrated 
by drawings which show tho parts in their proper relatiTO positions at 
conTonient phases of the motion. 

Bot the motions thomselTes of any points in cither piece also admit 
of perfect graphic representation at any given phase. For though 
the path of a moving point may bo a carve of any kind, yet, ss the 
direction of a curve at any point is that of its tangent at that point, 
the direclion of the motion at nny inEtant may be indicated by that 
of A right line. And the velocity being on abstract number, may be 
properly represented by the length of that line. 

30; Oeonurtrical Kethod of Investigation. — Between the lines thug 
representing tho motions of properly selected points, and other lines 
closely connected with the moving pieces, definite relations may usu- 
ally be established, in mich a manner that, by means of diagrams tfans 
constructed, the velocity ratio and the directional relation may be a»- 
certained in tho particular phase represented, and the law governing 
the modification of motion throughout the action deduced, by simple 
geometrical reasoning. 

The method here outlined is peculiarly appropriato to this subject, 
cs directly leading to, if not directly involving, tho accurate constmc- 
tions of tho movements considered, which are essential in practical 
operationa : and to it we shall odhero throughout. But there are 
some general principles relating to motion and contact, by a previous 
study of which tho analysis of motion as modified by mechanical de- 
vices will bo much facilitated : and these will accordingly receive our 
attention in the following chapter. 
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COMPOSITION AND BESOLUTION OP MOTION — INBTANTANEOITB AXIB OF 
BOTATION— MOTIONS OP TRANSLATION — COMPOSITION OP ROTATION 
AND TRANSI^TION — SLIDING, BOLLINfl, AND MIXED CONTACT. 



Composition and Resolution of Motion. 



31. SMnltent. — If a material.pomt receive a single impulse ia any 
direction, it will move in that direction with a certain Telocity. If it 
receive at the same instant two impulses in diSerent directions, it will 
obey both, moving in an intermediate direction, and with a velocity 
different from that duo to either impulse alone. Now such a point 
may receive at the same instant any number of impulses, differing in 
magnitude ond direction. But the point can move only in one direc- 
tion and with one velocity; this actual motion is called the Beialtant; 
and the separate motions, which the different impnlseB taken singly 
tended to give it, are called the Components. These components being 
represented by right lines, which may lie in the same or in different 
planes, the resultant may be found graphically by the following con- 
etructions : 

3S. PuaUelivnua of Motions. — In Fig. 1, let the point A have two 
component motions, represented by AB,AC. 
These two lines determine a plane, in which 
the resultant must lie. In this plane draw 
through B a parallel to ^C, and through C 
a parallel io AB. These parallels intersect 
at D ; and AD is the resultant sought. 

This fundamental proposition may bo thus stated : If two compo- 
nent motions be represented in mcignitude and direction by the adjacent 
sides of a parailelogram, the resultant mil be similarly represented by 
the diagonal pasting through the point of intersection. 
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S3. CompOtttion of Hotioni. — ^This process of finding the resultant of 

simaltaneons independent motions is called Composition : and any 

number of them ma; be compounded by repeating it. Thus in Fig. 

, 2, let there be throe components, AS, 

AC, AE, all lying in the piano of the 

paper. We first compound any two of 

' them. Bay AB and AC, as in the figure, 

giving a resultant AD, irhich is next 

compounded with AB, by which finally 

we find AF, the required resultant The 

process is the same for any mimber of 

componento, and it makeB no difference in what order they are taken. 

34. Parallelopip«don of Hotiona. — The above holds true whether the 
components all lie in the same plane or not In Fig. 3, let AB, AC, 

AE, be three components, the first two 
lying in the piano of the paper, while i 
the last does not. Proceeding as before, 
AD, the resultant otAB and AC, will 
lie in the plane of the paper also ; hut 

AF, the final resultant, found by com- " Fu. s. 
pounding AD with AE, will He in a different plane, determined by 
those two lines. Had there been a greater number of components, we 
should have continued in a similar manner, compounding JFwitli 
one of them, their resultant with another component, and so on. But 
the figure suflSciently illustrates not only the process, but also another 
fundamental proposition, relating to three components not in one 
plane, which may be thus expressed : 

If three component motions ie represented- by the three adjacent edges 
of a parallelopipedon, the resultant will be represented in viagnitude 
and direction by the body diagonal which passes through the point of 
intersection. 

35. BMolution of Motion. — This is the inverse process to that above 
explained. It is obvious that if two or more independent motions can 
be compounded into a single equivalent motion, that resultant can bo 
again separated, or resolved, into its components. This would be 

just as true if the resnltant thus found had 

been originally given as an independent Ein- 

glo motion. Consequently any motion may 

be resolved into two components, either of 

^"' *' these into two others, and ao on ad libitum. 

And these components may bo given any direction at pleasure. In 

Fig. 4 Misrepresent the given motion ; through A dnv ACia any 
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direction, and through B draw BO, cntting ACm sny point C. Then 
completing the parallelogram, it is oTident that AB is the resultant 
o( the two motions represented by AC, AD, Of these the direction 
of the first was assigned ; that of the other is not wholly arbitrary, 
since it must lie in the same plane with AB and A C. But AD may 
be again resolved, the direotion of one component heiug assumed as 
before : and this may bo repeated until components of the original 
motion have been found, in aa many different directions in space as 
may be desired. 

36. From the above it will be perceived that if the given motion 
and the required components all lie in one plane, whatever the num- 
ber of the latter, the resolntion can be exactly effected. If the; do 
not, there may be one component in addition to those whose directions 
are assigned : shonld these all lie in one plane which does not contain 
the given motion, this must obviously be the case. 

But a motion can be exactly resolved into three components not in 
one plane, provided that it does not lie in the plane determined by 
either two. 

Thus in Fig. 3, let AF be the given motion, and Ax, Ay, Az, the 
directions of the three component. Now these three lines last men- 
tioned determino three planes; and by passing through F three 
other planes respectively parallel to these, a parallelopipedon is con- 
etracted, of which AF is the body diagonal, and the edges pass- 
ing through A are therefore the required components. 

37. Normal and Tangsntial Components. — Itisoften required to resolve 
a motion into two components, of which one shall be perpendicular, the 
other parallel to a given plane : usually a plane tangentto the surface 
of some moving piece under consideration. In this case the former is 
called the normal, and the latter the tan- ^ 
genlial, component. They are easily found 
as in Fig, 5. Let A l>e the moving point, 
AB representing its motion : draw through 
A the plane MN parallel to the given 
plane ; upon this let fall the perpendicular 
BC, and draw A C. Completing the paral- ^ 
lelogram CD, it will be perceived that the 

tangential component is AO, tlie orthographic projection of AB upon 
the plane MN, and that AD, the normal component, is equal and 
parallel to BC, the projecting perpendicular of the point B. 

38. Hotioni of Connected Points. — If two points be so connected that 
the distance between them is invariable, they may be supposed to be 
connected by a right line. The motions of the points at any instant 
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nifty be represented by right lines, which may be in the same or in 
different planes. Each of these may be resolved into two components, 
one of which is in the direction of 
the connecting line, the other per- 
pendicular to it. And the simulta- 
neoos motions are subject to this con- 
dition, that the components along the 
line, thos found, must hare the same 
magnitude and direction. Thus in 
Fig, 6, thecomponents^C^,^/', along 
the line AB, must be eqnal and in the same direction ; otherwise 
the distance AB would change, which is contrary to the hypotheBis. 
These components are at ouce found by drawing through E and D, 
planes perpendicnlar to AB, cutting it in Cand F. 



^ 



The Instantaneous Axis of Rotation. 

39. A. right line, moving in any manner in space, may at any given 
instant be regarded as revolving abont some other right line more or 
less remote. The latter may, from instant to instant, change its posi- 
tion not only in space, bat in relation to the line whose motion is 
under consideration, with reference to which it is therefore called the 
Instantaneow Asi. 

40. If the motions of two given points in a right line are known, 
the motion of the whole line is fully determined. Consequently, if it 
can be shown that the actual motions of these two points, at any one 
instant, are the same as though they were revolving with the same 
angulur velocity and in the same direction about any axis, the motion 
of the line is at that instant equivalent to one of revolution about the 
same axis. 

First, considering the motion of a single point in space : whatever 
the path, the motion is, at any given instant, equivalent to one of 
revolution about any right line in the plane normal to the path at the 
position occupied at that instant by the moving point. Thus in Pig. 
7, lot P be the moving point, PT the tan- 
gent to its path, and MNiYia normal plane. 
In this plane draw any right line AB, and 
PC perpendicular to it. Then if /* be sup- 
posed to revolve about AB as an axis, it 
will deEcribc a circle whose plane, being 
perpendicular to MN^, will contain the line PT: and this line being 
perpendicular to the radius CP at its extremity, will be tangent to 
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the circle thae described. Similsriy the actual motion of P maj be 
proved eqaivaleot to one of rerolation abont IIL, or an; other right 
liae lying in the normal plane MN, 

The angular velocity will depend upon the distance of tbe moving 
point from the aasnmed axis, and is conveniently meaanred by divid- 
ing tbe given linear velocity by that distance, since in general we 
hare (11) 



ang. vel.=: 



lin. vol. 
rad. 



Thus if in tbe figure, PT' represent the linear velocity of P at the 
given instant, we shall have for the equivalent rotations, 



ang. vel. about AB ^ - 



ang. vel. about HL 



FT 

' pd' 



41. Now, if tbe motions of two given points on a right line be 
known, the above reasoDing applies to each. Consequently, if we draw 
two planes, respectively normal to the paths at the positions simulta- 
neously occupied by the moving points, tbe intersection of these planes 
will be the only right line about which both points can at the given 
instant be regarded as revolving. 
But we have already seen that the 
motions of two connected points 
are subject to another condition 
(88), and it remains to be shown 
that these equivalent revolutions 
will have the same direction and 
the same angular velocity when 
that condition is satisfied. 

42. Wo will first consider the case 
in which all the motions of the line 
npon which tbe given points ore 
situated, are confined to one plane. 
In Fig. 8, let AB be the moving 
line,^and£thegivenpoint8. Let 
.i4i> represent the motion of ^ in 
magnitude and direction, and snp- Fm. u. 

pose B to more in the direction BEy AD may be resolved into tbo 
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two components, AC in the direction of AB, and AF perpendicular 
to it. The motion of B must have a component BQ along AB, 
eqnal ia AC and in the same direction. Having set this off, draw 
at C a perpendicular to ABy catting BE at E. This determines the 
linear Telocity, BE, of the point B, and completing the parallelo* 
gram, this is £een to be the resultant of the two components B 0, BH. 
Supposeall these lines to lie in a horizontal plane parallel to the paper ; 
then AO perpendicular ioAD, and BO perpendicular to BE, will be 
the traces of the two normal planes, and their intersection will 
represent a vertical line. Kow draw OL perpendicular to AB, then 
the triangles ACD, ALO, are similar, and also the triangles EQB, 
BLO ; whence 



AD_ 
■ OA 



But since AD, BE, are the linear velocities of A and B, the frac- 
tions -- and --- are the angular velocities of the revolutions of those 

points about ; which are thus proved to be equal, and their direc- 
tions are the same by construction. 
43, The same pairs of similar triangles will therefore give 



AC 


AB-\ 




HL- 

BB 
01 = 


01 

BE 
OB. 


But JC 



CD AD BE 


OE 


AL ~ OA - OB' 


'-ML 


but OD = AF, and OE = BH : 




whence 




AF BH 




AL - JIL ' 





Therefore the right line FH mnst pass through L, the foot of the 
perpendicular from upon AB. This fact ia important, for the 
angle between A and B may bo so acute as to render it diiScult 
to determine the exact point of intersection. In that case, if the rel- 
ative velocities arc known, wo have only to Bnd the components per- 
pendicular to AB, which may be laid off upon any scale, so that FH 
need not cut AB acutely ; and the point £ can thus bo found with 
precision. 
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44. The general case is that in which the motions of the two given 
points are in different planes ; in illnstration of which, Fig. 8, still 
r^arded as a horizontal projeetiou, is to be studied in connection with 
the vertical projection given in Fig. 0. AD and BE are parallel 
to the horizontal plane, to which AB is incUaed, though paiv 
allel to the Tcrtical plane. In Fig, 9, therefore, AB appears 
as A'B', and AJ) is foreshortened into A'D' : and the actual 
component A'M along the line is found as in Fig. 6, by passing 
throagh D' a plane perpendicular to A'B'. Then making B'N, 
the corresponding component of the motion of B, equal to A'M, 
and drawing a plane throngh J^T perpendicular to A'B', we have B'B? 
the vertical projection of the resultant ; from this the horizontal pro- 
jection BE, which is seen in its true length, is determined, and is 
evidently of precisely the same length as in the previous case. Now 
AD and BE may as before be resolved into the components AF, AC, 
and BG, BR, lying in horizontal planes. The preceding argument 
depends upon these only, and accordingly applies without change. 

45. In general, then, the instanta- 
neous axis of a moving right line may 
be found if the directions only of the 
simaltaneous motions of two points 
open it are given : bat this may not ho 
possible if those directions are parallel. 
Thus in Figs. 10 and 11, let A CanA BE, 
the motions of the points A and B at the 
given instant, be parallel to each other 
and to the paper, and perpendicular to 
the moving line AB, In this case the 
two normal planes coincide ; yet there 
is an instantaneous axis, la order to 
locate which we must know also the 
relative velocities at least of the two points. Setting these off as AC, 
BE, of their proper proportionate lengths by any scale, CE will cut 
AB or its prolongation in D. If we conceive a right line perpendic- 
ular to the paper at D, it will lie in the normal planes, and the motion 
of ^£ is evidently equivalent to one of rotation about it. And this will 
as obviously be true, whatever may be the inclination of the moving 
line to the plane of the paper. Anylino in the norme! plane, there- 
fore, which passes throagh D, may be taken as the instantaneous axis. 

46. How, in Fi^ 10 and 11, let AB, J C, be regarded as parallel 
to the plane of the paper, while BE is the projection of a line inclined 
to that plane, though perpendicular to AB. Then the planes normal 
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io AC and BE will intersect in the line AB itaelf ; whicli is then its 
own instaataneons axis, about wbich we may for the sake of consist- 
cacy say that it is revolving with infinite velocity. It is, certainly, 
the only line about which it can be said to hare a motion of rotation 
only; it does not follow, however, that it will remain stationary in 
space, which it will not do : but, as will be shown subsequently, its 
actnal motion will be helical. 

47, Motion of Trondatlan. — ^From consideration of Fig. 11 it will be 
seen that the more nearly equal A C and BE are, the more remote will 
be the intersection D : and that if they be exactly equal, the instanta- 
neons axis will he at an infinite distance. Since in that case all the 
points of AB are at the instant traveling in the same direction with 
the samo Telocity, the consecutive position of the moving line will be 

parallel to the present one. This 
will occur whenever the simnlta- 
neous motions of the two given 
points are in parallel lines and in 
the same direction, whether per- 
pendicular to the moving line or- 
not. Thus in Fig. 12, the normal 
FiQ. IS. planes AM, BN, are parallel, al- 

though the motions of A and B are inclined to the line AB. It is 
evident that in thia case ^C^and BE, the actual linear velocities of 
the two points, must bo equal, since (38) the components .i4^ and 
BO, along the line, must bo equal and lie in the same direction. 
The motion of AB in Fig. 12 may then bo regarded as one of rota- 
tion about an infinitely remote line parallel to BN, and lying in a 
plane parallel to AB: it AC, BE, are made perpendicnlar to AB, 
the instantaneous axis will be infinitely remote and parallel to the 
moving line. 

48. The motiou of the line, at any instant when it is thus revolving 
about an axis at an infinite distance, is called Tranalation. It may bo 
continuous ; and not only a right line, but any geometrical magnitude, 
is said to have a motion of translation, when all its points move with 
the same velocity and in the same direction, in equal and similar 
paths. Under these circumstances, evidently, all the tangents to 
these paths, at the positions simultaneously occupied by the moving 
points, will bo parallel : and the right line joining any two of these 
points will remain parallel to itself during the whole movement. If 
the paths are rectilinear, the motion is called straight iroTDilatmi, or, 
more commonly, sliding : if they are curvilinear, the motion is called 
circular, elliptical, or helical, translation as the case may be, the name 
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depending on the form of the curve. A fwnilisr instance of circular 
translation is afforded by the coupling-rod of a locomotiTe, ehovn in 
Fig. ]3 : the points A and B more as indicated by the arrows, in the 
circles whose centres are S and E, 
with the same Telocity. And any 
other point C, in a rigid exten- 
sion of the bar AB, will move 
similarly in the equal circle whose 
centre Is F. 

48. In relation to a single right 
line, it is to be noted that a mo- 
tion of circular translation, if the 
planes of the circles be perpendicular to the moving line, is identical 
with one of revolution about the axis of the cylinder thus generated. 
Thus, in Fig. 13, the point C may be considered as a line perpendicu- 
lar to the paper ; and its motion is the same as though it revolved 
about a parallel axis passing through the point F. 

It is also to be observed that tbe motion of a single right line of a 
rigid body does not determine the motion of tbe whole body, which if 
not otherwise controlled would be free to rotate about that line. But 
if the motions of two right lines of the body be given, those of eH its 
other points are thereby fully determined. 



Comjiosition of Rotation and TYanslaiion. 

SO. Now, jnst as a simple motion in a right liue can be resolved into 
two others, so a simple rotation about a fixed axis ntay be regarded as 
a resultant of two other motions, viz., a rotation about another axis 
parallel to and revolving around the first, and a translation in which 
the paths are circles whose radii are equal to the distance between 
these axes ; the angular velocities and the di- 
rections of both components being the same 
aa those of the rotation which was to be re- 
solved. 
' Thus in Fig. 14, lot C represent a fixed axis 
/ perpendicular to tlie paper, and let MANtq- 

Ve volve about this axis into the position SBT. 

'"■ "■ We may also let A represent a right line per- 

pendicular to the paper, about which J/'A'may rotate into the posi- 
tion UV, afterward moving by circular tran^ation to the position 
ST. Or, My may move by circular translation into the position Pi?, 
afterward rotating about B into the position ST: the path of A being 
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in all cases the arc AB. On either supposition the lesnlt is the same 
as if both motions progreae eimaltaneously and uniformly, which pro- 
dncee the original reTolntion about C : and the angles ^^1 V, RBT, 
asiA.ACB, are equal by conBtnic- 
tion. In Fig. 15, the traveling 
axis passes through N ; now let 
the points M and A, during trans- 
lation from position J/JV to position 
PT, describe circles whose radii are 
\ / equal to CK Then if in the same 

Va time MN rotate about N, in the 

'"■■ ^^ same direction, throngh an angle 

PT8 = SOT, it will come into the same position, ST, aa in Fig. 14. 
In short, any axis parallel to the fixed one may be assumed as that of 
the component rotation, and thus the revolution around C may be re- 
solved in an infinite number of ways. 

61. On the other hand, a motion of circular translation may be con- 
sidered ae n resultant. For (49) any 
lino perpendicular to the planes of the 
translation, and partaking of that mo- 
tion, may be regarded as revolving 
about a fixed axis. Assuming such • 
line as a traveling axis of rotation, 
tho component motions dxq, first: a 
revolution about that fixed axis, the "c 

direction and angular velocity being 

the same as those of the translation; and, second, a, rotation in the 
opposite direction, but with the same angular velocity, about the as- 
sumed traveling axis. Thus in Fig. 16, if jtf^iV^ revolve about the 
fixed axis C, until A reaches B, and this be its only motion, it will 
have the position SBT. If in the same time it also rotates in the 
opposite direction about A, as shown by the arrows, throngh an angle 
TBR, equal to A CB, its new position will be PBR, parallel to tho 
original position MAN; and the resultant motion will be one of cir- 
cular translation, in which M, N, and all the moving points, describe 
circles whose radii are equal to AO. 

52. If any geometrical magnitude have a motion of rectilinear 
translation parallel to an axis about which it is revolving, the result- 
ant is u helical motion about that axis. But a motion may be helical 
with respect to one axis, and yet simply rotatory with respect to an- 
other. For instance, tho rectilinear generatrix of an oblique helicoid 
has a continuous helical motion about the fixed axis of the sniface ; 
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bnt in an; given poeition of the moving line, its motion is equivalent 
to one of rotation only about an instantaneous axis, determined (41) 
by the intersection of planes normal to the paths of any two of its 
points ; and either may be regarded aa the actual motion of the gene- 
ratrix at that instant, the latter being the less complex. In the case 
of the right belicoid, the intersection of these normal planes is tho 
generatrix itself ; and the motion of that line in space cannot be re- 
dnced to any simpler form tEiaa that of a helical one about an axis, 
which, in this special case, is at every instant the some, being the 
flxed axis of the surface. 

63. Bnt, in general, if the motions of two connected points are 
perpeodicnlar to the right line joining them, 
and are not parallel to each other, the mo- 
tion of that line will bo a helical one abont 
- an instantaneons axis : which may be de- 
termined, if the relative velocities are given, 
in the following manner : 

In Figs, 17 and 18, tho moving line AB 
is {wrpendicular to the vertical plane, and 
B' is its vertical projection. The motions 
of the points A and B ore seen in their trae 
lengths and directions in the vertical pro- 
jection aa B'C, B'E (for convenience so - 
drawn that UE' is horizontal), and their 
horizontal projections are A C, BE. Through *"• ''■ 

AB pass a plane parallel to Cff, aftd resolve these motions normally 
and tangentially with reference to ^is plane. The tangential com- 
ponents are ^Q, B'F, horizontally* projected in AC, BE. Draw EO, 
and prodnce it if necessary to cut BA or 
its prolongation in D, whose vertical pro- 
jection is B'. Then tho motion duo to 
these components, which are horizontal 
and parallel, will be (45) a rotation about 
any axis passing through D, and lying in 
the vei-tioal plane which contains AB. 
The normal components are vertical and 
eqmil, the true length, B'H, being seen in 
the veifical projection. Tho motion of 
j^^dueto these components, therefore 
is one of vertical translation ; and the 
actnal motion in space is a helical one abont a vertical axis LL peas' 
ing through D. 
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54. Let the points of a material right lino be bo connected with 
those of a rigid body that the distances between them cannot change. 
We maj then snppose that line to move, and the body primarily to 
move in the same manner. If now the body also rotate aboat the 
line OS on axis, then these two motions may be compoanded : and (4d) 
if it can be shown that any two lines of the rigid body aj*e at the same 
instant moving in a rotatory or helical manner abont any axis, the whole 
body may at that instant be regai-ded as doing the same. Evidently 
the moving line itself may be taken as one of these two, and aoy line 
intersecting it as the otlier. 

The problem of determining the resultant presents several different 
oases, depending upon the nature of the motions primarily assigned 
to the rigid body and the line with which it is connected ; and these 
will be considered separately. 

65. I. Let the primary motion be one of revelation abont an axis' 
parallel to the line. 

The resultant will then be a rotation of the body about an instan- 
taneous axis, which will be parallel to the other two axes, and lie in 
the same plane. 

In Fig. 19, let C represent the moving line, P the axis abont which 
it is revolving, both being perpen- 
dicular to the paper ; and let OD, 
perpendicular to CP, and parallel to 
the paper, represent the linear veloo. 
ity of any point of the moving line 
in its revolution around P. Join 
any point of this line with any point 
A of the body : then CA represents 
a line which may or may not be in- 
clined to the paper. Let AE, per- 
pendicular to CA, be the linear velocity of A in its rotation about C; 
the motion of A due to the revolution about P will be AB, perpen- 
dicular to AP, the magnitude being determined by making the angle 
jiPB equal to the angle CPD. Both AE and AB, and therefore 
their resultant AF, the actual motion ot A, are parallel to the paper. 
Consequently the normal planes A'JV, M3f, of which the latter con- 
tains the axes G and P, intersect at in a line perpendicular to the 
paper, which is the instantaneous axis. 

The location of this axis may be found otherwise, thus : regarding 
CP as a lino of the rigid body (which may be inclined or parallel to 
the paper), the rotation of P around C will be represented by PG, 
the angle PCO being made equal to the angle A GE: then (45) QD 
will cut CP in 0. 




3vGooglc 




COMPOSITION AND EBSOLUTION OF MOTION. 23 

06. II. Let the primary motion be one of translation, in which the 
paths are in planes perpendioular to the line. 

In this case also the resultant will be a rotation abont on instanta- 
neons axis parallel to the line. 

This will bo apparent from inspection of Fig, 20, the constntctioD 
differing from the preceding only in 
this ; that AB ia parallel and equal to 
CD, the motion of in its path JiS, 
whose radius of cnrvature at C is for 
the purpose of comparison made equal 
to CPof Fig. 19 : also CD and ^£'are 
of the same lengths in both diagrams, 
in which therefore the motions of C at F"u. »■ 

the given instant are identical, and the rotations about the moving 
line are alike. 

07. Ill, Let the primary motion be one of revolutiou about an 
axis which intersects the line. 

The resultant will then be a rotation about an instantaneous axis 
lying in the plane of the other two, and passing through their point 
of intersection. 

In Fig. 21, let CO be the line, OA the axis, both in the vertical 
plane. Draw CA at pleasure, and suppose 
it a line of the rigid body. Then the mo- 
tion of A is due only to tho rotation about 
CO, that of O is due only to the primary 
revolution about OA, and both are perpen- 
dicnlar to the vertical plane. Let these mo- 
tions be represented by A'E, CD, in the hor- 
izontal projection ; and draw DE, cutting 
CA' in P', whose vertical projection is P. 
Then (40) CA may be regarded as rotating 
about any axis lying in the vertical plane and 
passing through P, and CO aa rotating 
about any ^ 

axis in the 
'""■ "■ same plane, 

and passing tbroagh 0. Consequent- 
ly OP is the instantaneous axis of 
both CO and CA, and therefore of 
the whole body, 

06. Draw IPS' perpendicular to 
OP and consider it another line of pia aa. 
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the rigid body : then in Fig. 22, draw KG perpendicular and PL 
parallel to OC, also IH perpendicular and PM parallel to OA, and 
join PO. 
Now let 

y_^PK 
around OCA i v KG' 

OA, \ Then ■ 



V = one. vel. of K 
V'= " " " / 



' /or A" ' 



OP. 



^ PI 



By construction, OPK, OOK are right angles, therefore a circle 
will go round OGPK, whose diameter = OK; 
in which KOP = KGP, standing on same arc PK, 
and OKP = GOP, " " " " GP ; 

but OPL = 'G OP, by reason of parallels PL, OQ : 

.-. triangles QPK, OPL, are similar, 
whence 

r _ PA' _PL _ OM 
v~ KG~~OP~ op'' 
eimilarly 

V '~ IH -' OP ~ OF 



That is to say : that if we lay off upon 
the axes the distances OM, OL, propor- 
tional to 'the angular velocities of the rota- 
tion and the revolution about those ases 
respectively, and complete tlie parallelo- 
gram ML, its diagonal OP will lie in the 
instantaneous axis, and be proportional to 
tbo angular velocity of the resultant rota- 
tion about it. 



\c 
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the fixed one, are the same. Bat the above reaeoning applies equally 
well if they are opposite ; aad Figs. 23 and 24 show the modifications 
in the diagrams due to this change in the conditions. In regard to 
which it will be noted that in both cases OM is set ofE in the same 
direction from ; bat OL is measured in one direction if the rota- 
tion und the revolution are alike, and in the other if they are unlike. 

69. IV. Let the body and the line primarily revolve aboat auother 
line in a different plane. 

In this case the resultant will be a helical motion of the whole body 
about an instantaneous axis lying iu a 
plane parallel to the other two lines, 
and intersecting their common perpeu- 
dicular. 

In Fig. 25, let OA be the fixed axis, 
OC the moving one, both parallel to the 
vertical plane ; being the vertical 
and DO the horizontal projection of 
their common perpendicular. Consider- 
ing DO as a line of the rigid body, let 
the motion of D be represented by OE 
perpendicular to OA, that of G by OB 
perpendicular to OG ; the axes being p,a. go- 

fer convenience so placed that BE is horizontal. 

Besolve these motions normally and tangentially with reference to 
a horizontal plane through : the normal components will be verti- 
cally projected in OB, the tangential ones in ON, OM, of which the 
horizontal projections arc DF, GU: therefore UF is the horizontal 
projection of a line joining the points Jf and N, 

Produce MB to cut OA in A, also NE to cut OC in 0; then 
AC v'lM be paraUei to MN. For the triangles OMA, ONE, are 
similar : so are also the pair 0MB, ONC: and BM = EN. Hence 
we have 

AM OM __, CN OM 




OM CN 

ON ^ EN' ON ~ BM' ' 



. AM= ON, 



and EZ/'is also the horizontal projection ot AO. 

80. Moreover, UF is the trace on a horizontal plane through A, of 
a plane passing through the point 6' and the axis OJ. The actual 
motion of C about that axis, is perpendicular to this plane ; tliereforc 
its horizontal projection FS must be perpendicular to UF, Its vorti- 
cal projection CH must (see Fig. 9) bo parallel and equal to OE; 
whence the magnitude of FS is determined. With reference to the 
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Tertictil plane, this motion ma; be reeolred into a normal romponent 
FQ, vertically projected in C, and a tangential one o( which the pro- 
jectionB are FL, CH. The latter component being parallel and eqo^ 
to OE, maj be resolved into the vertical component CI equal to 
OR, and the horizontal one (7^ parallel and equal to ON, The hori- 
zontal projection of CK ia FL, cqaal to DF, and compounding it with 
FQ, the resnltant F8 Ib a horizontal line, vertically projected in CK. 
61. The motions of the two lines DO, OC, then, have each a com- 
ponent of vertical translation equal to OR. The motion of OC has 
for its remaining components, DF for the point 0, and F8 for the 
point C, both horizontal. The resultant of these is a rotation about 
the instantaneous axis OP, whose horizontal projection is T, the inter- 
section of the two vertical planes normal to DFanA FS. The re- 
maining component of the motion of 0, is the horizontal line OU, and 
the resultant of OU vjiA. DF is a rotation of DG about an instanta- 
neous axis determined as in Fig. 10; which axis is also the vertical 
line through T. And the rotations of the two lines aboat this axis 
have the same angular velocity ; for, drawing T8, we shall have from 
the similar triangles FLS, FDT, in which DF= FL, the ratios 

TD _TD _ TF 
FL^ DF~ FS' 

bat TF8, TDF, arc both right angles, hence those triangles are sim- 
ilar, and the angles STF, FTD, OTUtav equal. 

Combining this rotation with the translation, the final resultant is 
a helical motion of both lines and therefore of the whole body about 
OP. 

82. In the vertical projection, draw PY parallel to OA, and P2 
parallel to OC, making PV equal to OZ, and the triangles PCV, 
A CO, similar. 

Let V = ang. vol. of D aroiind OA, 

V'= " " " G " OC, 

jj = " " " DmG " OP. 

We shall then have, anco ang. vel. = — ^,— ', 
rad, 

y _ OE __ ON Y-~ 9^ ^ 
'^ ~ DG'" ~ DT"'' V ~ ON ^ DG' 

Bat from aim. triang. ONE, OPA, "Tm' ~ ITP' 
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and from aim. triang. TDF, TGU.. 



TF_ 



PC 



OA 
AC ' 



Now from aim. triang. A CO, PCY, . . 



PC _ 

^ op- 



And simiUriy, 



py 

0P~ 



_ oz 

" OP 

or 

'' OP' 



DT _ 
•DQ~ 



TF 
UF 



OA 
■AC' 



FY 

PV' 



Draw J X, CW, respectively perpendicular to Of? and OA ; then 
by reasoning similar to that used in connection with Fig. 33, it may 
be shown that 



' CW* 



~ AX 



63. From which it appears, that in the parallelogram ZY, of which 
the adjacent sides OZ, OY, are parallel to the axes and proportional 
to the angular velocities of the revolution and the rotation aboat those 
axes respectively, the diagonal OP is parallel to the instaiitaneotisasis 
and proportional to the angular velocity of 
the rotation abont it. And that tbo seg- 
ments APjPC, into which J C perpendicu- 
lar to OP and limited by the prolongations 
of OZ BJiA OY, is divided at P, aro propor- 
tional to thoso into which DO, the com- 
mon perpendicular of the two axes, is cut 
by OP. 

In Fig. 25, as in Figa. 21 and 23, tho ro- 
tationaboutOCand the primaryrevolution ^ 
about OA arc in the same direction. Should 
they have contrary directions, tlio argu- 
ment would still apply without change; 
and the modifications in the diagram caased 
by that change are shown in Fig. 36, which 
being lettered throughout to correspond 
with Fig. 25, requires no explanation. 

64. V. Let the primary motion be one of ^°- "■ 
translation, inwhichthepaths are no^ in planes perpendicular to tho line. 
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The resultant is then a lielical motion of the bod; about an in- 
stantaneous axis parallel to the Hue. 

In Fig. 37, let the line 00 be vertical, and D its horizontal pro- 
jection ; the motions 0£, CM, of the points and C, being parallel 
to the vertical plane, and horizontally projected in BF. These 
motions being equal and parallel, may bo resolved with reference to 
the horizontal plane into the equal vertical cotnponenta OJt, CI, and 
the equal and parallel horizontal ones ON, CK, both of the latter 
being horizontally projected in DF. 

Let be the vertical and DO the horizontal projection of a line of 
the rigid body, and let OB, GU, be the corresponding projectione of 
the rotation of about OC. Kow has also a motion of translation, 
of which 0^ is the vertical and QL the horizontal projection, which 
may be resolved into a vertical component 
OR, and a horizontal one, of which the 
projections are ON, &L. Compounding 
this latter with GU, the resultant is 
OS = OU — LG; the vertical projec- 
tion is OM. Hence the resultant of these 
horizontal components is a rotation of 
OC and DO about the instantaneous axis 
whoso horizontal projection is T, and 
vertical projection 00 ; with which is to 
be finally compounded . the vertical mo- 
tion of translation, producing the helical 
resultant motion of the whole body. 
^''- "• If OE and CH coincide with OC, that 

is to say, if the line primarily movo endlong, tho resultant is, obvi- 
ously, a helical motion about an axis coinciding with the line it- 
self. 

65. VI. Let the primary motion be a helical one about an axis per- 
pendicnkr to the lino. 

In this case also tho resultant will bo a helical motion of the whole 
body about an instantaneous axis. For the original helical motion is 
compounded of a rotation about the fixed axis and a translation par- 
allel to it ; this rotation being compounded with that about the trav- 
eling axis, the resultant is (67) a rotation about a third axis, in the 
piano of the other two, and passing through their common point. 
The translation may again be resolved into components respectively 
perpendicular and parallel to tho third axis; compounding the former 
with the rotation about that axis, the resultant is (66) a rotation about 
a fourth axis parallel to the third, which finally compounded with the 
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component of translation parallel to that axis, determines the instan- 
taneous helical motion of the body about the fourth axis. 

66. Thus in Fig. 28, let the vertical fixed axis OA, and the hori- 
zontal traveling one OC, both lie in the yertical plane, and let 00, 
CK, bo the vertical compo- ^ o, 
nenta of translation of the 
helical motion of OC about 
OA. Draw in the vertical 
plane any lino CA, and con- 
sider it as a lino of the rigid 
body ; its horizontal projec- 
tion is A'C\ Let CD be the 
rotatory component of the mo- 
tion of C, in its helical path, 
and let A'B be the motion of 
A in its rotation about OC: 
then as in Fig. 21 we find OP 
the instantaneous axis of the 
resultant rotation. Since P lies in this axis, its only motion is one 
of vertical translation, PY, equal to 00 and CK. These three mo- 
tions may be resolved into P W, OH, and CE, perpendicular to OP, 
and PZ, OX, CF, parallel to OP. The projections of OCand PC, 
on a piano perpendicular to OP, will coincide in RL, and those of 
tho perpendicular components OH, PW, will coincide in RS. In 
this projection, tho motion of C will be represented by L U, the re- 
sultant of LM, perpendicular to LR and equal to CD, compounded 
with L!f, tho projection of CE. Tho pianos normal to it/ and R8 
intersect in T, wliich represents a lino perpendicular to this plane of 
projectionand therefore parallel to OP; this ia the instantaneous axis 
about which OC and PC arc rotating, and the helical motion reaulta 
from tho final addition of tho parallel components OX, CF and PZ. 

67, It will bo seen that tho preceding cases include every possible 
motion of a rigid body in space. For if tho motion of one of its right 
lines bo determined, the body can hsvo no other motion except one 
of rotation about that line as an axie. And whatever the law by 
which the movement of this axis may bo governed, its motion at any 
instant is either one of translation, or ono of simple rotation about 
another axis in the same or a different plane, or a helical one about an 
axis perpendicular to it. Hence it appears that the most complicatoil 
motion of which any rigid body is capable at any instant, is a helical 
one about some right line : that is to say, all its points Jiavo at the 
instant a uniform rotation about the axis, combined witJi a uni- 
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form motion parallel to it, their paths beiiig helices of the same 
pitch. 

Slidhtg, Rolling, and Mixed Contact. 

68, filidinf Contact — The motions of a piston in a cylinder, of a 
jonmal in its l^earing, and of a screw in s nut, afford instancGs in 
which the contact daring the action is purely sliding. 

Regarding closely the action of a single point in tlic surface of the 
piston, the journal, or the screw, we see that it moves over a certain 
path in the surface of the cylinder, the bearing, or the nut, and that 
it comes into contact, one after another, with all the points in that 
path. 

In these instances the contact of the two pieces is superficial, the 
moving surface being identical with the fixed one. But one piece 
may touch another at discontinuous points, or even in only one point, 
and yet the same peculiarity may characterize the action. 

We may therefore define the condition of Pore Sliding Contact to be. 
Such relative motion of two pieces that every point of contact in the one, 
is brought into coincidence with all the successive points in their order, 
of a line in the other. 

69. Sliding contact in the nature of things as they are, is attended 
with friction, because there is not any known substance whose surface 
is absolutely smooth. We might however admit that friction would 
exist even if all surfaces were perfectly polished and free from asperi- 
ties. But it« existence even then would imply relative motion of two 
pieces in contact, of such nature that ii given point of one should, bo- 
fore quitting contact, bo brought into coincidence with more than 
one point of the other. 

Oould this be entirely avoided, and the action bo made such that 
no point of cither ebould touch two consecutive points of the other, 
there would bo no friction, which cannot be conceived of as being pro- 
duced by contact alone. 

Practically, this is impossible, owing to imperfections of materials 
and workmanshi]) : but the abstract condition, compliance with which, 
if it were attainable, would effect the result, is an exceedingly simple 
one. 

70. In Fig. 29, let the tangent 
AB remain fixed ; if the circle now 
rotate about the fixed centre C, the 
points c, d, e., etc., of itscircumfer- 
ence will successively be brought 
into ooincidoncc with the point A 
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of the tangent Or if the circle be translated without rotating, as 
shown by the horizontal arrow, tbe point A of the circumference 
will come into coincidence BuccessiTely with the points c, d', e', 
etc., of the tangent : in either case the action is one of pure sliding 
contact. 

But if we suppose the circle to roll, like n hoop, along the tangent, 
from C to J), it is readily seen that tbe point A will instaatlj qoit 
contact, and tbe points c, d, e of the circumference vill come succes- 
eively into contact with the tangent at c', d', «'. As it is commonly 
expressed, the circle measures itself off upon tbe tangent ; thus if AK 
be equal to the arc AQ, then the point 6^ will come into contact at 
K, and if AB be equal to the Bcmicircumference AQE, then E will 
come into coincidence with B, and so on. 

"So point of the circumference can however be said to move in con- 
tact with the tangent. The circle has in this case both the motions 
of rotation and translation ; and the movement of the point A to the 
left, due to tbe former, is neutralized by an equal movement toward 
the right, due to the latter. That point is therefore for tbo instant 
at rest ; and the same will evidently be true of the other points c, d, e, 
etc., as they succesflively become the points of contact. 

71. In Fig. 30, let ML be the common tangent, iV.V the common 
normal, of the two plane curves AB, EG, 
in contact at P. Let o, o', bo points on these 
curves respectively, consecutive io P ; and 
let EG be fixed. 

Then it AB move so that P goes in the 
direction PL, the effect will be to bring this 
point P of the upper curve, into coincidence 
with o' on EG; but if P goes in the direc- 
tion PM, the point o of AB will be brought 
into coincidence with the point P of the 
filed curve EG. Now the motion PL may 
be oonsidered as either a translation, or a 
rotation about any centre J) in ^.V. K it 
be the former, evidently the curve AB can- ^"^ *"■ 

not be at the same time translated in the opposite direction. But in 
either case tlie motion of P can be neutralized by an equal and op- 
posite motion PM, which may be considered as a rotation about any 
centre (other than D) in 2flf, as for instance C. The resultant of 
these two simultaneous motions of AB will be a rotation about P m 
an instantaneous centre, tbe effect of which will be to bring tbe point 
into coincidence with o', the points of the two curves which now 
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fall together at P, instautl; separating : and if these conditions be 
continuously maintained, the action will consist of a rolling contact 
between AS and EG, precisely similar to that in the preceding ease. 
The point of contact of the moving curve is always at rest, and con- 
sequently the action is unattended by friction. 

72. It is apparent that the same kind of contact will ensue if in 
Fig. 39 the circle merely rotates about (7 as a fixed centre, while AS 
moves in contact with it, if the linear velocities and directions at the 
point of tangency are the same : so also in Fig. 30, if the points of 
the tvro curves which fall together at P, move in the same direc- 
tion at the same rate, aa represented by P3f, the consecutive points 
0, o' will come into coincidence, and the action will be that of roll- 
ing contact. 

It is also obvious that these two figures perfectly represent the roll- 
ing of a cylinder upon a plane, and of one cylindrical surface upon 
another, the rectilinear elements being perpendicular to the paper. 
These illustrations sufficiently explain the nature of the action under 
consideration, which may bo defined as follows : 

Pni9 Bolliu; Contact consists in such a relative motion of two lines 
or surfaces, that the consecutive points of one come successively into 
contact with those of the other in their order. 

73. It will be readily seen that a double curved surface, like that of 
a ball or an egg, can roll without slippiug upon a surf ace of any kind, 
plane, single curved, warped, or double curved, convex or concave ; 
provided that the curvature of the rolling surface at the point of con- 
tact be the greater. Tangency existing in this case at a single point 
only, the action in fact consists merely in the rolling of a line of one 
surface in contact with another line lying on the other surface, and 
one or both of these lines may be of double curvature. 

We are thus led to consider this kind of moving contact between 
lines, in its most general aspect : and in 
illustration, let NH, Fig. 31, represent 
the common normal plane of two curves 
of any kind, AB and EQ: ML being 
their common tangent at P, and o, o' 
points on those curves, consecutive to P, 
as in Fig. 30. Considering EG as sta- 
Fra. 31. tionary then, it appears, from the forego- 

ing, that the rolling of AB upon it is effected by commnnicating to 
that curve two simultaneous motions, one of which imparts to P the 
motion PL, and the other imparts to the same point the equal and 
opposite motion PM. Of these two motions, one may, and the other 
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mast, be regarded aa a rotation about a line at a floite distance, lying 
in tlie plane NJf: their resultant is a rotation about an instantaneous 
axis also lying in iO*, and passing through P. But the directions 
of the axes of the compouent rotations, and also their distances from 
F, are arbitrary ; henoe any line ]iPS, drawn through P in the 
plane JVA', may be assamed as the instantaneous axis ; a rotation 
about which will bring the points o, o', into coincidence aa required. 

74. But though the instantaneous axis must pass through P, it is 
not essential that it lie in the plane AlV. For if any line be drawn 
through P, then both PL and PM may be resolved into components, 
perpendicular to, and lying in, that line. The latter may be regarded 
as motions of translation, and, being equal and opposite, they will 
neutralize each other. The former will also bo equal and opposite, 
and regarding one or both as rotatory, their resultant will be a rota- 
tion about the assumed line through 
P, as an instantaneous axis. 

Thus in Fig. 32, let PR, PS, be 
the vertical projections of two he- 
lices, lying on the surfaces of two 
cylinders tangent along PB; and let 
MPL be the horizontal projection of 
. their common tangent, and NN the 
horizontal trace of their common 
normal plane. It will be apparent 
that PL, PM, may be considered as 
rotations about an axis in J^N. But 
also, with reference to OPO, we may 

resolve PL into the components PO, ~ 

PD, and also PM into the com- ^"'' "*■ 

pononts PE, PQ. Then regarding PD, PO, oa motions of transla- 
tion, they neutralize onch other : and PC, PE, may bo regarded as 
rotations about axes lying in the plane of which Of> is the trace. These 
also neutralize each other, leaving P for the instant at rest : and it 
will readily be seen that as a matter of fact, the instantaneous axis 
of tho upper cylinder, in rolling around the lower, must in the present 
position be tho element of contact, of which PB is the vertical, and 
OPO the horizontal projection ; as also that if one cylinder rolls upon 
the other, tho two helices move in rolling contact. 

76. In oo far then as the rolling of any one lino upon another is con- 
cerned, the moving line may at any instant bo regarded as rotating 
abont any right lino passing through tho point of tangeney. This, 
OS above pointed out, includes the case of rolling contact between eur- 
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faces which tonch each other in only one point. We have now to 
consider the conditions under which eorfaces having more than one 
point of tangenc; can roll together without sliding. It has been 
stated by Prof. Benleaux,* that helicoids and certain other warped 
sorfaccs are capable of moving in perfect rolling contact. From a 
practical point of view it is of comparatively little consequence whether 
they are or are not : but the fact that such a statement is made by 
such an authority, wanauts the presentation of the following consid- 
erations : 

76. 1. The rolling of one surface npoo another is a motion of rota- 
tion about an instantaneous axis, which must pass through every 
point of tangency. 

2. An axis is a right line ; hence if there be more than one point of 
tangency, all of them most lie upon a rectilinear element of contact. 

3. This rotation about the instantaneous axis may be reEolved into 
two component motions, of which one nuist he a rotation about 
another axis. 

4. In this component rotation, each point in the moving surface de- 
scribes a circle with plane perpendicular to andcentre in tlic second asis; 
of which the radius is a perpendicular from the point to that axis. 

6. The other component motion must be such that each point of 
tangency slmll by it be made to move with a velocity eqaal to that due 
to the first component rotation, and in the opposite direction. 

G. If this second component be a motion of revolution, the axis 
must lie in a plane normal to the path of every point of tangency, de- 
termined as above. Hence those patlis must be parallel ; which rc- 
qairee the axis of the first component rotation to lie in the same piano 
with the common element, 

7. If the second component be a motion of translation, all the points 
of tangency are in consequence moving in parallel directions. There- 
fore the axis of the first component rotation must lie in a plane contain- 
ing the common element, and perpendicular to tlioee parallel motions. 

8. Consequently the axis of the first component rotation must in 
all cases and at all times lie in the same plane with the common ele- 
ment ; and the motions of the points of contact, due to this rotation, 
must at any instant be in parallel directions. 

77. 0. Now the effect of the first component rotation must be, to 
bring the consecutive element of the moviug surface into coincidence 
with the present line of contact on the fixed one. But as all the points 
of tho line of contact are moving in parallel directions, by virtue of 

* Kinenutics of Hachinerjr, 1876, pp. 81, 82. 
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thia rotation, tho con8eonti?e poeition (that is to sa; the conscctitiye 
clement of the moTing sarface) must lie in the same plane vith the 
original one : thus determining a piano tangent all along an clement. 

10. Again the eScct of the Becond component must be, to bring tho 
present line of contact on the moving surface, into coincidence witli 
the consecutive dement of the fixed one. But whether this. motion 
bo one of translation or of revolution, it imparts iiarallel motions to 
all points of tho common element, which consequently will lio in a 
plane containing the consecutive position, and tangent to both sur- 
faces all along an element. 

11. Pure rolling contact, then, is not possible between surfaces 
touching each other in more than one point, unices they are plane or 
single curved. 

13. Nor is it possible between all such surfaces. No argument is 
Heeded to show that a oono cannot roll upon a cylinder, nor upon an- 
other cono unlMs the two have a common vertex. The rolling of one 
single curved surface upon another involves the simultaneous rolling 
of both upon the common tangent plane. Hence it is an essential 
condition, that through any point of the common clement, it shall 
be possible to draw two lines, one upon each surface, of which the 
developments upon the common tangent piano shall coincide. 

78l Kized Contact. — By this is meant a combination of rolling and 
sliding contact ; tlic nature of such action will be readily understood 
by reference to Fig. 29, if wc suppose the circle to rotate about tho 
centre, and at the same time to be translated, bnt in such manner 
that the points c, d, e, do not come into coincidence with the points 
c' d' e'. If, for instance, tho circle rotate through an nrc AO, and in 
the same time bo translated through a space ^fi or Ad', greater or 
lesa than that arc, it is clear that though the action partakes to some 
extent of tho nature of rolling, yet there must be a sliding between 
the circumference and the tangent, to an amonnt depending upon 
the difference between the arc AO, and the distance AB or A^. 
The resultant of the two motions imparted to the circle will be a ro- 
tation about un instantaneous axis, which will however not pass 
through the point of tangcncy A : and this affonis a means of ascer- 
taining whether in any given case the contact motion is of thia de- 
scription or not. 

But wc may for oil tho practical purposes of mechanism, disregani 
this particular combination ; and we shall, in what follows, take note 
only of the distinction between those contact motions in which the 
action is purely rolling, and those in which it is not ; all tbe latter 
being called cases of sliding contact. 
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BI.BHENTABT COltBINATIONS — DBITSB AND FOLLOWER ROTATIHQ 
ABOUT FIIBD PABALLEL AXES — DETBEMINATION OP TELOCITY 
BATIO AND DIBECnOKAL RELATION, 1, IN LINK MOTIONS ; 2, 
IN BAND MOTIONS J 3, IN CONTACT MOTIONS — CONDITIONS OP 
ROLLING CONTACT AND OF CONSTANT TEWCITY RATIO — 8IMI- 
LABITY OP ACTION IN AIJ. THE MODES OF TBAK8UI8SION. 




79. It hMM Iwen ihovHt t^t even the simpleet motion, a rectilinear 
one, may be reBolved into cotnpo- 
nentA. But if there be any motion 
employed in mechanical structoies, 
entitled to be called a simple one by 
reoBOD of the case with which it can 
be produced end contitmouely main- 
tained, that motion is certainly the 
Pia. ss. one of rotation about a fized axis. 

Naturally enough, therefore, it ie more frequently met with than 

any other, and the very mention of machinery Buggests ideas of levora 

and wheel-work. Nothing can be 

simpler than the means by which 

rotation is determined, nor can the 

axes have a simpler relation than 

that of parallelism : and, accord- 
ingly, by far the largest and most 

important class of elementary com- 

binatioDS is that in which both 

driver and follower rotate about 

flxed axes which are parallel to 

each other. In the analysis of their 

action it will be most convenient to 

consider first those in which the 

motion is transmitted by means of a link. 
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VeUteity Ratio iii Link Motions. 

80. In Figs. 33 and 34, let C and I) be fixed axes, aboat which turn 

the levers A C, BD, whose free ends are connected by the link AB ; 

the axes being perpendicular, and the planes of motion parallel, to 

the paper. 

The motions of A and B are neoeesarily perpendicular \o AC and 
BD respectiTely ; whence the instantaneous axis, E, is found by pro- 
longing those radii till they intersect. 

From C, D, E, let fdl the perpendiculars CQ, DH, EF, on the 
line of the link AB or its prolongation. Also draw the line of centres 
CD, cutting the line of the link, prolonged if necessary, in the point /. 
Now let 

V = ang. Tel. of A around C, 

v' = " " " S " D, 

w= " " " AotB " E. 

Then by similar triangles. 



_AE_EF 
' A0~ VG' 



' BE~ EF J 



_DH_DI 
" C'ff ~ Cl' 



8L This result may be deduced 
otherwise, thus : In ^g. 35, let the 
linear velocity at A he represented 
by AL, perpendicular to ^6^: then 
^J/^ is its component iu the line of 
the link, to which By must be 
equal. The direction of BO, the 
motion of B, is perpendicular to BD, 
and its length is ascertained by draw- 
ing NO perpendicular to AB, 

Then by similar triangles we have 






AL 


AM^ 








* 


-AC- 


va' 


. » 


DH 


DI 




BO 


BS 


■■?■ 


= ca- 


m 


t/ 


"bd" 


Dtt 









We have, then, two simple and convenient values for the velocity 
ratio, which may be thus expressed : 
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1. The angular Telocitiee of the amu are to each other iDTereely as the 
perpendiculars from their centres of motion upon the line of the link. 

2. The angaJar velocitiee of the arms are to eaofa other ioTersely as 
the segments into which the line of the link cats the line of centres. 

8S. Sireettonal BeUtion. — The perpendiculars CO and DH, from 
the centres of motion to the lino of the link, are called the Effective 
Lever Arms. When thej' lie on the same side of AB, as in Fig. 33, 
the arms will turn in the same direction. When thoy lie on opposite 
aides of the line of the link, as in Figs. 34 and 35, the rotations will 
be in opposite directions. 

Dead Pointa. — It is evident that in the combination shown in Fig. 
33, the shorter lever BD is capable of taming completely round. 
When a lerer thus makes entire revolutions, as is very often the case, 
it is usually called a Crank ; but whether it does or not, it is obviously 
possible for the system to come into cither of the positions shown in 
Figs. 36 and 37, in which AB and BD coincide. 





Wlien this happens the system is said to be at a dead point, because, 
the effective lever arm DH having disappeared, and the motion of B 
having no component in the line of the Jink, the arm AC ia moment- 
arily at rest. That arm has u reciprocating circular motion ; and 
the dead pointa obviously occiir at the extreme limits of ita traveL 
By way of distinction, the crank BD is said to be at an outward dead 
point in Fig, 36, and at an inward dead point in Fig. 37. 

I 83. Kinneiitary Gonstano; of Te- 
" looity Batio. — In general, the veloc- 
ity ratio in such combinations ta 
varying, as the ratio between the 
effective lever arms changes from 
instant to instant : though if, as in 
Pig, 13, the levers are equal and 
parallel, the velocity ratio ia con- 
stant throughout the action. But 
r,a. 38. it may bo momentarily constant 

under other circumstances. Thus in Fig. 38, the arms AC, BD, are 
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parallel, but not equal. The motions of the poiots^ and B are pturallel 
to each other, and eince they are not perpendicular to tho line of the 
link, their linear velocities most be equal, whence we have directly 

v^_BD _DH _DI 

v'~ AC'~~VG~ CI' 
Now, the positions of tho link consecutiro to the present one will 
be parallel to AB, and cut the line of centres in points consecutive 




Fis. da. Via. 40. 

to and practically coincident with /. Hence daring such elementary 
motion the variation in tho velocity ratio will be inappreciable. 

84. Again, the line of tho link in Figs. 33 and 34 is tangent at Fto 
the circle described by that point about tho instantaneous axis S. 
The consecutive positions ot AB therefore in- ' 

tersect each other in /" : as may be seen very 
clearly in Figs. 36 and 37, where I" coincides 
with A, which is momentarily at rest, while h 
BD moves in either direction to its consecu- 
tive position. 

Now in Figs. 39 and 40, tho foot Fot the 
perpendicular upon AB from tho instanta- 
neous axis, coincides witli /, tho intersection 
ot the link with CD tho line of centres. In 
its consecutive poeitions, therefore, the line of 
the link will cut the line of centres into prac- 
ticdly the same segments as in its present 
one, and the velocity ratio is momentarily 
constant in this case also. 

Band Maiions. l 

89, Let tlie two carved pieces whose fixed 
centres of motion are (7 and D, Fig. 41, be pm. n. 

connected by a flexible and mextensible band or cord, wrapped upon 
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their codtax edges, and fastened to them at the points JTand F. Let 
the loirer curve turn to the right, as shown by the arrow : the band 
will then be wound npon AE, and unwound from BF, thus com- 
pelling the upper curve to rotate. It is evident that the parts which 
are wrapped upon the curves being always idle, the effective length 
of the band ia the distance between the points of tangency ; which 
may or may not change during the action. 

In the position shown, the points of tangency are A and B, whose 
motions at the instant must be perpendicular to the contact radii, A C, 
BI). Their linear velocities, AL, BO, must be such that the com- 
ponents AM, BN, along the lino AB, shall be equal, because the 
band is incxtensible ; the components AR, BS, perpendicular to AB, 
are ineffective, because the band is flexible. Now drawing the per- 
pendiculars CO, DH, from the centres of motion to the lino of the 
band, and also the line of centres CD cutting AB in /, it is evident 
on comparison that this combination at the instant differs from that 
of Fig. 35 in no particular except the flexibility of the connector AB. 
And we shdl have, precisely as in that case, 

l_Bfr_D! 
v'~ CG~ CI' 

And also as in that case, the rotations will he in the same directicoi 
if CG and BH lie on the same side 
of AB, and in contrary directions if 
they lie on opposite sides of that line. 

Contact Motions. 

86. In Fig. 42, let (7 and D be the 
fixed centres of motion of the two 
curved pieces in contact at P, their 
common tangent being TT, and 
their common normal NN: it is 
evident that if the upper curve turn 
as shown by the arrow, the lower 
one will be compelled to rotat«. 
Draw the radii of contact, PC and 
PD ; then the motion of P, con- 
sidered as a point of the ui>per piece, 
will 1)0 in the direction PA, perpen- 
Fw. «, dicular to PC, while the direction of 

the motion of P on the lower curve must be PB, perpendicular to PD. 
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Besolre PA into the componeats PM, PO; of these the former 
obTionBly •loes not teod to moTe the lover curve, and it ie also evident 
that the magnitude of PB must be such that ita normal component 
shall be PO; for were it greater than PO, the lower curve would 
qnit contact with the upper, and if it were less the two curves would 
intereect, both of which arc contrary to the hypothesis. Draw CO, 
DH, perpendicular to NN; then the triangles PC6, APO, are simi- 
lar, as also are PDH, BPO. Draw CD cutting XN&i I ; then /Cff, 
IDH are similar ; and letting 



V =ang. 
1,'= " 


Tel. around C, 
" D, 


o=PA PO 

po^m 

«'= PB PO 


V DH DI 
■■v- CO- CI 


PD ~DH. 





Which may be thus expressed : 

1, The angular velocities of two pieces in contact are to each other 
inversely as the perpendicularB let fall upon the common normal from 
the centres of motion. 

3. These angular velocities are to each other inversely as the seg- 
ments into which the common normal cuts the line of centres. 

B7. Condition of Constant Velocity Satia — This is at once deduced 
from the second of the above values, viz ; 

v' " CI ' 

for DI+ CI= CD, which is constant, therefore T mast be fixed, and 
the two segments at all times the same. 

In other words, the curves, in order to maintain a constant velocity 
ratio, must be such that their common normal shall always cut the 
line of centres in the same point. 

8& Cmdition of Compnlaory Sotatioii.— A rigid link con both push 
and pull, so that the direction of the driver's motion is arbitrary. A 
band is capable of pulling only : while on the other hand one piece 
can drive another in direct contact with it only by pushing. In Fig. 
43, the lower piece is the driver, turning as shown by the arrow. Let 
X, z, be points consecutive to and on opposite sides of P, the former 
being in advance. Then CP is greater than Cx, but lees than Cz ; 
and it is clear that in order to produce compulsoiy rotation, the 
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cnrres and their motioiiB must be such that the contact radius of the 

driver shall be on the increase. 
89. Bat« of Sliding. — The tangential components PM, PL, repre- 
sent the linear volocitieB with 
which the eurvea are at the in- 
atant sliding on the common tan- 
gent. In Figs. 42 and 43, theee 
oomponentB lie in the eamo di- 



rection from P, and consequently their difference L3{ represents the 
rate nt which the two curves are sliding upon each other. In Figs. 
44 and 45 these components fall in opposite directions, and the rate 
of sliiling is represented by their sum. 

Directional Relation.— From these various diagrams, which are 
lettered to correspond throughout, wo also perceive that the direc- 
tional relation depends upon the positions of the perpendiculars CO, 
DH, with reference to the common normal ; if they lie upon the eamo 
side of NN, the rotations will bo in the eamo direction ; if on oppo- 
site sides, the rotations will be in contrary directions. 

90. Condition of SolUn^ Contact — In order that there may bo no 



sliding between the two moving pieces, the tangential components 
PM, PL, must have the same magnitude and the same direction, ae 
in Fig. 46. The normal componenta PO being the same in both 
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motions, the resnltant^ PA and PB mnBt also be alike in mognitade 
and direction ; and these being perpendicnlor to the contact radii PC, 
PD, the ]atter mast also coincide in one right line, which can bo no 
other than CD. 

That IB to Bay : the condition of rolling contact is, that the point of 
contact shail lie upon the line of centres. 

Tho carves may be of snch a nature that this condition is contina- 
onsly satisfied, the point of contact traveling along the line of centres, 
and the velocity ratio varying accordingly. 

On the other hand, that point may travel across tho line of centres, 
the action taking placo partly on one side and partly on the other ; in 
vhich case the velocity ratio may or may not vary ; bnt whether it 
does or not, there will bo more or less of sliding between tho onrves, 
except at the instant when tho point of contact crosses that line. 

91. Similarity of Action in aU the Kodei of Transminlon.— It will be 
observed that the common normal in contact motions hoe a very 
striking resemblance to tho lines of the link and the band, provionsly 
discnssed. In fact, we may select any two points in this normal, 
and, drawing right lines from them to the centres of motion, form 
thns a pair of arms and a link, which combination will at tho instant 
have precisely tho same action as the original contact pieces. 

Wo perceive, in short, that tho motion of the driver is transmitted 
to tho follower in a right line, whether they bo in contact or not ; and 
that the action of all Momentary combinations in which the two pieces 
rotate abont fised parallel axes, is govomcd by these laws : 

I. Tho angular velocities are to each other inversely as tho pcrpen- 
dicnlars from the centres of motion upon the Line of Action; or, in- 
versely 03 the segments into which tho line of action divides tho lino 
of centres. 

II. The rotations have tho same direction if tho centres of motion 
lie on the same side of the line of action ; and contrary directions if 
tbey lie on opposite sides. 

III. Tho rato of sliding, in contact motion^ is the difference of thoao 
components of the actnal motions of the common point abont the two 
centres respectively, which are perpendicular to the line of action, 
when they lie on the samo side of that line ; and their sum if th^ lio 
on opposite sides. 

92. Wc may now proceed either to examine separately the action of 
given combinations, or to ascertain, by the aid of the principles thns 
far explained, the forms and proportions which may or mnet be given 
to the elements in order to satisfy assigned conditions. The latter is 
plainly the more systematic sad froitfnl conrse ; and wheels whose 
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oxeB are parallel, enter bo largely into the compoaiticm of DmcbinerT' 
of all descriptioDB, that the fact is a sufflciont reason for at present 
confloing oar attention to the transmission of motion by direct con- 
tact ; considering first those cases in which the action is purely roll- 
ing, uid taking np afterward those in which the contact is of the 
mixed Tariety. 
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BOTATION BY ROLLINQ CONTACT, PIZED PARALLEL AXES. 



1. Tklocitt Ratio Cosstast. — Toothless Circular Wheels, Friction Gearing. 

8, Velocitt Ratio Varyisu.— The Logarithmic Spiral, and Toolhleas Lobed 
Wheels formed from it. The Rolling Ellipses, and Lobed Wheels derived 
from them by Contraction of Angles. Interchangeable Hultilobes, deriTcd 
from Ellipee and from Logarithmio Spiral. Irregular Lobed Wheels. 

1. Velocitt/ Ratio Constant. 

93. If tbe teeth of a pair of ordinary circular spur wheels be in- 
definitely reduced in size and in- 
creased in number, they viU ulti- 
mately become mere lines, or rec- 
tilinear elements of cylinders of 
revolution, as shown in Fig. 47. 

These arc technically called tho 
Pitch Surfaces of the wheels. Evi- 
dently they are capable of moving 
in perfect rolling contact about 
their aies, the linear velocities of '^''- *'• 

their circumferences being the same, and the ongular velocities in- 
versely proportional to the radii, or to the original numbers of the 
teeth. Which agrees with tlio deductions of the preceding chapter ; 
the condition of rolling contact h (90), that the point of tangency 
shall always be upon the line of centres : and the condition of a con- 
stant velocity ratio is, (B7), that the common normal, which passes 
through that point, shall always divide the line of centres into the 
same segments. Hence in order to satisfy both conditions at once, 
the contact radii must be constant ; or in other words tho contact 
cnrves must be circles whose centres are in the axes. 

94. Bat it is important to note that although circles are the only 
cnrves which can fulfil both conditions at the same time, yet one has 
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no tendency to drive the other. The conditioD of compnlsory rota- 
tion is, (88), that tlie contact radins of the driver shall be on tlie in- 
crease ; which is here impossible. 

And again, in Fig. 47, let the upper circle turn as ehowa by the ar- 
row, the motion of the contact point being represented by PB ; then 
this motion, being tangent to both circles, has no normal component 
at all. Consequently the driver tends merely to slip upon the fol- 
lower, not to cause the latter to move. And it is a well-known fact, 
that two poliehed rollers cannot be used to transmit rotation with a 
constant velocity ratio : the more nearly they approach theoretical 
perfection as cylinders, the farther they depart from practical perfec- 
tion as wheels, and if motion bo transmitted at all, it is by reason of 
adhesion between them. 

85. Friction Orarii^. — NovcrthcleBs auch toothless wheels are quite 
extensively used in practice, constituting what is known as Friction 
Oearing. The axes arc pressed together with considerable force, and 
in order to secure the greater adhesion, the peripheries in contact are 
usually made of different materials : thus if one wheel be of iron, 
the other may be made of wood, or have its rim covered with leather 
or india-rubber. There is, of course, always a iwssibility that such 
wheels may slip upon each other ; in point of fact they usually do, 
and the amount of slip, moreover, varies under different conditions of 
pressure and speed. There is, tJicn, no certainty that a constant ve- 
locity ratio will be preserved, and they cannot bo employed where 
that is imperative ; but there are many cases in which it is not. 
M. Grooved Friction Oearing. — Another arrangement of friction 
gearing, very generally used in hoisting 
machines, especially for mining pur- 
poses, is shown in Fig. 48 ; tJic two 
wheels having a series of angular 
grooves turned in their peripherics, so 
that by pressing them together an effec- 
tive degree of adhesion is secured : both 
wheels arc usually made of east iron. 
Tlie action is evidently attended with 
considerable sliding in any case, and the 
amount may vary between wide limits : 
FiH. 48. but for such work a constant velocity 

ratio is not requisite, and tlic possibility of slipping is a practical ad- 
vantage, as it reduces the shock if the machine be suddenly started 
or stopped, thus diminishing the risk of breakage. The velocity ra- 
tio when in full work is substantially the same as that between two 
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pitch cylinders whoso line of tungency is midvay between the tops 
and bottoms of the grooves, us LM in the figure. 

2. Velocity Halio Varj/inff. 

97. If the contact curves are not required to maintain a constant 
Telocity ratio, then, since the point at tangency mast still be always 
upon the line of centres, tlio contact radii will vary. But their sum, 
evidently, remains constant, if the point ot contact lies between the 
centres of motion ; or it those centres lie on tlic same side of that 
point, the difference of the contact radii must be constant. 

And by reference to Fig. 4C, it will be seen that if Pit, i*iS^ be two 
eqnal arcs of the curves, the latter must be of such form that 

GR + DS ^ CP + DP = CD. 

We proceed now to show how some carves may be constructed, which 
will satisfy the above condition, and the manner Jn which various 
chaogea in the velocity ratio may be effected by means of them. 

98. The Logarithmie ^mibI.— In Fig. 49, let the parallels VU, TW, 
bo cut at any angle by TB, and 

perpend icnlarly by tlie other 
parallels CD, IM, BN, etc 
About C a? a centre, describe 
an arc with radius CE = AM ; 
and about P as centre, dcscrilje 
an arc with radius PA, catUag 
the first in E, titus constructing 
the triangle CPE. With cen- 
tres C and E, and radii CG, 

EG, respectively equal to ^JV ^°- *" 

and AB, describe arcs intersecting in Q. Continuing in a similar 
manner, the result is the formation of the broken lino RP V. 

Now let us imagine C to turn first about P until i*^ coincides with 
PA, and then about A until EC coincides with AM; then RPV 
will havo the poBition shown in dotted lines, the triangle £'7*6'' ap- 
pearing as A OM. After which in a similar manner G may be brought 
to coincide with B, the point Cmeantimo advancing to N, and soon, 

99. The polygon RPV ikiM.% travels wi£h a sort of imperfect rolling 
action, measuring off its perimeter on TB, since PE, E6, are by con- 
struction eqnal to PA, AB, respectively ; also PV = PH, etc. 

Now if the sabdivisions on TB be made inde6nite1y minute, so that 
A and /Tare points consecative to P, then .APFwill become a cnrve 
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to which TB is taDgent at P. This cnrro will not, however, pass 
through the angles of the polygon here shown ; since the arc HP, for 
instance, mnst be eqnal to AP, the angle ECP will in the curve be 
less thaD it now is. 

By reason of the parallels Lff, CD, etc., the angles LHT, CPff, 
MAP, etc., are equal ; hence the curve must be such that its tangent 
at any point shall make a constant angle with the radiant from C to 
that point. It is apparent from the mode of derivation that the radi- 
ants from C will increase as we go from CP to the left : and these 
conditions determine the curvo to bo the logarithmic or equiaogalar 
spiral, of which C is the pole and TB the tangent at P. 

Supposing this curvo to replace RP V, the rolling action will be 
perfect, C traveling in a right line to M and N, while E and O go to 
A and B. 

100. The same process being repeated below TB, with D as the 
pole, we shall have a polygon of the same description as RPV, bnt in 
a reversed position. We have in tliia second one, P.f equal to PA, 
and i>J' equal to /^. In the upper one, FE = P^.and CE = AM; 
hence if the two rotate in opposite directions about C and D as fixed 
centres, B and F will come together at S on the line CD. So in like 
manner will G and Z, or V and H, meet upon CD. 

It is apparent that these two broken lines will at the limit become 
parts of equal, similar, and opposite equiangular spirals. The curves 
cannot be constructed in this manner, except approximately : bnt this 
mode of derivation exhibits in the clearest light the fact that they will 
move in perfect rolling contact about fixed axes passing through their 
poles. Referring the reader to the Appendix for detailed instructions 
relating to the accurate delineation of these and other curves, we 
proceed to consider the conditions which may be assigned in some ap- 
plications of this spiral in mechanism. 
101. Since the carve docs not I'etum into 
- itself, continuous rotation cannot be trans- 
mitted from one Bhaft to anotlier by means of 
u single pair of the spiral arcs. But for 
i-eciprocating circular motions tliey are well 
adapted ; of which two cases are illustrated in 
Figs, 50 and 51. 

In the former, let tlie centres C and Z> be 
given ; and suppose it to be required, that while 
the upper piece rotates through a given angle, 
the velocity ratio shall vary between two as- 
signed limits. 
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Divide CD at A into two s^mentB, whose ratio is one limit, and 
at Q into two others whose ratio eqnals the other limit. Set off 
the given angle A GB, and make CB equal to CQ. We have then two 
j^ven radiants CA, CB, and the pole C, to constract the spiral AB. 
The other sector is a portion of the same cnrre ; of which one radiant 
is AD, and the other ED, is eqnal to OD : whence the angle EDA is 
determined b; simply cutting the spiral by arcs described about the 
pole D, with those given radii. 

Iietting r = ang. vel. of Upper Sector, 

v' = " " Lower " 
we have in the position showo, 

v_ _AD , 
v' AC" 
and when B and E meet at O, 

V _GD 
v' 6V ■ 

108. It may be required that the two - shafts shall turn through 
equal angles. In that case one limit 
may be assigned to the velocity ratio, 
bat the other will of necessity be the 
reciprocal of the first 

For, as shown in Fig. 51, we must 
have CB = AD ; also the angles 
BCA, EDO, are to be eqnaJ, whence, Fio. m. 

from the nature of the curve, ED = AC, and the Telocity ratio will 
vary between the limits, 

1 = 4^ 1= ^=4S-- 
v' AC' v' GC AD' 

of which the one is determined when the other is assigned, 

lOS. Lohed Wheel). — In the transmission of continuous rotation, it 
may be required that a certain number of determinate changes in the 
Telocity ratio shall take place during the revolution of one of the 
shafts. If the same number of changes is to occur during the revolu- 
tion of each shaft, the oqniangular spiral may be employed as follows : 
In Fig. 52, let C, jD be the given centres, and let the angles ACB, 
ADE, each be eqnal to 60°. Make DE.= AC, and CB = AD: con- 
Btruct the equal spiral arcs AE, AB ; draw AH, BF, similar curves 
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symmetricall; placed irith reference to AD and £C. The velocity 
ratio in the poeition shown is 



when B and E meet at 0, the ratio will be 



AD' 



aa in Fig. 51. 



The angles EDH, A CF, each inclnding 
one-third of a circnmference, the pair 
of trilobes may he completed aa ehowii. 
They will roll together, the velocity ratio 
vaiying from maximum to minimum and 
I hack again, three times in each revolution 
of each' shaft. 

In this coDStniction the limits arc &eoe»- 
sarily reciprocals of each other, so that only 
one of them is arhitrarily ossignahle. 
The angles ACB, ADE, may include any 
' aliquot part of the circle whose denominator 
is even ; and iu this way pairs of wheels 
may be made with any desired number of 
lobes, which will roll together. In Fig. 53 
those angles are each equal to 180°, the re- 
FiQ. u. suit being a pair of unilobes ; in Fig. 64, 

they are made equal to 90°, for constructing hilobcd wheels. 
It is to he observed that the wheels laid out as above will work to- 





gether only in equal and similar pairs, trilobe with trilobe, one uni- 
lobc with another one, and so on. 
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101. Thfl Boiling EUiptss. — Two equal and similar ellipses, of what- 
ever eccentricity, will ako work in per- 
fect rolling contact, each revolving a^-"' ~"--, 
about one of its foci as a fised centre ; 
the distance between the centres being 
equal to the major axis. 

In Fig. 55, let C and -D be the flied 
centres, A and B the free foci, and E 
a point of contact. It is to be proved 
that E will always lie upon the line of 
centres CD. 

From E draw lines to both foci of 
each ellipae. Then since the common 
tangent FQ makes equal angles with 
all these lines, wo have AEQ = BEF, 
and DEQ = CEF, therefore AEB, 
CED, are both right lines, 

Also, EC ^EA = EC+ED= EB ^'^ "^ 

+ ED. Consequently AB = CD, and EC= EB. 

The latter equality shows that the elliptical arcs EL, EM, mea^ 
nred from any point of tangency to those extremities of the major 
aies which will come together, are eqna). The rolling action is there- 
fore perfect. 

105. From the fact that AB is constant, we are enabled, when the 
rolling ellipses are fixed on the ends of shafts which overhang their 
bearings, to connect the free foci by moans of a link, as shown in tho 
fignre, which is GOmotimes advantageons in practice, as will subsc- 
qaently appear, even when the ellipses are provided with teeth. These 
free foci, obviously, describe circles of which the radius is A C. 

106. During each revolution of either ellipse, the velocity ratio va- 
ries once from maximum to minimum and bock again. The limits 
are, evidently, mutually reciprocal, and determined by tho ratio of 
the segments into which either focus cuts tho major csia. Hence if 
one limit be assigned, and the distance between llic axes given, it is 
only necessary to divide that distance into two parts whoso ratio is the 
assigned limit : we have then the major axis and the foci, whence the 
ellipses are determined. 

107. Tnuufimnation of Soiling Curve] — Contraction of Angles. — 
If any two curves are capable of rotating in rolling contact about 
fixed axes, producing a given variation in the velocity ratio during 
definite angular movements, they may be transformed into two others, 
also rolling in contact about the samo axes, and producing the same 
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Tariation ia the velocity ratio, during angular movementa which are 
greater or less tlian the original ones in any assigned ratio. This ia 
effected hy a process called the Con{raciion of Angles, since nsuallj 
the angnlar movement of the derived curves is less than that of the 
original ones during the same variation in the Telocity ratio. 
In Fig. 56, let A be the point of contact of the rolling cnnres Alf, 
AI, which turn with given angular velocities cQ 
about C and /> : then at the end of a defluite V\n 
time the points / and /Twill meet at Q. In ^"^ir7> 
\ Fig. 57, let the lengths of the radiants be the * / 
same as in Fig. 56, bat the angles included he- // 
tween them only half as great. Let these new sC]|) 
Frs. M. curves turn with the same angular velocity as no-sT. 
the original ones : then in half the time, ^ and /will also meet at Q. 
All the angles being reduced in the same proportion, while the radi- 
ants remain the same, it follows that intermediate points, as E, B, 
which meet on CD in the first pair, will do the same in the second ; 
which, therefore, will move in pure rolling contact. 

lOB. Lobed Wheels Derived from the £llipie.—By applying the 
above process to the rolling ellipses, pairs of wheels may bo con- 
structed which will roll together, the velocity ratio varying between 
the same limits and according to the same law as in the ellipses them- 
selves, but the maxima and minima recurring two, three, or any de- 
sired number of times in each revolution. 

The operation is illustrated in Fig. 58, in which C is a focus of the 
ellipse whose major axis is AB. 
For convenience of construction, 
a circle is described around C, of 
which the upper half is divided 
into any number of parts at /, 
_ //, ///, etc., and the lower left- 
hand quadrant is divided in a 
similar manner, at 1, 3, 3, etc 
Radii are drawn to the points of 
division, the upper ones cutting 
the ellipse at D,E,F, bio.: and 
the segments intercepted between 
^'°' **■ the focus and the curve are set off 

from C on the corresponding radii in the quadrant below, as Cd = CD, 
on CI, Cc = CE, on C2, and bo on, CB going to CH. 

109. Bcgiirding the ellipse as a unilobc, is is evident that the curve 
AeH, thus determined, is one fourth of the outline of a bilobed wheel. 
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which when completed will roll in coDtact with an eqnal and 

similar one, as shown in Fig. 59. _., .,^ 

By oontraoting the angles to one 
third instead of to one half, as 
shown in Fig. GO, the contour of 
a trilobe is determined, the com- 
plete wheel with its rolling mate 
being shown in Fig. 61 ; and in 
like manner wheels with any 
number of lobes may be con- 
structed. 

110. But these wheels, like 
those preTiously constrncted from 
the equiangnlor spiral, will work 
only in equal and similar pairs, 
iHlobe with bilobe, trilobe with 
trilobe, and so on : consequently 
they can only be used when the 
number of changes in the 
Telocity ratio is to be the same Fro. w. 

during each revolution of each 
shaft. Now, the aboro pro- 
cess may be bo modified that 
from a pair of rolling ellipses 

a dissimilar pair of wheels may <, 

he derived, as for instance, a \ 

bilobe rolling with a trilobe, or J 



a nnilobe with a wheel of two or more lobes ; so that the numbers of 
« in the Telocity ratio will be different in the two revolutions. 
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The eccentricity of the origimil ellipses, hofferer, is not entirely ari>i- 
trary, bat will vary between limits determined by the conditions of 
each particular combination. 

The modification jast mentioned consists merely in this, that a part 
only, instead of the whole, of the elliptical outline, is transformed into 
a new carve. It will bo readily apprehended that equal arcs of two 
rolling ellipses may subtend at the fixed foci unequal angles, the ratio 
of whose magnitudes shall be that of two integers : and that when 
this is the case, those ores may be tranaformed as above into portions 
of the contours of lobed wheels. 

111. For example, in Fig. 62, let C be the fixed and A the free 
focus of the ellipse whose major 
axis is HP ; let D be the fixed focus 
of its rolling mate, and B and E, 
two points which will meet at O, 
the elliptical arcs PB, PE, being 
equal. Now if the angles BCP, 
EDP, are to each other as ii to 3, 
then by contracting them in the 
same proportion, the former may 
be reduced to 90° and the latter to 
60°. Thus the elliptical arc PB 
will be transformed into PJ, one 
fourth of the outline of a bilobe, 
and PE into PM, one sixth of the 
contonr of a trilobe, and these new 
curves will roll together. 

Let be the free focus of the 
second ellipse, then, drawing OE 
and AB, it is evident that the 
angles EDP, BAC, are equal. 
If, therefore, on the indefinite 
Fio. ea. right line ifO, we construct any two 

angles BAC, BCD, whose magnitudes have the ratio of 3 to 3, and 
produce the lines which limit them, till they intersect at B; then 
from the ellipse whose foci ore A and C, and major axis is equal to 
AB + BC, a bilobe and a trilobe may be derived, which tUI loll 
together. 
The velocity ratio in the position sliown, is 
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aod when £ and B meet at O, it vill bo 

V MD ED AB 



JV 



ED 



BC 



112. In Fig. 62, the m^\^BCP, BA G, itre both obttiBe ; but the con- 
Btruction holds true if they be made acnte, as in Fig. 03. ' But whereas 
tbey were contracted in the first case, 
they have in the Eocond case to bo ex- 
punded in order to produce the re- 
quired contours of the lobed wheels ; 
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a circDmstance which points directly to the conclusion that there 
must be one ellipse so proportioned that it is not necessary to do 
cither. This ia shown in Pig. C4, where the angle BCP being 90", 
and EDP, or its equal BAC, being 60°, the equal elliptical arcs PB 
and i'^ form at once portions of the ontlinea of the bilobe and the 
trilobe respectJTely. 

From these same ellipses another pair of dissimilar miiltilobes can 
bo construct«d. Erecting the perpendicularB AI, DK, and drawing 
CI, OK, the elliptical arcs PBI, PEK, arc equal. But the angles 
ICP, KDO, measuring 130° and 90° respectively, aro to each other 
in the ratio of 4 to 3 : therefore, contracting them to one half, as in 



3vGooglc 



56 



OENEBAL PBOCESS OF CONSTBUCTIOK. 



Fig. 66, we have portions of the contours of a trilobe aod a qoad- 

rilobe which will work in rolling contact 

113. In general, then, we may pro- 
ceed as follows : If it be required to 
construct a wheel with m lobes, to roll 
with another having n lobes, supposing 
m to be the greater number : Assuming 
any two points A, C, on the indefinite 
" right line HD, Fig. 66, construct the 
angles BCD, BAD, with magnitudes 
whose ratio is that of m to n, the lines 
AB, CB, intersecting at B. Then the 
sum of those two lioes will be the major 
axis, and the points A and C the 

i V '\/'S'\>^ H '*"''' **' *" cllipeo from which the 

A (^ al A wheels can bo constmcted as above ex- 
. ( \ . AtpSf. / \ plained. 

Other pairs of angles having the 
same ratio may be constmctod, deter- 
mining tho points I, Q, etc. : these 
points will lio Jn a curve, AID, and it 
is evident that if from any point of this 
carve, linos bo drawn to A and C, they 
will form with .^A angles in the required ratio, and their snm may 
be taken as the major axis of the proposed ellipse : as for instance, 
HP =: EA + EC, if £ be the point selected. 

114, The cune itself maybe constmctedeithcr by determining a 
BufficientDumberof points 
as above described, or by 
aid of tho following prop- 
erty. Tho centre of the 
circle circumscribing any 
one of the triangles whose 
base is AC, and vertex in , 
the curve, as for example ' 

ABC, must lie on the " fib. w. 

lino LM perpendicular to and bisecting AC. 
Now let the angle BCD = m, 
then " " BA C = n, 
and " " ABC =: m— n; 

and in the circumscribing circle 
we shall have 
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m — n measnred by i arc ^ C, 
n " "i " CB, 

m " "i " AC'S: 

that is to say, 

arc CB : &K AC :: n im - n. 
If then we had taken the centre O at pleasure on LM, and, de- 
scribing the circle through A and C, had set off the arc CB in tlie 
above ratio to the arc AC, the point B would have been thus de- 
termined. 

116. Now, this Gurro springs from the point A ; for when m 
becomes 180°, as shown in the two small diagrams marked x and *, 
AC will divide the circle whose centre is 0, into segments such that 
CBA, above ^ C, ie to ASC below that line, as » is to nt — n : and the 
curve will be tangent at A to that circle. 

The limit D of the carve will bo reached when m becomes zero : 
that is to say when the radius of the circle A CB becomes infinite, in 
which case the circle itself will coincide with the right line ACD. 
We shall then have 

\m — n/ 
But 

AB + CJ) = iCI> + AC 

= iAo ( " ) + AC 

\m - n J 
or, 

AB+ CD= Ac(^^^^^)i 



AB + CD m + n 

Wo have, therefore, this limit to the eccentricity of the ellipses 
from which dissimilar wheels with assigned numbers of lobes can ho 
derived, Tiz : that the distance between the foci, divided by the 
major axis, most be greater than the difference of the numbers divided 
by their sum. 

116. Each wheel derived from the ellipse has thus far been sup- 
posed to consist of two or more lobes. But the construction last dis- 
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cussed will hold good when n is to m in the ratio of UDitr to aaj 
integer ; therefore by expanding the elliptical arc subtending tho 
angle », nntil the latter equala 180°, it will be seen that a unilobe 
may be formed, which will roll with a wheel having any given num- 
ber of lobes. This is sufficiently illustrated by Figs. 67 and 68, 
which represent respectively a unilobe rolling with a bilobo and one 
rolling with a trilobe. 

In the former case, it will be observed that since the angles ABC, 
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Pm. er. Fia. w. 

BAC, are each equal to i BCP, tho curve, AID of Fig. 6C, in Fig. 
67 becomes the aemieircle AB6, of which the centre is V and radius 
AC, the distance between the foci of the primitive ellipse. The 
elliptical are PB, becomes by expansion tho curve PLA, forming half 
tho outline of the unilobe ; while the equal arc PB is expanded into 
PJf, bounding one quadrant of the bilobe. 

117. Intvrdiangeable Xnltilobsi.— It appears, then, that from a 
given ellipse there can l>e constructed pairs of similar wheels having 
any number of lobes ; and if the eccentricity be great enough, several 
different pairs of dissimilar wheels may be derived from tho same 
ellipse. But these wheels will work only in pairs as constmoted, and 
are not interchangeable ; thus, the bilobc which rolls with a trilobe. 
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in Dot the same as the one which vorks with a unilobe, though derived 
from the same ellipse, and if a nnilobe and a trilobe he derived from 
the same primitiTe ellipse, they will be different from either of the 
others. 

There are, however, two methods by which a series of lobed wheels 
may be constructed, which are interchangeable^ any one working in 
perfect rolling contact with any other one of the series. 

118. In the first of these methods, which was discovered by the 
Bev. Hamnett Holditch, the multilobea arc derived, each from one ol 
a series of different ellipses. Their rolling properties do not appear 
to admit of geometrical demonstration, but the process of construct- 
ing them is simple and practical. 

A series of ellipees is first made, having the same foci, but with 
minor axes which are to each other as 1, 2, 3, 4, etc. Then the 
primitive ellipse, whose minor asis is I, will roll with a bilobe con- 
stnicted as in Fig. 58 from the ellipse wboso minor axis is 3, with a 
trilobe derived as in Fig. CO from the one whose minor axis is 3, etc., 
and these with each other indifferently. 

119. In Fig. 69, let be the centre, 
A and C the foci, and HP the major 
axis of the primitive ellipse. Draw 
CO perpendicular to HP, and cut it 
at if by an arc with centre and 
radius OH, then setting off £D, DE, 
etc., each equal to Cf the semi-minor 
axis, describe arcs about O througli 
D, E, F, etc., thns determining OK, 




Fid. 60. Fio. lO. 

OM, OR, the semi-major axes of the ellipses from which the bilobe, 
trilobe, and quadrilobe are to bo derived. In Fig, 70, the first three 
(if a series ore shown in action, the unilobo, or primitive ellipse, 
being the same as in Fig. 69. Since the difference between the 
greatest and the least radii is the same in all the wheels, being equal 
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to the distance between the foci, it will be aeea that if ooe mnlUlobe 
be giTen, the original ellit>Be ma; be found b; revening the proceaa, 
and wheels with an; desired nambera of lobes constrncted, which will 
roll with the one given. 

ISO. The other method of constracting a set of lobed wheels capa- 
ble of rolling with each other 
indiflerently, was devised b; 
the author, and the funda- 
mental curve is the equiangular 
spiral The process is illus- 
trated in Fig. 71, where C is 
the pole of the spiral SMlf. 
Drawing through C any right 
line, cutting the carve at A 
and B, the portion A8B is one 
half the outline of a unilobe 
which will roll with a similar 
and equal one, as already 
shown. In order to coDStruct 
a bilobe which Bball roll with 
this Quilobe, it is necessary 
to find two radiants at right 
angles to each other, whose 
difference is the same as that 
between CB and CA. Pro- 
duce BA, and intersect its 
prolongation at & by a circle 
through B, with centre at the 
pole ; and draw CF perpendic- 
Tia. n. alar to BA, catting this circle 



/'sad the 


spiral at ^ 








Then 














CB- 


■ CA = 


A a. 


d 




CB- 


cn = 


BF. 



If, now, two radiants be found, which are to GB and Cff respect- 
ively, in the same proportion that AG bears to HF, they will be 
perpendicular to each other, and their difference will be equal to ^C. 

ISl. This may be done grapliicolly, bs it involves merely the con- 
atrnotion of a fourth proportional to three given lines, thus, 

SF : AG : : CB : CM, 
HF'.AQ-.-.CH: CS. 
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The arc BBM of the spiral thua found is one qnadrant of the coo- 
tonr of the reqaired bilobe ; the triangle ADK is therefore made sim- 
ihir and equal to MC3, fuid the completion of the wheel requires no 
explanation. 

For the trilobe, draw any two radiants inolnding an angle of 60°, 
ascertain their difference, and, comparing it with A 6, proceed as abore 
to increase or diminish the assumed radiants, as the case may be, in 
the same proportion, until the difference is equal U> AQ ; the lengths 
thus determined will be those of the greatest and least radii of the 
trilobe; and in a similar manner wheels of any number of lobes may 
be conatmcted. 

128. Since in any system of interchangeable maltilobes, the differ- 
ence between the greatest and least radii must bo constant, while their 
actual lengths vary with the number of lobes, the limits of the vari- 
ation in the Telocity ratio will not be the same for different pairs ; and 
obyionsly the law which goTems the rates of variation aa well as the 
differences between those limits, depends upon the peculiarities of the 
fundamental curre — upon the eccentricity of the primitire ellipse or 
the obliquity of the original spiral. 

183. Irregular Lobed Whedi. — The non-circular wheels thus far de- 
scribed, whether consisting of one lobe or many, are symmetrical ; and 
moreoTer, the whole contour of each is made up of curves of the same 
kind. Neither of these thinga is so of necessity ; and as illustrating 
the possibilities of varied motion in rolling contact, we give a few ex- 
amples of irregular wheels composed of different curves. 

In Fig. 72, let C and Z) be the poles of the equal and similar loga- 
rithmic spiral area ALB, AME ; _^p 

then these arcs will roll together, B 
and S meeting at O. Now, AB may 
be taken as the major axis, and C aa 
one focus, of the semi-ellipse ANB, ~M 
which will roll with the equal and 
aimilar one A OE. 

In each revolution, then, the veloc- 
ity ratio will vary between the reciprocal limits 




V' ~ CA' v' " CD' 

but by reason of the different natures of the carves, the rates of vari- 
ation during the decrease, will not be the converse of those daring 
the ii 
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124. In Fig. 73, ]et C be the pole of the log&rithmic spiral uo 
AFB. With centre C, and radius eqaal to \AB, deacribe an are cut- 
ting the spiral at F; draw PA, 
FB, FC, also FP perpendicular 
to AB, and on BA produced set 
'. PL, PM, each eqnal to FC. 
Then because VF- CA - CB- 
CF, tlie spiral ares AF, FB are 
FioTraV equal. Consequently the chord 

FTi is greater than the chord FA, whence PB ia greater than PA. 
That is to eay, f is not the middle point of AB; but it isthemiddle 
point of ML bj construction, thereforo PL is greater than PA, and 
PM is less than Pli. 

The spiral arc AFB, turning round 6' as a fixed centre, will roll 
with an equal and similar one, the distance between their centres of 
motion being equal to jIB. Setoff PM=PC; then R and Care 
the foci of the ellipse whose major axis is ML, and semi-minor axis 
PF : which also will roll with an equal and similar one, turning 
round the same centre C, the distance between centres being equal to 
ML, which by conatroction is equal to AB. 

. 125. From tlicsc data wc ciin construct, as in Fig. 74, two dissimilar 
unilobe.'!, whose contourB are com- 
posed partly of the spiral and 
partly of the elliptical arcs. We 
havefii-st the semi-ellipse FLO, of 
which C ia the focua and P the 
centre, PL being the semi-major 
axis ; this rolls with the equal f"- "•*• 

semi-ellipse GLS: then the spiral arcs OB, FB, correaponding to FB 
of the preceding <liagram, and these roll with the equal arcs SA, QA, 
which correspond to FA of Fig. 73. 

During the revolution, the velocity ratio varies between the 
limits 



T)L 



AD 
BC" 



which, it will be observed, are not reciprocals, as in the nnilobee 
previously described, 

126. In Fig. Ti, the wheels, though similar, are not symmetrical ; 
in Fig, 74 they are symmetrical but not similar: and finally, those 
represented in Fig. 75 are neither the one nor the other. Above the 
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line oE centres, each wheel is formed of a single arc of a logarithmic 

spiral, AMB rolling with 

ANE. Below that line, we 

have BU, which rolls with EF, 

each being a quadrant of the 

bilobe derived, as in Fig. 68, 

from the ellipse whose major 

axis is AB, C being one focus ; 

AL, which rolls with AI, these 

cnnrca being parts of quadri- Fm. ra. 

lobca derived in the same way from the same ellipse : and LH, rolling 

with IF, these two being oqiial arcs of another logarithmic spiral. 

127. It may bo added, that there are a number of other curves 
capable of rolling in contact about fixed axes. But it ie the province 
of the mathematician rather than of the mechanician to inTCStigato 
their properties, which do not admit of simple geometrical demon- 
strution ; nor are they so easily constructed and adapted to nso in me- 
chanical devices. It may be safely said that in general the number of 
cbaugGS in the velocity ratio, and the limits of its variation, are of 
greater importance than the precise law according to which it varies 
between those limits : and it is believed that the principles involved 
in the examples already given will be found to meet most if not all 
the requirements of practical mechanism. 

128. These various curves, whose action has been discussed as 
though they were mero linea rolling with each other in their own 
plane, are of conrsc practically to be considered as the bases, or trans- 
verse sections, of cylindrical surfaces, tangent to each other along an 
clement. Strictly, therefore, the expression that "the point of con- 
tact lies always on the line of centres," means that "tho element of 
tangency lies always in the piano of tho axes," which is one condition, 
as shown in Chap. II., of pure rolling contact between two surfaces. 

And equally of course, the consideration of those surfaces is only 
the step preliminary to the investigation of the surfaces of teeth to 
be formed upon them : for, the motion of the followers being com- 
pulsory only so long as tho contact radii of the driver are increasing, 
continuous rotation can not be transmitted by means of theso rolling 
surfaces themselves, with any certainty that the desired velocity ratio, 
whether constant or varying, will be exactly maintained. 
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CHAPTER y 



BOTATIOIT BY BOLLIKO CONTACT, AXES NOT PABALLEL. 



, Axes Intbbsbctihs.— Telooitjr Batio Constant or VUTing. The Rolling Cone^ 
or Pitch Swrtaota at Cireulftr and Elliptical Bevel Wlieela. Conicsl Lobed 
WheeU. 

. Azn iir DiPFEBBNT Plahes.— Velocity Batio Constant. The Boiling Ujpet- 
boloids, or Rtch Surfacea of Skew-Bevel Wheels. 



1. Axes Intersecting. 

129. Velodty Satio Conttuit. — It follows directly from the dedao- 
tione at the conclasion of Chap. II, that the only surfaces capable of 
rolling in Jine contact about two fixed axes which intersect each other, 
^ are cones, the common vertex being 

the point of intersection, and the com- 
moi\ element lying in the plane 
of those axes. And in order to 
maintain a constant velocity ratio, 
the transverse sections of these 
cones mnst be circles. Thns, in Fig. 
76, let AS, AC,hf> the axes, and AP 
the common element, all lying in the 
plane of the paper : then in the rota- 
si tion indicated by the arrows, the 

""■ ™- motion of the common point P will 

be perpendicnlar to the paper. Draw PD perpendicular to AB, PB 
perpendicular to ^C, and let 

V = ang. vel. about AB , 
v' = " " " AO; 




then at the instant we ehaUhave 



PE 
'■ pj}' 
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and ia order tliat this ratio may be nonetont ae required, the contact 
radii PD, PE, muet be constant also. That is to aay, the plane 
bases of the concB, PDF, PEQ, perpendicular to the axes, must 
be circles ; and the cones themeelToa are generated by the revolution 
of the common element AP about each axis in succession. 

130. These then are the pitch surfaces of the ordinary conical or 
beyel wheels. In practice it is of course sufficient to use compara- 
tirely thin frusta of the cones, as indicated in the figure : in the great 
majority of cases they are provided irith teeth, but are to some extent 
used without, constituting what is called Bevel Friction Gearing. 

As above deduced, the angular velocities are always inversely pro- 
portional to the perpendiculars let fall from any point of the common 
element upon the axes, whatever the relative positions of those three 
lines. But it is easy to see that those positions may be very different 
from what they are in Fig. 76 ; and it is of interest to consider what 
results may follow from various assigned or assumed conditions. 

131. First, however, it may be remarked that in practice two cases 
may present themselves for solutioD. Thus, the axes AB, AC, being 
given, as in Fig. 76, suppose it to be required to construct a pair of 
wheels so proportioned that nt revolutions about ^£ shall produce 
n revolutions about A C. Draw xx parallel to AB, at a distance from 
it measuring n parts on any convenient scale of equal divisions, and 
jES parallel to AO, at a distance from it equal to m parts on the same 
scale. These two lines intersect in o; and APo is evidently the com- 
mon element of a pair of cones which will roll together with the re- 
quired velocity ratio. 

Or, the cone APFhemg given, it may be required to find another 
vhich will roll with it, the veloci^ ratio being also assignDd as above- 
In that case draw xx as just ex- 
plained, cutting AP in o; then 
about as centre, describe an arc 
yy with radius equal to m parts on 
the scale, and the axis ^C of the 
required cone will be tangent to 
this arc as shown. 

132. Now in Fig. 77, let the axes 
AB, CD, cnt each other obliquely * 
at V, the angle of inclination being 
given and the velocity ratio as- 
signed. Drawing xx and 2z as de- 

Bcribed in the preceding article, Vo is determined and the cones 
constructed. 
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It ia to be noted in this case, that these surfaces ore tangoit alon^ 
the single line oVl; and that if one shaft be carried peat the vertex, 
two pairs of fmeta may be used at once, cab bom opposite nappes of 
the cones, as E, F, and Q, H. These two pMn maj be equidistant from 
the vertex and therefore esactJj alike, as shown ; or either pair may 
be placed nearer the vertex if desired, as they roll together without 
any interference, with the same velocity ratio, and as indicated by the 
arrows, with the same directional relation. 

133. In Uiiv inetanoe the lines xx, xx, are drawn within the acuie 
angle formed by the intersecting axes. But in Fig. 78, they are 

,g drawn within the oHuae an- 

gle, the inclinatiou of the 
axes and the velocity ratio 
being the same as before. 
The result is a different pair 
of cones ; the velocity ratio 
is the same as in Fig. 77, by 
construction ; but the direc- 
tional relation ia changed. 

Also, the opposite nappes 
of these cones intersect each 
other in such a way, that 
*'"■ 'S- though under the condi- 

tions here assumed one shaft can be carried past the vertex, and two 
pairs of frusta employed at once if desired, tliey cannot be placed at 
equal distances from the vertex : the wheels, tberefore, will not be 
alike, bnt one pair must be larger than the other in order to avoid 
interference. 

134. But it may not be possible to uso two pairs at once, whatever 




their distances from the vortex. Thus in Fig. 79, the cones being 
constructed so as to produce an assigned velocity ratio and also an 
assigned directional relation, it is clear that neither shaft can be car- 
ried past the other wheel. 
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Again, it is to be obaerved that in all these cases the tangenoy is 
external : and it obTionsly always will be when the oommoa element 
lies within the acute angle formed by obliqnely int«raectiDg axe& 
Bat when it lies within the obtase angle, it may happen, as in Fig, 
80, that one cone shall touch the other internally. Or, the common 
element may be perpendicular to ono of the aiee, as in Fig. 81, the 
pitch cone degenerating into a plane. 

135. Thus far the axes have been supposed to cut each' other 
obliquely ; and whateTer the forma of the pitt^ surfacee, it will be 
noted that in each they are tangent along one line only. We hftve 





Via. St. 

yet to consider the case in which the axes are perpendicular to each 
other, as in praotioe they are, more frequently than otherwise. And, 
aa shown in Fig. 83, we are confronted by the singular circumstAnce 
that the pitch cones are tangent along two elements, or, mn. The 
fmstum ZTcan then roll Bimultaneoosly with the fmsta F tia.d Q, 




ont from opposite nappes of the other cone, but tiiese two are tangent 
to jET along different lines, and consequently they will turn in oppo- 
aite directions. £qua1 and opposite fmsta, like those in Fig. 77, 
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cannot, of course, be Bimultaneoaslf employed : bnt either of the 
shafts can be carried past the vertex, and the unequal pairs of wheels 
out from the opposite nappes, being tangent along the same line, will 
have the same directional relation. And, as shown also in Figs. 83 
«nd 81, this directional relation is optional, sinoe either of the two 
common elements of the cones may be selected aa the line of prag- 
matic contact. 

136. In the case of internal tangencj, equal frusta of the opposite 
nappes of the hollow cone may be combined in a single wheel, as 

shown in Fig. 85. Here the frusta 
Fond H are formed in opposite sides 
of a solid ring, which is carried by 
arms LL, bo curved as to avoid 
interference with the wheel G, which 
engages with H, and is fixed on tbo 
~^ same shaft with E, engaging with 
F. By this arrangement,* the forces 
transmitted act upon the large wheel 
in the manner of a couple, in oppo. 
site directions, on opposite sides of 
and eqaidistant from the axis AB j 
Fia.'es. thus relieTing the bearings from side 

pressure. 

137. We find, then, that whatcTer the angle incladed between the 
axes, it is always poesJble to construct two pairs of cones, rolling to- 
gether with the same velocity ratio, but having different directional 
relations, and we are at liberty to employ whichever may best serve 
the purpose to bo accomplished. 

The cones can always be determined when the axes, velocity ratio 
and directional relation are given, by the process described in (131). 

Another method, differing slightly in detail, is shown in Figs. 86 
and P?, which also illustrate the following property, viz : that if dis- 
tances bo set off on the axes from the point of intersection, directly 
proportional to the angular velocities, and the parallelogram com- 
pleted of which these are the adjacent sides, the common element 
will lie in the direction of the diagonal. 

Thus lot V* the angular velocity about AB^ be represented by VL, 
and »', that about CO, by VM, then VP will be the common element 

For, draw PD perpendicular ioAB, P£ perpendicular to CQ, and 
join DE. Now VP divides the parallelogram ML into two trianglas 

• Which was flnt suggmtod hj Mr. O. A. Benton. 



3vGooglc 



PABALLBLOQKAH OF AHGULAR VELOCITIES. 



which are similar to each other ; and also to DPE, because a circle 
will go round VEPD, in which tiie anglee DEP, D VP, Etand on the 





Fm. 88. Tn.tB. 

Bame arc, and are therefore eqnal. For a like reason the angle EDP 
is eqnal to EVP, which is eqnal to VPL. Then if VP be the com- 
moD element, ve have 



PE . 

■ PD ' 



VL 

Tip- 



VL 
VM' 



If the angle between the axes be acnte, it may be better to set off 
VL representing v, and then to draw LP parallel to CG, and of a 
length representing v' on the same scale ; thns avoiding the nncer- 
tainty arising from attempting t^ locate P by an acute intersection. 

Id these two diagrams the inclination of the axes, and the Telocity 
ratio, are the same, bnt the directional relations are unlike. Gonse- 
qnently Fifbasthesameratio to PX in both cases, butiaeetoQsothat 
in one diagram the angle JfFi/ is acnte, while in the otheritisobtase. 

138. Tsloeitr Batio Taryii^.— In Fig. 88 lot E, F, be two pins 
fixed in the sphere whose centre is 0; 
let EFP be a loop of fine inextensi- 
ble thread, passing aronnd the pina 
and a marking point at P. Then as 
P is moved along, the thread being 
kept always tant and ia contact with 
the sphere, it will trace the cnrve 
APBHt which v&thvBphwicaleUipse. 

Evidently, EF, EP and FP will 
idways be arcs of great circles ; and 
since the part EF of the thread is 
always the same, and always idle, fio. as. 
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while the total length is iovuiabie, this carve ma; be defined as the 
locnB of the verticefl of a eeries of spherical triangles, of which the base 
is common and the sum of the other two Bides constant. This sam 
will be equal to the major axis AB ; now let AD be the major axis of 
an equal and similar curve tangent to the first at A, of which O aod 
A* are the foci : then BD will be a continuous arc of a great circle, 
and ^ff will be equal to ^5 or AD. 

Next, lot these two curves be taken as bases of cooes whose com- 
mon vertex is 0, the centre of the sphere : then they will be tangent 
to each other along the element OA, and the; will roll in contact 
about O^and OH as fixed axes. For, let AP, AH be anyoqual an» 
of the two spherical ellipses ; then we shall have 

PE= RQ, PF= RH, 

whence, 

PE + RB = PE + PF = EH; 

consequently the points P and R will meet on the arc DAB, or in 
other words, the common element will always lie in the plane of the 
axes. 

13d. We have, then, a pair of non-circular cones, capable of rolling 
in contact about fixed interaecting axes, with a varying velocity ratio, 
and forming the pitch surfaces of what may be properly called £llip- 
tied Bevel Wheels, since their bases, as thus constructed, are sphwi- 
oal ellipses. But though these curves are easily traced upon the snr- 
bce of a sphere in the mechanical manner above described, it will be 
found practically more convenient to employ others, which may be 
oonetmcted as follows. Referring to Fig. 88, it is seen that the sides 
of the spherical triangles aro the measures of the faces of a aeries of 
trihedral angles whose common vertex is 0. Join with the 
centre C of the spherical ellipse ; then a plane x>erpendioular to OO 
will cut the edges of these pyramids in points readily determined, tuid 
the problem of finding the plane base of the cone resolves itself into 
the .construction of a number of trihedral angles, of which one hco is 
commou and the sum of the other two constant. The base thus found 
will not be a true ellipse, but it will closely resemble one, and evi- 
dently will be symmetrical about two lines at right angles to eat^ 
other. 

140. The pioceeses of constmcttng one of the trihedral ai^es in ao- 
cordance with the above conditions, and of determining by means of 
it a point in the reqaired curve, are illustrated in Figs, 89 and 90. 
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The lines OJS, OC, OF, of Fig. 89 oorrespond to those eimilarly lettered 
ID Fig. 68 ; they all liu in the hori' 
zontal plane, and OE is perpendica- 
lar to OL the gronnd line. EOF, 
tbon, is the common face of the tri- 
hedral angles, bisected b; OC. As- . 
sume one of the two remaining faces, 
as EOA, producing OA to cnt OL 
in A. Sabtract this assnmed face 
from the given constant sum, thus 
determining the third, which lay off 
in the horizontal plane asFOB, mak- 
ing OB eqnal to OA. 

Draw SH perpendicnlar to OF, 
produce it to cut OL in p ; erect 
pp' peipendicnlar to OL, and of ^"'' *"■ 

a length equal to the altitnde of a right-angled triangle of which HP 
is the huse and HB the hjpothenuee : then p is the horizontal and p' 
ia the vertical projection of the point where S will fall in the vertital 
piano if OB is revolved about OF. 

Also, if OA be revolved abont OE, A will describe a circle in the 
Tortical plane ; which will pass through p', because OA = OB ; 
hence OP is the horizontal and Ep' is the vertical projection of the 
third cdgo of the trihedral angle required. 

141. Now let 3fybe a plane perpendicular to OC; it will cut this 
third edge in a point whose horizontal projection is r, and r's' will 
be the vertical projection of a perpendicular let fall from this poiai 
to the horizontal plane. 

In Fig. 90, which is a projection upon this new vertical plane JTY, 
the horizontal plane is seen as G'L', and the point r appears at R, 
the distance SS being equal to r's' of Fig. 8!) : the line OC appears 
as the point C, and i and k, the points in which OE and OF are cut 
hj MN, are seen as / and K. 

In this projection the required plane base of the cone is seen in its 
true form ; as manj points as may be necessary to determine its con- 
tour with precision, being found exactly as R was, by the construo- 
tioD of other trihedral angles. 

Iffi. In Fig. 91, OEwA OH am the fixed axes of a pair of frusta 
cat from cones of this description ; the extremities of the major 
axM <^ the bases are shown in contact at A, the plane of the paper 
in this figure corresponding to the plane ODAB of Fig. 88. 

Tho action is obrionsly akin to that of two ^lipaes JoUing 
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togetlier in their own plane ; letting fall npon the fixed axes 
the perpendicnlara AM, AN, 
the Telocity ratio in the present 
AM 

^an' 

of a half reTolution it will be 

AN 

AM' 

This combination also resem- 
bles the oIHptical spur-wheels 
in the respect that if these con- 
ical frusta oyerhang their bear- 
ings, as here shown, a link, L, 
may he used to connect what 
itis proper to call their freefoci : 
the axes of the pins by which 
this link is pivoted to the wheels, 
of conrso converging in the 
Fio. 91. common Tertex. 

143. Any reciprocal limits maybe assigned to the velocity ratio ; 

and if the angle between the axes be also given, the pitch cones may 

be constructed aa follows. 

- ' and let 0£, 



Let the assigned values of the velocity ratio be - 



Off, Fig. 92, be tho given axes. 
Draw XX, zz, parallel to tho 
axes, and at distances from 
them which are to each other 
in the ratio of fra to n ; these 
lines intersect at P. Draw PO, 
and lay oft the angle FOB 
equal to EOff; draw OCbiaect- 
ing FOB, and from any point 
A of PO, draw AS perpendic- 
ular to OC, cutting OB in B. 
Then AB may be taken as the 
major axis of the plane base of ^"^ **- 

the cone, which from these data can now be constructed in the 
manner previously explained ; for making tho angle BOF equal to 
AOE, we have EOF i\i6 common face, and ^ OB the constant sum 
of the other two faces, to be used in determining the trihedral angles, 
whose edges are the elements of the cone. 
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141 III Fig. 93, the inclination of the axes is the same as in Fig. 
99, bat the lines xiz, 22, aro so dravn that their intersection/' falls 
within the obtuse instead of in the 
Bcnte angle : the resalt being that 
the directional relation is different. 

From the very natnre of the caae, 

an engaging pair of elliptical bevel 

wheels must be equal and similar, 

and always in external contact. 

And it will be seen that, eiDoe the 

angle snbtended at the vertex by the 

major axis of the base, is eqnal to 

that included between the fixed axes 

of rotation, neither cone can degen- 

^ erate into a plane, nntil that angle 

^"- "■ becomes 180°, and the axes coincide : 

mnch less can either he hollow. 

We hare then always the choice between two pairs of wheels, hav- 
ing different directional relations but the same action in respect to 
the Telocity ratio 

If the axes be perpendicular to each other, as in Fig. 94, the pitch 
cones will, like the circular 
ones nnder the same condi- 
tion, haTo two common ele- 
ments, either of which may 
be selected as the line of prag- 
matic contact, 

145. Conical lobed Wheels. 
— From these elliptical bevel 
wheels, it is possible to con- 
strnct conical wheels with 
TariouB numbers of lobes, by 

a process of contraction or ex- Fio. m. 

pansion of angles analogous to that applied to the plane ellipses. 

Let the elements cut from ono of a pair of these pitch cones by a 
series of radiating planes through the fixed axis, be revolved about that 
axis until the dihedral angles between the planes are expanded or con- 
tracted in any desired proportion. Any part of the elliptical cone 
may be thus transformed into a new conical surface, which will roll 
in contact with the one formed by treating in like manner the corre- 
sponding portion of its rolling mate. 

The bases of these lobed cones will be similar to the outlines of the 
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mnltilobeB deriyed from the plane ellipses. By applying the process 
of coatractioQ to one half the perimeters of the spherical ellipsea, p^irs 
of similar wheels, with any desired nnmber of lobes, may be con- 
stmcted analogous in form and action to those shown in Figs. 69 
and 61. 

146. It is also practicable to constmct conical lobed wheels which 
will roll together in disaimilar pairs, nnilobe with bilobe, trilobe with 
quadrilobe, and so on. Referring to Fig. 88, it will be seen that the 
dihedral angles PfE, UMG, are equal. Hence if the spherical ellipses 
be Bucb, for example, that the dihedral angles RQA, RHQ, are to 
each other as 3 is to 2, the former may be contracted to 90°, and the 
latter will by contraction in the same proportion be redaced to C0° ; 
the result being the formation of a bilobe rolling with a trilobe, tbo 
bases resembling those of Fig. C2. 

It is sufficient merely to state that by constructing a series of sphere 
ical triangles, as was done with the plane triangles in Fig. 6G, a spher- 
ical carve, analogous to the one there flfaown, may be drawn, by the 
aid of which we can detonnioe the limits of the eccentricity of tho 
spherical ellipses from which it is possible to derive such dissimilar 
pairs with assigned numbers of lobes. It may be said, and no doabt 
with truth, that the difficulty of making such wheels would prevent 
their being used under any ordinary circumstances. But it is equally 
true that only extraordinary conditions would require them to be used : 
and should caees occur in which it would be desirable, it is worthy of 
note that very many of the combinations of non-circnlar cylindrical 
wheels described in the preceding chapter, may be replaced by combi- 
nations of conical wheels nearly identical in their action, 

147. Of these, it is probable that the nnea derived aa above su^ested 
from the spherical ellipse, would be found practically preferable, aS 
being the ones most easily constructed, and also as allowing a wider 
range in tho selection of the limits of variation in the velocity ratio. 
But the equiangular spiral has also its spherical analogue, which may 
be made the base of a conical snrface, capable of rolling in contact 
with an equal and similar one, the fixed axes of rotation passing 
through the poles of the bases and the centre of the sphere upon which 
they lie. 

If from any point on tho sphere ares whose lengths are in geometri- 
cal progression be set off successively on equidistant meridians passing 
through the point, the curve drawn through the extremities of these 
arcs will be the one required. 

148. This will be readily seen by the aid of Fig. 95. In the side 
view let 0(7 be a vertical radios of the sphere, and AB a piano tan- 
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gent to it at C. Let f7iQ this plane be the pole of the logarithmio 
spiral nnilobe shown in dotted outline, as AMIf in tho horizontal pro- 
jection. 

The radiants of this spiral which inclnde equal anfi^es, are in geomet- 
rical progression ; and planes passing through them and also through 
00, cat equidistant meridians 
from the sphere. On each me- 
ridian set oS from f7 an arc 
equal in length to the corre- 
sponding radiant of the spiral : 
the resalt will, be the spherical 
curve shown in full lines ; the 
vertical projection being A'P'B'. 

Now let A' RE be the vertical 
projection of an equal and simi* 
lar curve, of which D is the 
pole : the vertical plane being 
that of the great circle contain- 
ing OC, OD, and also the arcs 
. A'CB', A'DE. It is then obvi- 
ous that these curves will be tan- 
gent to each other at A'; also, 
that if A'P, A'R be equal arcs 
of the two, then P and R will 
meet in the plane of tho axes, if 
tho curves revolve about OC and 
OD respectively, as shown by 
the oiTowB. For tho angular 
distances of these points from *^"' "" 

that plane are the same as in the original spirals, which ai-e known 
to roll together, and by constntotion the sum of the arcs CP, DB, is 
equal to tho arc OD. 

149. It will be seen, then, that if these carves be made the direc- 
trices of cones whose common vertex is the centre of the sphere, 
those surfaces will work in rolling contact about OCand OD as fixed 
axes ; and that the velocity ratio will vary from maximum to mini- 
mum and back again once in each revolation, this combination being 
analogous to that of the twologarithmic spiral unilobes shown in Fig. 
53. 

In fact the plane original AMN is identical with one of those 
unilobes. But the actions of the two combinations, though very sim- 
ilar, are not identical. Draw A' S, A'T, perpendicular to OCand 
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OD, the limiting Talnes of the vclocit; ratio io Fig. 95 are 

4L§. 4H- 
A'T' AS' 
while in Fig. 63 they are 

AC _ arc A'C 
B^' arc B'C 
and 

BC _ arc B'O 
AC' arc A'C 

By comparing in a similar manner the valnea of the Telocity ratio 
for intermediate positions, it will be fonnd that neither the limits nor 
the laws of variation are precisely alike in the two cases. 

IM. If the angle COD between the axes be given, and the Talues of 
the reciprocal limite of the velocity ratio be assigned, the cones may 
be conBtnicted, by procesEcs closely resembling those employed in pre- 
ceding eases. ' 

Thus, it ia evident that OA' must pass through the intersection of 
two lines xx, zz, drawn parallel to 00 and OD respectively, and at 
distances from them which are to each other in the proportion of A'S 
to A'2'; then CB' = A'D, and the arcs A'C and CB' being rectified 
give AC and CB, whence the original spiral AMB jaay be recon- 
structed, and the spherical curves derived from it as just described. 

Like preceding combinations, too, tliis might bo discussed, with 
reference to the effects of dividing the obtuse instead of the acute 
angles, of placing the asca of rotation at right angles, and in short, of 
asBuming any special conditions. It will also readily be seen that the 
bilobes, trilobes, etc., derived from the equiangular spiral and rolling 
in contact about parallel axes, have their analogues in conical multi- 
lobes whose axes intersect. All these matters, however, we shall leare 
the reader, if bo disposed, to pursue farther at hia leisure : the exam- 
plea already given illustrating sufficiently the principles involved in 
the construction of this class of combinations, which, it is proper to 
add in conclusion, we believe to be a new one. 

8. Axes in Different Planes. 

ISl. Telocity natio Constant. — If a right line revolve about an axis 
in a different plane, the surface generated is the hyperboloid of revo- 
lution. Any normal to this surface will intersect the axis; it will 
also be perpendicular to both generatrices through the point of nor- 
malcy, since these two elements determine the tangent plane. 

If then a series of normals be drawn through different points cd the 
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reTolving line, they will lie in planes perpettdioalar to that line, and 
therefore parallel to each other. The; are, conaeqneotly, elements 
of one generation of a hyperbolic paraboloid, of whioh the direetrioea 
are the axis and the revolving line, and the plane direeter is perpen- 
dicnUr to the latter. 

Any plane parallel to those direotrices will therefore cut the series 
of normals in points vhich will lie in one light line, an element of 
the second generation of the hyperbolic paraboloid. 

Now the line thus determined may be taken as a new axis ; and by 
revolving aronod it, the same line which generated the first hyper- 
boloid will generate another. Those two snr&ces of revolution, hav- 
ing, at every point of a common rectilinear element, a common nor- 
mal and a common tangent plane, will be tangent to each other all 
ftlong that element, 

152. Since these hyperboloids are warped eorfaoes, perfect rolling 
contact between them, as has been shown, is not possible under any 
circnmstances whatever. 

But they are capable of rotating 
ID contact about fixed axes, with a 
constant velocity ratio; and the 
sliding between them is quite dif- 
ferent from that between two tan- . 
gent cones or cylinders whose pen- 
metral velocities are not the same, 
in the respect that it is wholly in 
the direction of the common cle- 
ment. And these hyperboloids, like 
the cylinders and the cones, are 
practically used as the pitch sur- 
faces of toothed wheels. In view of 
these facts, it is proper to consider 
their action in this place, notwith- 
standing the imperfection in their 
rolling.' 

153. The form of the surface, and 
the manner of constructing it, arc 
shown in Fig. 96, As the inclined 
line AB revolves about the vertical 
axis, every point in it describes a i^o.«i, 

circle in a horizontal plane, whose radius is seen in its true length in 
the liorizontal projection. In that projection, the axis appears as the 
point C, and CD is the common perpendicular of the axis and the 
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revolving line. Then the point D describes tbo circle of the gorge, 
EDE; A describes the circle of the apper base, FAF', B, that of 
tho lower base, 6B6, in this case eqnal to FAF, because A and B 
are equidistant from D : sad any intermediate point L describes a 
circle 00, whose radius is CL. In this way any number of points in 
the meridian outline OOEFm»y be determined. 

The same surface may be generated by the revolntion about the 
same axis, of another right line MDN', MNaaA.AB having the 
same horiiontal projection, and being equally inclined to the plane of 
rotation, but in opposite directions. 

For the paths of A and M, also those of B and JV, coincide, and D 
is common to both lines : consequently any two points, one on each 
line, equidistant from D, as for example L and P, will describe the 
same circle. 

164. Tfarongb any point of the surface, then, two rectilinear ele- 
ments, or companion generatrices, may be drawn ; whose projections 
on a plane perpendicular to the axis will be tangent to that of the 
gorge circle on the same plane. 

T\i\iB AH, tangent at ^ in the horizontal projection to the circle 
EDE, is tho second generatrix through A. In this figure, tho verti- 
,a oal plane contains the axis ; AH 

pierces this plane at /, as deter- 
mined from the horizontal projec- 
tion : and in the vertical projec- 
tion AH IB tangent nt / to the 
hyperbolic outline, of which E is 
the vertex, and AB and MN are 
the asymptotes. 

These two lines, AB and AH, 
determine the plane tangent to the 
hyperboloid at A ; the horizontal 
trace of this plane is therefore 
parallel to BH ; and its vertical 
trace is parallel to AB, since that 
line is parallel to the vertical plane. 
Consequently AC, perpendicular 
to BH, is the horizontal, and AR 
perpendicular to AB, is the verti- 
cal, projection of the normal to 
the surface at A. 
^°- ''■ 156. Now in Fig. 97, two hy- 

perboloids are shown in contact, the axes .ilCand FE, and the com- 
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mon element AB, being puallel to the vertical plane In the liori- 
zontal projection the vertical axis appeara as the point (7, the in- 
clined one as F'E', and the oommon element as A'B', which at A' 
outs the common perpendicniar of the axes, here seen in ita tme 
length as CF, into aegmea\aA'C, A'2', which are the radii of the 
two gorge circles. Also CB'E is the horizontal, and CBE n the 
vertical, projection of the common normal to the surfacee at B. In 
the vertical projection, the npper bases and the gorge circles will 
appear aa lines perpendicular to tlie axes : the latter loterBCcting at A, 
and the former, which in the figure passes through B, catting the axes 
at if and JV. 

156. Let these hyperboloids revolve about their axes in the direc- 
tions indicated b; the arrows. The point A of the inclined surface 
will at tne instant move in the direction of the tangent to the gorge 
circle at that point : which being parallel to the vertical plane, this 
motion may be represented in magnitude and direction by ^^Tiu the 
vertical projection : and it may be resolved into the components, AS 
in the direction of AB, and AO perpendicular to that line. 

Considering the inclined hyperfooloid as the driver, the rotation of 
the vertical one will not be compulsory, because the contact radii are 
constant. 

But the common element may here, as in the cases of the cylinders 
and the cones, be regarded as the line of contact of teeth formed upon 
the two surfaces, so that AO would be the normal, and AStha tan- 
gential component of AH ; because AS wonld necessarily be a line 
of the plane tangent to both teeth at A. Therefore the resultant 
motion of that point of the vertical hyperboloid (whose direction is 
tangent to the larger gorge circle), must be of such magnitude, AL, 
SB to have the same normal component A 0, the other component 
being .rf Tin the line AB. 

m. Kow let V = ang. vel. about FB, 
»■= " " •'AC; 
then 
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and by the principles of projeotion, 

A'a _ SG _ BC 
AT ~ SS~ BE' 
Snbetitating in (1), 

V'- BE^ AC ^*'* 

From similar triangles ABE, ABM, 

AE _AB 
BE~ BM' 

and from similar triangles ABC, ABK, 

BC _ BN 
AC~' AB' 

Sabstitnting in (3), we hare, finally, for the velocity ratio, 

v^ _ BN 
v' BM' 

That is to say, the angular relccities are to each other in the in- 
verse ratio, not of th« perpendicnlars let fall from any point of the 
common element apon the axes, but of the projections of those per- 
pendiculais npon a plane parallel to both axes and the common 
clement 

158. Supposing the axes to be given in position, then, and the 
velocity ratio assigned, the inclination of the common element is 
foand exactly as in the case of intersecting axes : two lines, xx, a, 
are drawn parallel to ^Caod AE, at distances from them which are 
to each other in the inverse ratio of the angular velocities about those 
axes respectively ; and AB must pass through their intersection P. 
Then drawing Cf perpend icnlar to AB, it is the vertical projection 
of the normal, therefore the horizontal projection of E mnst be at ^ 
on the horizontal projection of FE ; and projecting 5 to ^ on CE, 
we draw B'A' parallel to E'E, thus determining the horizontal pro- 
jection of the common element and also the radii of the goi^ circles, 
A'C and AT' : whence the surfaces may be constructed as Iwfore 
described. Or, if for example the vertical surface be given, and it 
be required to find the other, the velocity ratio being also assigned : 
then, knowing BN«a^ its ratio to BM, the length of the latter may 
be found, and with that as radius, an arc is described about B as 



3vGooglc 



HTPEEBOLOIDS INTEBNALLT TANGENT. 81 

centre. The vertical projection FE of the Becood axis is drawu 
through A, tangent to this arc. The Tertical projection o( the nor- 
mal at B, is CB perpendicnlar to AB, and it cuts FE in E, whose 
horizontal projection must therefore be at ^' on the prolongation of 
C'B', and F'E parallel to A'B' is the horizontal projection oi the 
axis of the required surface. 

169. In Fig. 97, the common clement lies between the axea, and 
the two surfaces touch other exter- 
nally. But if one be larger than 
the other, the smaller one may be 
placed within it, and that in such 
a position as to touch the larger 
along a line of the concave surface. 
Thus, iu Fig. 98, the 'same pair of 
hyperboloids iks in the preceding 
figures, are shown in this new rela- 
tion : the demonatnition of the ve- 
locity ratio applies, it will be seen, 
without any change whatever, but 
the directional relation in the two 
cases is different. The surfaces are 
tangent along an element of the 
same generation as before, but it 
now lies on the same side of both 
axes. 

It will be observed that in the 
case in which the vertical hyper- 
boloid and the velocity ratio arc 
given, FAE is drawn tangent to 
the same circle, described about B '"' * 

with radius BM, but on the side opposite to that selected in Fig. 97. 

Also, that in the other case, where the two axes and the velocity 
ratio are given, the lines xx, zz, are so drawn that their intersection 
P lies in the obtuse angle formed by the axes, instead of in the ocnto 
one afl in the preceding figure. 

160. In the above determination of the velocity ratio, the motiona 
of the coincident points of the two gorge circles were selected merely 
because they were the most convenient ones for the purpose. It ia 
evident that the angular velocity of every point in cither surface about ' 
its axis must be the same. The motion of the line AB of the vertical 
Buriaee is one of revolution about AC; and AL being the linear ve- 
locity of A, every point in AB must have a component motion along 
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that line e<jaal U} AT, and in the same direction, «a shown in Figs, t 
and 9. And in retoWing abont FF, the motion of every point of 
AB mnst have a component in the direction of and equal to AS, 
Binee AHie the linear velocity of the point A in the inclined hyper- 
boloid. 

The action of the combination, therefore, conaists in rolling, com- 
bined with a sliding in the line of the common element, which ie rep- 
resented by ST, the sum or the difference, as the case may be, of 
AS aui AT. 

The rate of sliding, then, is at any instant the same at every point 
of contact ; but as the linear velocity of each point depends npon its 
distance from the axis of the surface npon which it lies, it is evident 
that the proportion of the sliding component to the perimetral veloc- 
ity will be greatest at the gorge, and diminish as the point ander con- 
sideration recedes tlierefrom. 

161. Although in Figa. 97 and 98, the hyperboloids, in order to save 
space, are limited by the gorge planes, it is obvious that they may be 
extended to any distance on both sides of those planes, and will bo 
taugent from end to end. But practically, as in bevel gearing, com- 
paratively thin fmsta only of the pitch surfaces arc used ; and their 
location is optional within certain limits in some special cases here- 
after to be noted. Thus in Fig. 99 the surfaces are in contact all 
along the lino mn ; and we may use either of the three pairs of frusta 
A and B, C and D, E and F, or any two or all three pairs at onco : 
and the steadiness of the motion will practically be greater when two 
pairs equidistant from the gorge planes are employed. 

162. TnanvtwB Obliquity. — The plane tangent to the byperboloid at 
any point is determined (164) by the companion generatrices throagh 
the point. If a meridian plane be passed through the same point, it 
will cut the tangent plane in a line tangent to the hyperbolic outline 
at that point : and the angle included between this line and oither 
generatrix is the measure of what is called the transverse obliquity, 
or skew, of the teeth which must be Used in practice. 

As before mentioned, teeth which work in line contact ultimately 
reduce to rectilinear elements of their pitch surfaces. But when they 
are of sensible magnitude, there is one instant in the action of each 
engaging pair, when their line of tangeucy coincides with the common 
element of the pitch surfaces. When those arc cylinders or cones, the 
common element lies in the plane of tbo axes : this is impossible in 
the case of the rolling hyperboloids, but the less the departure from 
that condition, the mora advantageous will bo the action. And this 
transverse obliquity, which measures the inclination of the generatrix 
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to the meridian plane at any peut, is obvioasly greatest at the gorge, 
and diminishes aa the element is extended, which is another reason 
for employing, when the circumstances of the tnse admit of it, frusta 
at some distance from the gorge planes. 

Beferring to Fig. 96, it will be seen that the transverse obliquity at 
the gorge is measured by the angle TDA in the vcitlcal projection. 
That at A is half the angle between AB and AJf; to construct it, de- 
scribe vith radios the true length of AB (seen in the vertical projec- 
tion), arcsabout j9 and H in the horizontal projection, where BHap- 
peara in its true length. These arcs intersect at S on the prolonga- 
tion of CA ; and CiiB or CSff is the required angle. 

163. Now since, when the axes are given in position, tJie angle 
between their projections on a plane parallel to both is divided, in 
order to produce any assigned velocity tatio, precisely aa though tbo 
axes intersected and the pitch surfaces were cones, it will be seen that 
in every case the problem admits of two solutions. That is to say ; 
with any given pair of axes, it is possible to construct two pairs of 
hyperboloids, having the same velocity ratio, but different directional 
relatione. 

The cone is, in fact, but the limiting form of the hyperboloid, in 
which the radius of the gorge circle becomes zero : and all the pecu- 
liarities which have been pointed out as resulting from special condi- 
tions with intersecting axes, will be found to have almost their exact 
counterparts under analogous ciroumstances when the axes lie in 
different planes. 

164. Thus, when the projections of the ases cut each other ob- 
liquely, we may d ivide the acute angle, as in Fig. 97, and the resulting 
hyperboloide are externally tangent : a comparison of Fig. 99, which 
lepresenta the same pair of surfaces, with Fig. 77, will clearly show 
the close resemblance between the two combinations. 

If the obtoBO angle be divided instead, one hyperboloid may bo 
internally tangent to the other, as in Fig. 98 ; which condition of 
things is at once seen to correspond to the case of a cone rolling 
within a hollow one, as shown in Fig. 79. 

But whether the axes intersect or not, it does not follow that the 
phenomenon of internal tangency will always occur when the obtuse 
angle between their projections is selected. This, in relation to coni- 
cal surfaces, was illustrated in Figs. 78 and 79 : and the truth of it 
in regard to the surfaces now under consideration will be evident on 
examination of Fig. 100, in which the relative positions of the axes, 
and the velocity ratio, are precisely the same as in Figs. 97 and 99, 
the only difference being in the directtonal relation. This, as above 
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stated, is duo to the division of the obtase instead of the acute angle ; 
but the tangency of the pitch surface is still external, as it always will 
be if the acute angle be divided. 

165, And this figure calls attention to another point of similarity 
between the cone and the hyperboloid. The latter, although a sur- 



face of one nappe, is divided by the gorge plane into two parts, whose 
relations ore very like those of the opposite nappes of the cone. In 
Fig. 100, it will be observed that the shaded frusta, H and Z>,. might 
be extended to the gorge planes. Not beyond, however, because the 
extension G of the inclined surface will intersect the frustnm D of 
the vertical one, and F, tlie extension of the latter sui-face, will inter- 
sect H: a condition of things very similar to that in Fig. 78. 

Equal and opposite pairs of frusta, then, cannot be used in this 
case : nor jet can we employ a pair like the central one of Fig. 90, 
of which the mid-planes are the gorge circles. But if ^andi>be 
very near the gorges, and very thin, it will be possible to carry the 
inclined shaft past D, and to use at the same time another pair, 
and F; if they be sufficiently far from the gorge planes to clear 
the first pair. 

166. Again, it may happen that when the projection of the com- 
mon element lies in the obtuse angle, it shall be perpendicular to the 
projection of one of the axes. This caee, shown in Pig. 101, presents 
the remarkable feature that the pitch hyperboloids retain their limit- 
ing forms, the one remaining a cone, the other a plane. 
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It will be seen that the common elemeot AB intereects at A the 
inclined axis FE, by revolving arouod which it generates the cone, 
ABL : while in revolving 
about the vertical axis, the 
points^ and B describe the 
circles whose radii are C'A', 
CB', in the horizontal pro- 
jection. 

The determination of the 
velocity ratio will be most 
conveniently made by con- 
sidering the motions abont 
the axes of the two points 
which fall t<^ether at B. 
The motion of the point 
which belongs to the plane 
hyperboloid, may be repre- 
sented by B'H, perpendicn- Pw. loi. 
lar to CB' in the horizontal projection ; and it may be resolved into 
the components, B'T'm the lino of the common element, and B'O 
perpendicular to it. 

Now B'O is tangent to the circle described abont the inclined axis 
by the point which belongs to the cone, and therefore represents iu 
resultant motion, which has no component along A'B'^ 

167. Then as before, let 



V = ang. vei. abont inclined axis, 




v' = " " " vertical " , 




and we have 




„ -B'O 

""[.<! B'O BC 

j(.ff ••.■ >^ B.V 

' -ffZ-l 


W- 


But from .imilar triangles B'Olf, WA'C, we ham, 




B'O AB' AB 




B'/r B'C" JfC 




since A'B' 


= AB 


Snbstitnting in (1), 




l> BA 
if-BJf- 





„Googlc 



86 DOUBLB TANOBNOT OF HYFEBB0LOID8. 

Aa in the other cases, then, the velocity ratio depends entirely npon 
the projections of the axes and the common element on a plane par- 
allel to all three, and the singular circumstance results that the angu- 
lar velocity of the cone ie not affected by the lateral separation of the 
axes or the resulting variation in the diameter of the perforated diso 
with which it works in contact. 

The sliding component B'T de- 
pends wholly npon the revolution of 
AB about the vertical axis, and 
since it must be the same at every 
point of the moving line, its ratio 
to the linear velocity is greatest at 
, the vertex of the cone, diminishing 
as we recede from that point. 

168. Finally, in the case in which 
the projections of the axes interaect 
each other perpendicularly, as in 
Fig. 102, it is seen that the pitch 
hyperboloids are tangent to each 
1 other nlong two elements, as were 

the cones under the same circum- 
stances. 
Fis. loe. These elements, mn, op, are neces- 

sarily the comparion generatrices, and evidently tend to establish 
the same velocity ratio, but different directional relations. Either of 
them may bo made the line of prag- 
matic contact, and at the limit, as 
shown in Fig. 103, a frustum B of 
one hyperboloid may work in con- 
tact with two frusta, A and C, on 
opposite sides of the gorge plane of 
the other. But tilts combination 
coald practically be used only as an 
arrangement of friction gearing, the 
F'o- ><». wheels being parts of the pitch sur- 

faces only, for teeth of sensible magnitude must bo disposed in the 
direction of a generatrix, common to the engaging fmsta; now B 
and Care tangent along one line, B and A along another, and the 
teeth of B cannot elope both ways at once. 

169. Evidently this double taiigency prevents in this case also the 
use of frusta whose mid-planes are the gorge circles, as well as of equal 
and opposite pairs. But pairs on opposite sides of the gorge planes 




3vGooglc 



SKEW FRICnOK aEABINO. 87 



may be ased, having the Bamo commoQ element, and therefore the 
same directional relation, if they he placed at different distances from 
those planes. Either tine of contact may be selected, bo tbst aa in the 
case of the cones the directional relation is optional. The resnlting 
comblnatioDS arc shown in Figs, 104 and lOfi ; comparing these with 




Figs. 83 and 84, the analogy between the cone and the hyperboloid, 
considered as the pitch surfaces of wheels, will be most clearly seen. 

170. It may be remarked that frnsta of these hyperboloids can be 
employed in the manner of friction gearing. When this is to be done 
the frasta arc preferably placed at some distance from the gorge 
planes ; for the cnrrature of the hyperbola diminisbes so rapidly as it 
recedes from the Tcrtes, that it very soon becomes almost inappreciable. 
Conceqaently, if at the mid-planes of the frusta thus located cones be 
drawn tangent to the hyperboloids, frusta of these conea may practi- 
cally be employed. It is hardly necessary to repeat that since the 
transmission of the motion depends wholly upon the adhesion be- 
tween the surfaces in contact, no absolute dependence can bo placed 
upon the constancy of the velocity ratio, and it may bo noted that, 
since in order to secure such adhesion, it is necessary to press the sur- 
faces together with considerable force, an amount of friction is thus 
caused in the hearings, so great that it may bo questioned whether 
snch gearing has in many cases any advantage other than that of 
original simplicity and possibly in freedom from noise at high velocr 
ities, over toothed wheel-work ; which latter we will now proceed to 
disease. 
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1. CumnciTiON of Tootbed Gbarino. 

8. Spur WiTEEif.— Epic jcloidal Teeth, OafsideGear, Oeaeration of tbe Outline. — 
Pitch, Angles of action. Backissb, Clearaoce, Approaching and Beceding Ac- 
tion. — Interchangeable Wheels. — Size of Describing Circle. — Raclf and Pinion. 

8. Insidk Spuk Qeabms. — Interniediate Describing Circle. ^Limiting Diameten 
ot Generating Circles. 



1. 77w Different Varieties of Gearing Classified. 

171. It bw been pointed out, that when a definite Telocity ratio is to 
be maintained, the pitch Burfaces previoaaly diBcuseed are ansnitable 
for the tmnsmiBgion of rotation, on account of their liability to slip 
upon eacb other ; and ve propose now to consider the forms of tbe 
teeth which in practice must be employed in order to prevent this 
slipping. 

Bat it is desirable first to gain clear ideas of the general natnre of 
the TariouB kinds of toothed wheels in use, and of the peculiarities 
npon which their elasaification is based. 

172. Not only may the axes of a pair of engaging wheels have dif- 
ferent relative positions, but the teeth themselves may be of different 
kinds, and act upon each other in different ways ; for example, tbe 
mode of action of a pair of acraw-wheels is quite dissimilar in its in- 
trinsic nature from that of a pair of skew-bevel wheels, although the 
relative positions of the axes may be the same in each case. There 
are, in consequence, six varieties or classes of toothed gearing to be 
met with in practice, viz : 

1. Spur Gearing. 4, Twisted Gearing. 

2. Bevel Gearing. 5. Screw Gearing. 

3. Skew Gearing. 0, Face Gearing. 

173. Hegarding this matter from a new point of view, it is seen that 
the teeth of engaging wheels act npon each other by contact what- 
ever their number. If then that number he indefinitely increased, tho 
size being correspondingly diminished, the teeth will ultimately be- 
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come, in general, mpre lines, or elementeof snrfaces in contact. The 
relative motions of these snrfaces vill bo the same as those of the 
wheels from which they are thns derived, their forms and disposition 
depending on the natnre of the class of gearing to which those wheels 
originally belonged : these are the pit«h surfaces, whoso action in 
some combinations has already been investigated. For the purpose 
of comparison, and to illustrate the distinctive features, a pair 
of wheels of each class, and also their pitch surfaces^ are shown in 
PigB. 106 to 111, inclusive. 

174. In the fir8tthreeclassGs,thocngi^ng teeth, which are hounded 



by raled surfaces, touch each other along right lines, and by the process 
above indicated they are reduced to rectilinear elements of the pitch 
surfaces, which by the mode of derivation must be tangent all along a 
right line. As already stat«d, the axes of spur wheels arc parallel, 
and their pitch snrfaces are cylinders ; the axes of bevel wheels inter- 
sect, and their pitch surfaces are cones whose common vert«x is the 
point of intersection : the axes of skew wheels lie in different planes, 
and their pitch snrfaces are hyperboloids. 

175. Ijet us now suppose one of a pair of engaging circular wheels. 
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belonging to either of these three cIosbcb, to bo nniformlj tiriEt«d op 
its axis, each saccesaiTe tranEreree plane beiog rotated tbroagh a 
greater angle than the preceding ono ; then the other wheel of the 
pair will receire a correspoDding tnist, as will be readily nnderstood 
by the aid of Fig. 109. It will hereafter be showa that the twisted 



Fm. loe. ■>■» a 



wheels thna formed will gear together aa well aa before, and in aub- 
stantially the same manner. The teeth are now distorted iato anr- 
faces of a bclicoidal nature, and by the above process of indefinite sub- 
diTiaion, they reduce to helical linea. 

■ But it ia to be noted that these lines lie upon surfaces which are 
tangent along a right line, whether the axes are parallel, intersecting, 
or neither. And it will also be seen that whatever of screw-like 
action may be involved in their motions, tends only to caiiae pressure 
in the direction of the common element of the pitch surfaces, and 
haa nothing lo do with the transmission of rotation. 

176. In these respects there is a marked distinction between these 
twisted wheels, and those belonging to the next class, of Screw Gear- 
ing properly so called ; althoufih they are frequently confounded with 
each other. In all the latter, the teeth, it is true, are also of helicoidal 
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form, and redace to helical lines : bnt these helicea lie upon cylinderg 
whoee axes are in different planes, and the pitch enrfaces therefore 
toach each other in a single point only. Moreover, as illostrated hy 
the familiar combinatioa of the " worm and wheel," it is the screw- 
like action alone of one wheel upon the other, by which the rotation is 
transmitted in that class of gearing. 

177. Face Gearing is not much ased in modern machinery ; the 
name is derived from 
the fact that the 
wheels were usually 
formed with teeth 
consisting of tamed 
pins projecting from 
the faces of cir- 
cular disks, as shown 
in Fig. Ill : a mode 
of construction well 
adapted to wooden 
mill work; and to 
that only. In the 
case illustrated here, 
the axes are perpen- 
dicular to eacli otiicr ; 
but turned pins may 
be inserted in other surfaces than planes, and in this way such wheels 
can be made to work together when the axes have different relative 
positions. All these may be properly said to belong to the same 
class ; of which the distinguishing features are, tliat whatever the 
relation of the axes or the general forms of the wheels, tho teeth are 
circular in their transverse sections, touch each other in a single 
point, and ultimately become ^in/« in the circumferences of circles 
which are in contact. Tho reason of this last peculiarity is, that an 
increase of the number involves a diminution of the length as well as 
of the diameters of the teeth, so that at the limit they vanish alto- 
gether : whereas, in the other classes of gearing, the length of the 
teeth is not affected by any variation in the height or thickness, 
and they rednce to lines. Face wheels, then, have no pitch 
surfaces properly so called, although in constructing them, sorfacea 
of some kind must be provided in which to secure the t«eth or pins. 

178. The following table exhibits in a convenient manner tho pecu- 
liar features of the different kinds of gearing above mentioned : the 
teeth, of whose linear elements the forms are given in the last column, 
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being eappoeed to bo of Beoeible magnittide, in order that the circular 
sections of those in the sixth class ma; be kept in view. 



«„„„™™.. 


BEunvE roaiTioire 
or ixn. 


P^^.C«. 


»L«MKT> OP TIKTH. 


1. Spur. 


PuKUel. 


Cjlinders. 


RectiUnear. 


2.BBTBL, 


iDtereecting. 


Cones. 


lUctiiinear. 


8. Skew. 


InDiflerentPlMies. 


Hyperboloiila. 


Bectilineat. 


4. Twisted. 


Any. 


Either. 


HeUcal. 


5. ScERW. 

«.PACt 


In Different Planes. 


Cylinders. 


Helical. 


Any. 


None. 


Circular. 



%. ^u Teeth of spur Wlieeli. 

Epicycloidal System. 

179. OeaMratioa of Qie Tooth Oatline.— In Fig. 113, let C, i> be the 



centres of the pitch circles LM, RN. Tangent to these at A, is a 
smaller circle whose centre is 0. Suppose all the centres to be fixed, 
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then the three circles can moye in rolliog contact, with equal linear 
velocities. Setoff from .^ the three eqnal arcs AB, AE, AP. Suppose 
a marking point fixed originally at A, in the circa inference of the 
smaller circle ; then while this travels to P, it will trace, with refei- 
once to RJ\', the curve BP, and with reference to LM, the cnrve BP. 

Now the relative motions of the circles are precisely the same afi 
though the smaller one, which carries the marking point, hod rolled 
upon the ontside of BN, and upon the inside of LM, regarding these 
two as fixed base lines : the curves are, therefore, an epicycloid and 
a hypocycloid respectively ; and AF ia tlicir common normal at P, 
because on whichever of the two fixed lines we regard the small circle 
to bo rolling at the instant, the point of contact A ia the instaotaneoas 
axis (73), Bo that the motion of P in cither curve ia perpendicular to 
AP. If the tracing point go on to P', the arcs AP', AE", AB', 
being equal, the resulting curves B'P', E'P, are, clearly, but exten- 
sions of the first pair, and AP' ia their common normal. 

ISO. Wc perceive, then, that the curves thus simultaneously gener- 
ated are tangent to each other at some point, throughout the gener- 
ation ; that the point of tangency is always in the describing circle : 
and that the common normal always passes through the fixed point 
A, upon the line of centres. 

Consequently these cun^ea arc correct outlines for parts, at least, of 
teeth ; if the curved lever CB" turn, as shown by the dotted arrow, it will 
drive the. other before it, the point of contact following the arc P'PA, 
until f and £' meet at A, and as the common normal always cuts tho 
line of centres at the same point, the velocity ratio will be constant. 

181. It is to be noted, that this condition would have been satisfied, 
had the tracing point been fixed, not in the circumference of the do- 
ecribing circle, but at a greater or less distance from ite centre. And 
it will also bo readily perceived, that the tracing point need not bo 
carried by a circle at all ; any other describing cur^■o might have been 
used, provided that it were capable of rolling in contact with tho 
pitch circles; tho point of contact would not travel in a path coin- 
ciding with the describing cnrve, but the generated curves would 
always have a point of tangency, and the common normal would 
always have passed through A. And convci'sely, any two curves 
of which these two things are true, can be generated in the manner 
above described. In general, then : The tootk-outlineii which net in 
contact, must bo sitch as can be simultaneously traced upon the planes 
of rotation of the two wheels while in action, by a marking point 
which ia carried by a describing curve moving in roUing contact with 
both pitch circles. 
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By DBing Taiions deecribing cnrvea, then, an infinite nnmber of 
tooth-OQtlincB rosy be generated, all of which geoniet;rically satisfy 
the conditions. Bat many of them are of impracticable forms ; of 
those which are not, none have been more extensively employed than 
the Epicycloid and the luvolate, to which therefore we shall at pres- 
ent confine our attention ; and we now proceed to the practical oper- 
ations of "laying out the teeth " of a pair of wheels in onteide gear. 

182. Circalar Pitch. — Supposing the distance between the centres of 
a pair of wheels to be given, and the velocity ratio to bo assigned ; the 
first step is to divide the line of centres into segmentB having the 
given ratio, thus determining the radii of the pitch circles. The cir- 
cnrnference of each circle is next to be divided into as many eqaal 
parts as its wheel is to have teeth. 

The pitch of the teeth is the length of the circular arc meaanring 
one of these subdivisions ; or, in other words, it is the distance meas- 
ured on the pitch circle, occupied by a tooth and a space. This pitch 
arc, it is obvious, must be the same on each wheel ; although the 
teeth may be smaller, and the spaces larger, on one wheel than upon 
the other. The numbers of the subdivisions, then, are proportional 
to the diameters of the pitch circles; and a fractional tooth being 
impossible, the pitch must be an aliquot part of each circumference. 

The pitch as above defined is sometimes called the Circular pitch, 
in distinction from what is called the Diametral pitch, which will be 
explained hereafter. 

189. Face aod Flank. — The part of a tooth-outline which lies out- 
aide its pitch-circle, as B'P" in Fig. 118, is technically called the face 
of the tooth ; and the part which lies within the pitch circle, as 
B'P' in the same figure, is called thejiank. Usually, each tootli has 
both ; but wheels can be made, and sometimes used to great advan- 
tage, in which one of a pair has faces only, the other one having only 
flanks ; we will consider this case first. 

184, Are and Angle of Action, — The angle throngli which a wheel 
turns, while one of its teeth is in contact with the engaging tooth of 
another wheel, is called the angle of action : and the arc of the pitch 
circle by which it is measured, is called the arc of action. The latter 
must, evidently, be at least equal to the pitch arc, in order that each 
tooth may continuo in gear until the next one begins to act; and it 
ought in practice to be considerably greater. 

186. Baddadi. — The size of the tooth depends, partially at least, 
upon the pitch, since, as above stated, the pitch arc is to be divided 
between a tooth and a space. Practically, of course, the teeth of both 
wheels are made of the same thickness ; hence, were perfect work- 
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maoship attainable, the tooth and the space might be made esiictiy 
equal. But since it ia not, the space must bo made a little wider than 
the tooth ; the difference is called backlask, and shoald be aa small as 
it is practicable to make it. For onr present purposes we may neg- 
lect it altogether, and make the tbickneas of the tooth just one half 
the pitch. 

A Pair of Wheels. — Limiting Cage. 

186. In Fig. 113 the pitch and describing cireles being drawn as in 



the preceding figure, letAB, AE, be the pitch arcs, and AP an equal 
arc on the describing circle. TJien the /ace for the tooth of fi^ can- 
not be less than BP, since if made of just that height, a^ shown, con- 
tact is ending at P at the very inataut when the next tooth begins to 
act at A. Bisect AB in H, which gives the thickness of the tooth ; 
and draw through Ha, reversed face similar to BP. 

The conditions are purposely bo chosen that this reversed faoo passes 
through P : the case is, therefore, a barely possible one, the tooth 
being pointed^ and just high enough to make the angle of action equal 
to the pitch angle. 

We found that the face must be of the height BP, in order to se- 
cure this angle of action : drawing PD, which cuts the pitch circle 
in <?, we see that in this case BQ is just half the thickneea of the 
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tooth. Had BO been greater, GHnvaii have been lesa, so that the 
leverBed face throngh if would not hare passed through P, bnt be- 
tween P aDd Q, and the case would have been impracticable, without 
reducing the pitch and giving both wheels more teeth. 

Bnt if BQ had been has than half the thickness of the tooth, the 
tooth itself conld have been made higher by extending the face above 
P, or it might be left of the height BP, which would haye given it 
some thiokuess at the top, as in the next figure. 

187. Clearanoe. — The acting flank is EP ; bnt in order to let the 
teeth of the other wheel pass, the hypocycloid is continued to /, mak- 
ing the depth of the space a little greater than PO ; the difference is 
called cUarance, and a similar provision is made in the other wheel 
by cutting in radially, as shown at A, H, B, a little below the jiitch 
circle. The tooth of LM is completed by bisecting the pitch-are AE 
at F, and drawing the curves AK, FJ, similar to EL 

188. A Practical Case. — Limiting eases like the preceding are to he 
avoided in practice. A pointed tooth is had, as being weak and liable 
to wear at the top. And even if it be not pointed, theangle of notion 
should be greater, as otherwise the least wear at the top reduces the 
face below the requisite height, and canses one tooth to quit correct 
driving contact before the next one properly begins to acL We say 
correct driving contact, for it will be seen that if in Fig. 113 we sap- 
pose all the teeth to be removed except the pair in contact at P, the 
face EB would push the flank IE ont of its way, even if the height 
were slightly i-ednccJ, but the two acting curves would not be tangent 
to each other, and the velocity ratio would not remain constant, but 
the speed of the wheel C would diminish. 

A reasonable case is shown in Fig. 114; the arc of action in this 
instanco is IJ times the pitch, and drawing the radial line PS, we 
find BG to be much less than i BH, thus enabling ne to give the 
tooth a substantial thickness, PK, at the top. 

189. Approadiiiig and Beoeding* Action. — In Figs. 113 and 114, the 
action takes place wholly on one side of the line of centres. If R2f 
be the driver (the directions being as shown by the arrows), the action 
begins at A and ends at P, the point of contact continually receding 
from the line of centres, in which case AB, AE, are called aroB of re- 
oeH, or of receding action. If LM drive {in the opposite direction), 
the action begins at P, ending at A : the point of contact is always 
approaching the line of centres, and AB, AE, are then called Bramt 
appioach, or of approaching action. 

It has been found by esperienoe that the friction is greater and 
more injurious in the latter case than in the former : when such 
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wheels bs those nnder conBidemtioii arc used, therefore, tho odo whoso 
teeth have ftiees only shoald always driTo, 

190, But cTen then there is one drawback, which will bo understood 
by referciico to Fig. 113. The longer tlio arc of action, tho longer tho 
face of the tooth, and tho greater tho obliquity of tho lino of action, 
that is, its inclination to TT, the common tangent of tho pitch cir- 
cles. Now tho pressure, as well as the motion, is transmitted in tho 
line of action, and the greater its obliquity, the greater will be the 
component of pressure in the line of centres, tending to canec friction 
and wear in the bearings. 

The amount of sliding also increases more rapidly m tho point of 





contact recedes from tho line of centres, bo that upon the wholo such 
wheels are better suited for use in light mcchaniBm where the teeth 
can bo made small and numerous, and Bmoothncfs of action is impor- 
tant, than for the transmisaioii of heavy pressures. 

Teeth with both Favcs and Flanks. 
191. It will now readily bo seen that by using another describing 
circle on the other side of the point of contact of the pitch circles, 
thus giving both faces and flanks to tho teeth of each wheel, two 
things will be accomplished : a given angle of action may bo secured 
with shorter faces, and therefore with less sliding, and this angle will 
be divided into an angh of approach and an angle of recess, thus en- 
abling OS to use either wheel as the driver. 
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TBETH WITH BOTH FACES AHD FI^KES. 



If a wheel haa both to drive and to follow, the area of approach and 
of receea may be made equal or nearly so, hot if one wheel of a par is 
always to be the driver, it may be desirable to maks the arc .of recess 
the greater, in order to reduce the amount of the more detrimental 
friction. 

19S. The coDstructioD is shown in Fig. 115 ; all that relates to the 
face BP for i^if, and to the flank EP for LM, is precisely the same 
as in Fig. 113, and the lettering beiDg made so far to correspond in 




ria. iia 
the two diagrams, no further explanation is needed in reference to 
those curves. To complete the teeth, another describing circle is 
used on the opposite side of the pitch circumferences, which generates 
the face OF for LM and the flank OK for RN. 

If we assume the arc of action on that side of CD, as for instance 
AF or AK, the possibility of securing it with a given number of 
teeth is at once ascertained by making the arc ^0 equal to AF, and 
drawing OC to cat LM in /. If FI he less than half the thickness of 
the tooth which is required by the given pitch, or equal to it, the 
construction is possible, the tooth in the latter event being pointed ; 
if greater, it is impracticable. 

Should it prove to be feasible, we have only to draw the epicycloid 
OF, which joined to EP completes the outline of the tooth for LM, 
and the hypocycloid OK, joining the latter to BP, which finishes the 
outline of the tooth of RN^. 
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That i ) to say, these are the whole of the achrtg outlinefl ; the 
flanks are, as already explained, extended to a greater depth in order 
to give clearance. 

193, The operation will be readily traced, 02 in the diagram the 
acting side of a tooth of each wheel is drawn in two positions, show- 
ing the state of affairs at the beginning and at the termination of the 
action respectiTely. Supposing RJf to drive, the action begins at 0, 
the driver's flank pushing the face of the follower, and the point of 
contact moving in the arc OA, nntil the points K and F meet at A. 
The face of the driver then urges the follower's flank, the point of 
contact now traveling in the arc AP, and at P the action ends. 
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We see, theo, that the angle of approach depends npon the length 
of the follower's face, and the angle of recess upon that of the driver's 
&ce : and if these lengths be assumed or given, the angles are easily 
fouDd. For instaDce, had the length of the follower's face been a»- 
^gned, aa ES, then a circle described about (7 through iS* cnts the de- 
scribing circle of that face in 0, determining JO the length of the 
arc of approach, to which AFaad AK&re to be made eqnal. 

194. A Fraetioftble Kxamplc—The diagram. Fig. 115, is drawn 
without regard to practical proportions, the only object being to illus- 
trate the construction clearly ; but in Fig. 116, we have shown a 
feasible case. The cut is half size, and the conditions assigned are as 
follows : 
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DiBtance between ceutree, 37 inches. 
Wheels to have 63 and 45 teeth reepeetively. 
The smaller wheel to be the driver. 
Whole arc of action to be 2' times the pitch. 
Angle of recess to be J greater than angle of approach. 
We have, then, 

03 : 45 :: 7 : 5, 7 + 5 = 13, |J = 2J-, 






Again, 



7 = 15), = radius of larger pitch circle, 
5 = llj, = " " smaller " " 



2ft = V, 



which is to be divided into parts in tlie ratio of 3 to 4 ; 

whence, 

3 + 4 = 7, V -^ 7 = 3 ; 

and 

I X 3 — li times tho pitch = tingle of approach, 
I X 4 = 11 " " " = " " recess. 



Interchangeable Wheels. 

196. Inasmuch as the face and the flank which act upon each other 

are generated by the same describing circle, it makes no difference 




Fia. lie. Fio. 119. 

whether the diameter of the one which traces the other face and flank 
be the same or not, in laying out a single pair of wheels, and in Fig. 
115, the describing circles are of different diameters. But for the very 
reason just stated, it is clear that if we wish to make a nnmber of 
wheels, any one of which will gear with any other one, we must nse 
the same describing circle for all the faces and all the flanks, 

196. Biza of the DeKribin^ Cirde. — In making such a set of inter- 
changeable wheels, the question at once arises, how large shoald the 
describing circle be ? 
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The anawer to this depends npon properties of the hypocycloid, 
which are illnstrsted in the next three diagrams. In Fig. 117, the 
describing circle is half as large as the pitch circle ; and the generated 
curve dogenerateB into a right line, so that the tooth, having radial 
flanks, ia comparatively weak at the root. In Fig. 118, the describ- 
ing circle is smaller, and the flank curves away from the radius, out- 
wardly with respect to the body of the tooth, as it recedes from the 
pitch circle, giring a stronger form. In Fig. 119, on the other hand, 
the describing circle is larger, and the flank curves in thu opposite 
direction, rendering the tooth both weak and difficult to make. 

The sate practical deduction would seem to be, tliat the dia- 
meter of the describing circle should not be more than half that 
of the pitch circle of the smallest wheel of a set. Still, it 
will bo found that if it be made five-eightlis instead of one- 
half that diameter, the curvature of the flanks will not be so great, 
with the customary proportions of height to thickness of the teeth, 
OS to make the spaces any wider at the bottom than at the pitch cir- 
cle ; the teeth can therefore be made as usual by means of a milling 
cutter, and a describing circle of the size last mentioned has been 
employed with excellent results. 

197. In special constructions, as, for instance, in laying out a single 
pair of wheels for wh ich cutters are to be made expressly, good results 
for general purposes may be attained by the use of two describing cir- 
cles, the diameter of each being three-eighths that of the pitch circle 
within which it rolls. 

However, with n given arc of action, the face ia shorter, and the 
obliquity of tho line of action less, the larger the describing circle. 
Consequently in very delicate mechanism, as, for example, in watch- 
work or clock-work of the finest grades, the advantages thus gained 
may make it advisable to use t«eth of the form shown in Fig. 119, 
notwithstanding the diflSculty of making them, and their inlierent 
weakness ; tho latter may be to some extent obviated by using large 
fillets at the junction of the aides and bottom of the spaces, which is 
quite admissible, because, aa already shown, the acting flank is com- 
paratively short, and the exact ontline of the clearing space ia of no 
consequence, so long as the space is great enongh. 

198. Bade and WheeL — A rack is simply an infinitely large wheel. 
The curvature of a circle diminishes as the radius increases, and dis- 
appears when the radius becomes infinite. Thus the piteh Ime of a 
rack is only a straight tangent to the pitch circle of the wheel with 
which it works, and the line of centres becomes a perpendicular to 
this pitch line, passing through the centre of tho wheel. 
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The rack will travel throngh a distance equal to the circnmference 
of the piteh circle of the wheel dnring one revolution of the latf«r, 

whatever the nnm- 
ber of teeth, and 
in the same propor- 
tion for any frac- 
tion of a revela- 
tion. The pitch of 
the rack teeth, 
therefore, is fonnd 
by rectifying tlie 
pitch arc of the 
wheel, whatever 
Fib. i«>. that may be, and 

Betting off that length npon the pitch line. The construction is 
shown in Fig, 120 ; the two describing circles are here made of the 
same diameter, and it is clear that if the same circle be used to gen- 
crate the faces nud flanks of a set of wheels, any one of them will gear 
with the rack if the pitch be also the same. 

199. Evidently, both faces and flanks of the rack tcetb are cycloids, 
being generated by the rolling of a circle upon the pitch line. If the 
length of the face bo assumed, as WVIot instance, a line parallel to 
iJJV, through V the highest point, cuts the describing circle in P, thns 
determining AP, to which AB must be made cquul, and fixing the 
part of the action which will take place on the right of CD. Or it A B 
be assigned, we make AP equal to it, thus ascertaining the necessary 
length of face. In cither ease, PS is now to bo drawn perpendicular 
to the pitch line, which it cuts at G ; and os in the preceding con- 
structions, BG cannot bo greater, and should be less, than half the 
thickness of tlic tooth as determined by the pitch. The part of the 
action which will take place on the left of CD, depends npon the 
length of tho face of the wheel tooth, and is ascertained as in the 
cases previously explained. 

200. If in constructing the teeth for a pair of wheels, we employ 
two describing circles, the diamot«r of each being one-half that of the 
pitch circle within which it rolls, the teeth of each wheel will have 
radial flanks. A similar conree may bo pursued in laying out a rack 
and wheel, as shown in Fig. 121. The describing circle whose diam- 
eter is ^C, generates tho radial flanks of the wheel-teeth and the 
cycloidal faces of the rack-teeth. 

The diameter of the pitch-circle of the rack being infinite, one-half 
of it is also infinite, and EA'is therefore the describing line for the 
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faces of the wheel-teeth, which conseqnently are involntes of the pitch- 
circlo LM, and for the fianks of the rack-teeth. Tho latter being 



radii of the infinite circle RN, wonld, strictly, bo simply straight 
linefi perpendicular to it, as shown in the t«cth on the right of CD ; 
and they were formerly made bo. Bnt when these parts of the teeth 
are in action, the point of contact moves in the describing line, that 
is to say, in the pitch lino RN itself. 

The fact is, that the acting flank of tho raclc-tooth degencrat«s into 
8 point ; thus a marking point earned by RN, in moving from A to 
0, traces on the piano of tho wheel, which tnrns as indicated by the 
arrow, the involato FO, the arc A F being equal to .^ : while, hav- 
ing no motion relatively to the plane of the rack, it marks on that 
plane simply the point 0. Tho action is consequently bad, this point 
being subjected to excessive wear : bnt the flank of 
the rack tooth may be made, as shown on the left 
of CD, an arc of a circle whose centre is on RN, 
and radius equal to tho radins of curvature of ttio 
face of tho wheel-tooth at its highest point. This 
radins is found thus Met F'be the highest point of 
the involute tooth; draw through Fa tangent to 
the pitch-circle Xif, lying, asshovm, on the concave 
side of tho involute, and find the point of tangency 
T: then FTis the required radius of curvature. 

201. Arbitrary Fropordoiu. — It is not necessary 
in all cosee, to pay particular attention to the rela- '"' '*** 

tive amounts of the approaching and the receding action. And it is 
a very common practice to make the whole radial height of the tooth 
a certain fraction of the pitch ; the part without the pitch circle 
being a little leas than that within, by which the clearance is pro- 
vided for. In Fig. 123, these parts are marked A and d respectively. 
I being the whole height. Three of these arbitrary proportions, as 
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they may be called, which have been extensively adopted, are as fol- 
lows : 

1. 1= i pitch ; 7: : rf : : 11 : 13. {i> = ^ pitch.) 

2. /= I pitcb;A:rf:: 4: 5. (i = jV P'tch.) 

3. ;= iVpitch; A:rf:: 3: 4. {* = ^ij pitch.) 

The whole angle of action, as well aa the ratio of the approach to 
the recess, will of course Tary according to the numbers of ihe teeth, 
in the use of any such Bystcm : but either of these mlea will give aat- 
iafactory results for moat purposes, the wheels acting as drivers or ' 
followers indifferently, provided that there are at least twelve teeth 
upon the smallest wheel. Less than that should not be ased unless 
it is necessary : sometimes, however, the use of lower Qumbers cannot 
be avoided, in which event it will often be requisite to extend the 
faces of the pinion's teeth beyond these limits ; and the proper length 
should be determined as before explained. 

802. It was also formerly the cnstom to make the backlash a defi- 
nite fraction of the pitch, which we have added ahovo iu pareDtbesie 
as Qsually given in connection with oach of the preceding rules. But 
although these values may have been proper iu many cases, as allow- 
ing for imperfections of workmanship in wooden mill-work or when 
the wheels were simply to be cast, it is certain that they are in many 
cases too large, if the teeth are to bo cut witb the slightest pretension 
to accuracy. Nor does there appear to be any reason why the back- 
lash should vary directly with the pitch ; on the contrary, it seems 
almost self-evident that the coarser the pitch, the smaller will be the 
proportion borne to it Iiy any unavoidable error. From this point of 
view, it appears more reasonable to say that the backlash should vary 
inversely as the pitch ; and perfectly safe to insist that it ought in 
every case to be as small as the skill of the workman will enable him 
to make it with the facilities at command. 

Since theoretically the teeth may be in contact on both sides at once, 
we have in the diagrams entirely disregarded the backlash. If it were 
introduced, the constructions, evidently, would be modiGcd only in 
this respect, that the " thickness of the tooth as required by the pitch," 
instead of being exactly half the pitch arc, would be lees than that by 
just the amount of backlash allowed. 

3. Annular Wheels. 
208. In Fig. 123, the smaller pitch circle lies within the greater, 
which it touches internally ; the teeth of the outer wheel being there- 
fore formed on the concave circumference of an annular rim. But 
neither the mode of generating the tooth-outlines, nor the nature of 
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their action, are in any way changed ; two describicg circles are 
shown, each of which generates a face for one pitch circle and a flank 
for the other, — and in short, a comparison of this diagram with Fig. 
]15, which is lettered similarly throughout, will show that the two 
are identical in all particalare relating to the constmction. 

It will also be ob- 
served that the contonr 
of the annnlar wheel, 
in respect to the forms 
of the acting carves, is 
identical with that of 
an ordinary epar wheel 
having the same pitch 
and describing circles, 
the tooth of the one cor- 
responding preciselyto 
the space of the other. jio, ua. 

The describing circles in the figure are of different diameters : bnt 
they might have been equal, and it will readily be seen that the spur 
wheels which are thus made interchangeablewith each other (195), may 
also be made interchangeable with annular ones. But in the construc- 
tion of inside gearing the diameters of the describing circles are limited 
by considerations which relate entirely to the peculiar condition of 
internal tan gency between the pitch circles. The manner in which 
these limits are determined, will be most clearly seen by first regard- 
ing the tooth-outlines as generated 
in another way. 

204. Intermediate Deaorilung Cir- 
cle.— In Fig. 124, let C be the 
centre of the inner pitch circle, D 
that of the outer, and A OL a carve 
lying between the two circnmfer- 
, / ences, tangent to both at A, and 

capable of rolling in contact with 
thorn. Lot the arcs AK, AF, of 
the pitch circles, bo equal to each 
other, and during the rotation indi- 
cated by the arrow, let a marking 
point be carried from A to 0, by the 
describing curve : it will in \\s 
^^- *^ progress, evidently, trace upon 

the planraof rotation, the faco Oif for the pinion, and the face OFiox 
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the annalar wheel. If these be used as the oatliues of teeth, it 
follows from the mode of their generation that they will traosmit ro- 
tation with a constaut Telocity ratio, whateyer the form of the de- 
scribing carve or of the locns of contact ; if the pinion drive, the 
action begins at A, and ends at 0. 

Now, if it bo required that these faces shall be epicjcloidal, the 
curve A OL must be, aa in the figure, a circle whose centre S lies 
between C and Z>. It is true that OK and OF may then be generated 
in a different manner ; which, however, though an important coinci- 
dence, does not alter the fact that the driving contact between these 
two curves is due solely to the mode of generation here explained. 
And it will subseciueotlj be seen that annular wheels mny be required 
to work nnder conditions which can be satisfied only by this method 
of construction : upon which also depends the determination of the 
limiting diameters of the describing circles in either method. 

!!05. limiting Diameter of lutannediate Deiiaibing Circle. — In making 
these determinations, we avail ourselves of the pocnliar property 
above alluded to, viz : that every epicycloid, internal or ezternel, as 
well OB every hypocycloid, is capable of two generations. (See Ap- 
pendix.) 

The face OF being now a true hypocycloid, may be generated not 
only by the intermediate circle whose centre is F, but by another 
whose radius is FD. In Kg. 13i, AE is equal to OD, whence ED = 
^(7 the radius of the smaller pitch circle. Consequently on rolling 
the pinion within the wheel, the hypocycloidal path traced by the 
point A of the former, coincides with the' face AB of the adjacent 
tooth of the wheel. The radius AF may be increased, in which case 
this path -d J/ will lie to the rijht of AB ; but if it be decreased, 
AM -wiU lie to the left of AB, that is, within the body of the wheel's 
tooth, which is clearly impracticable. In this construction then we 
have the limit, that 

Tke radius of the intermediate describing circle can not he leas than 
the line of centres. 

206. Drawing through a circle about centre D, it cuts the inner 
pitch circle in B; at which point the action begins, the face KG 
then having the position RN. 

A marking point at R, carried by the inner pitch circle as a de- 
scribing curve, will, in going to A, obvionsly generate the face R8 
similar to OF; against which this point B ot the pinion wilt act 
during the approach, the loous of contact being the arc RA. 

The face of the pinion having now reached the position AP, tht, 
receding action begins; and here a phenomenon peculiar to inside 
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gearing presents itself. For the face AF ia not only an internal 
epicTcloid ivhose generating circle ie AOL, but an external one which 
may be generated by a circle whose radius is All, equal to EC. It 
will, therefore, vork correctly with a flank AQ truoed by the Bame 
describing circle. This action ter- 
minates at , T, the point in which 
a circle through about C cuts the 
circumference of the exterior describ- 
ing circle, and during it^ continuance 
the locus of contact is the arc 
AT. 

This flank may or may not be 
used ; but if it be, since the action 
between the facoa AP, AB, pre- X , 
TJously explained, ako begins at A, 
thesingularfact appears, that while 
the pinion is turning through the 
angle PCT, its face has /wo points 
of driving contact. This circum- 
Btancc is of some practical impor- 
tance, not only on account of the Fiq. iss. 
division of the pressure, but also as affecting the resultant obliquity 
of the line of action. 

207. Luniting Diameters of Exterior and Interior DBflciibiii(f Ciiolei 
— In Fig. 135, the radius AE of the intermediate describing circle is 
greater than CD. The face OF may also be generated by an interior 
describing circle whose radius AG ia equal to f Z>, and Off' by on 
exterior one of which the radius is AH, equal to EC. In all that 
relates to the action the only new feature ia that the pinion now has 
a flank of sensible magnitude, traced by the circle whose centre is ; 
as will readily be seen, the lettering throughout being similar to that 
of Pig. 124, Now, either radius, AG or AJf, may be diminished 
without changing the other ; the only result being that the faces OF, 
OK, as shown in dotted lines, will not be in contact during the recess, 
and will consequently act only against the corresponding Sanks, as in 
Fig. ]2'i. But if either of these radii be increased without diminish- 
ing the other to the same extent, it is apparent that the faces OF, 
OK, will intersect each other, rendering the constrnction impractica- 
ble : and we have as a limit, that 

The sttm of the radii of the two describing circles cannot be greater 
than the line of centres. 

208. This holds true when either radius vanisbeB, the other then 
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becoming equal to the line of centres. Thus, if in Fig. 125, we make 
AE = AC, we shall have 

EC =0-= AIT, whence AG = ED = CD. 
If, on the other haod, wo make AE = AD, we shall have 

BD = = AG, whence Aff=EC=CD. 
These two limi ting cases are illnstTated in Figs. 1:36 and 137 respect- 
ively. In the former, it is apparent that when the pinion drives the 
arc of recess is greater than tiio arc of approach, but since the action 




Fin. lao. Pia. isr. 

during the recess is confined to the single point of the pinion's teeth, 
the advantage thus gained is more than neutralized. The fact tliat the 
pinion can have no face, will he seen from the consideration that if there 
were one, it must be tangent at to the radius OC, and would, thore- 
foro lie within the body of the adjacent tooth of the annular wheel. 
In Fig. 127, on the other hand, the wheel can have no face, for a 
similar reason. The pinion 
consequently having no 
Sank, there is no approach- 
ing action, but its face has 
two points of driving con- 
tact during a part of the 
recess. 

209. It is evidently more 
frequently practicable in 
inside than in outside gear- 
ing, to secure an angle of 
recess greater than the 
^™- '*■ pitch, and thus to avoid 

altogether the more injurious friction of approaching action. An in- 
stance of this is shown in Fig. 128, where, the wheel driving, an in- 
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t«rior describing circle only is employed, whose radius is in this case 
half that of the inner pitch circle, tlins giving the pinton radial 
flanks. Attention is called to the fact that when the tooth thus has 
no face, it sboald, nevertheleBs, be allowed to project beyond the pitch 
circle for the sake of 
strength, the comer being 
finished by a circular arc 
tangent to the radius at its 
extremity. 

Fig. 129 shows the ap- 
pearance of an annular 
wheel and pinion which 
differ but little iu size ; the 
teeth are necessarily very 
short in order that they 
may escape from engage- 
ments and pass each other. 
Whether they will do so or 

not, if the height be as- fio, im. 

Bumcd, is readily determined by constructing the cpitrochoid traced 
by the highest point of either tooth when its pitch circle is rolled 
upon the other one ; this path, obviously, must not intersect the tooth 
outline of the engaging wheel : and the clearing spaces of both the 
wheel and the pinion must also be such as not to touch the opitro- 
ehoids thus described. 
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LOW-KDICBBBED FIKIONS — PBACTICA.L LIMH OF OBUQUITY — PIN- 
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D8EI> WITH A GIVEN DBIVEB — ^THE TWO-LEAVED PINIOK — LOW 
HUUBEBS IN INSIDE GEAB — TABIOUa EXAUPLES — INFEBIOB 
AND SUPEKIOB LIMITS — TWO-LEAVED PINIONS IN INSIDE GEAE — 
LEAST NCUBEB THAI CAN BE DSED WITH A GIVEN FOLLOWEB. 



0}t the Use of Low-numiered Pinions, 

210. In the operatioo of epicycloidal teeth, the obliquity of the line 
of action is continnally varying ; diminishing during the approach, it 
becomes zero when the point of contact reaches the line of centres, and 
ogaiii increases daring the recess. 

If wheels are to do heavy work, ithaa been found by experience that 
the mean obliquity should not in general exceed about 15°, nor the 
maximum about 30°, A high maximum is less objectionable when 
several pairs of teeth are engaged at once, since the greatest portion of 
the pressure will be acting less obliquely. Such distribution of the 
pressure, it will readily be seen, is more often to be attained in inside 
gearing, iind the obliquity is one serious disadvantage when low-num- 
bered pinions act in ontside gear. Another is the excessive amount 
of sliding, duo to the necessarily great length of the faces of the teeth. 
And from both combined is deduced the practical role that, in mill- 
work and machinery in general, no pinion of less than twelve teeth 
should be used if it be possible to avoid it 

But it is not always possible ; and in lighter mechanism, such as 
clock-work, it is often necessary to use much lower numbers. In work 
of this description a greater obliquity is oft«n admissible ; and when 
it is not so considered, the convexity of the flanks caused by using a 
large interior describing circle, is not so objectionable when the work 
to be done is light, and strength of form not an imperative necessity. 

For the present, then, we will confine ourselves to the following 
limits, viz : that the maximum obliquity shall not exceed 36", and 
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that the dinmeter of the descrihing circle for the flanks shall not 

exceed | that of the pitch 

circle witliip which it rolls. 
211, In Fig. 130 are shown 

two eqnal pitch circles, and 

two eqnal describiDg circles 

of half the diameter, TAS 

being the common tangent. 

Draw the line of action with 

an obliqnity of 30° ; it cuts 

the describing circles in 

and P, making the arcs A 0, 

j4i*, each equal toeO". Draw- 
ing CFBanA DOK, the area 

AE, AK, are each equal to 

30°, and we thns have two 

similar wheels which will jnst 

work, the angles of approach 

and of recess being each equal fio. iw. 

to half the pitch, and the mean obliquicj exactly 15°. It is seen to 

be possible, with only a slight increase in the obliqnity, to lengthen 
the faces and secure an arc of 
action greater than the pitch, 
as in practice tt should be. 

In this case the flanks are 
radial. But if without chang- 
ing the describing circles, wo 
reduce the pitch circles to f 
their present diameter, the arc 
AP of 60° will be equal to an 
■ arc of 36° on the new pitch cir- 
cumference. It is, then, prac- 
ticable to make two pinions of 
five teeth each, which, like those 
in the figure, will just work, with 
the same obliquity. The flanks 
will now be convex; still, the di- 
ameter of the describing circlcis 
within the assumed limit, being 
Fio. isi. but i*^ that of the pitch circle. 

218. In Fig. 131 the diameter of the larger pitch circle is \\ times 

that of the smaller one ; also the diameter of the upper describing 
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circle is eqaal to CA, so that aa in the preceding figure the arc AP 
of 60° is eqnal to the aro J^of 30°, and PAS, the moximnm obli- 
qnity on the right of CD, is also 30°. The diameter of the lower de- 
eeribing circle is j that of its pitch circle, therefore the arc ^ of 72° 
is eqnal to the arc AKot 45°, and OAT, the maximum obliquity on 
the left of CD, ia 30°. Completing the construction, we perceive that 
the pinion of four teeth will jnst work with the other of six. The 
ares of approach and recess are equal, the mean obliquity being 18° 
during the one and 15° during the other, giring an dverage of 16^° 
for the whole action if the latter be made just equal to the pitch ; and 
the faces may also be made a little longer than here ehowa, as in the 
prerions case. 

The leaves of the larger pinion still have radial flanks, but proceed- 
ing as before, wo may reduce the upper pitch circle to | of ita pi-esent 
diameter, without changing the circle which rolls within it We shall 
then hare the arc ,4 J? equal to 36°, and the flvo-leaved pinion thus 
constructed will work with the four-leaved one, the obliquity remain- 
ing unchanged, si uco the points, 0, A, P, retain the same portions 
as in the figure. 

213. Now produce OA to /, making AI = AO. Then, were 
another describing circle drawn above T*!^, equal in diameter to the 
OHO below it, the point I would lie upon its circumference ; and since 
thearc^/wonld be equal to the arc ^^, the epicycloid traced by roll- 
ing it upon the lower pitch circle would extend to the point B. 

Draw ID ; it will then bo apparent that were the angle IDB equal 
to or less than the angle IDA, two four-leaved pinions would be capa- 
ble of working together, ail the acting curves being traced by a de- 
scribing circle whose diameter is g that of the pitch circles. Now in 
the triangle ADI, the sides AI and AD, also their included angle, 
are known ; wbenea it will bo found tiiat the angle IDA is 22° 27' 
42", whereas it should be 83° 30' in order that one pinion should 
drive the other through a total arc of action just equal to the pitch, 
even if the teeth were pointed. 

Five, then, is the least unmbor of tooth that can bo used if the pin- 
ions are to he alike, and four will work with five or any higher number. 

214. The force of the objections urged against the use of small 
pinions for heavy work, is clearly shown in Fig. 130. Letting OA 
represent the pressure when is the point of contact, this maybe 
resolved into the two components Om, On ; of which the latter tends 
simply to force the journals apart, thus increasing the friction in the 
bearings. Since only one pair of teeth is in action, and the angle 
OAT [5^0°, this objectionable component is equal to half the total 
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presenre at 0, which again is greater tlian that at the poiiit K on tho 
pitch circumference, in tho ratio of /JiTto DO. 

316. Thua far, tho angles of approach and recesa have l>een modo 
equal. Should it be desired to make them otherwise, the question 
whether any assumed cooditiona can be satisfied or not, is readily set- 
tled by the construction of a Ai&^rmn, as explained in connection 
with Fig. 115. 

If, aa nsnal in such cases, the angle of recess is to be the greater, 
it will be apparent that with a wheel of a given number of teeth n 
smaller pinion may in general be used to drive than to follow. For 
the angle of 1*00633 depends upon the length of the face of the driver's 
tooth ; and the smaller the pinion the smaller will bo tho describing 
circle which can be used -within it, and, consequently, the less will bo 
the greatest possible length of the face of the wheel-tooth, since the 
pitch is already assigned by the conditions. 

216. An illnstration of this is incidentally afforded by Fig. 132, in 
the construction of the three-leaved pinion. Taking for ita flanks a 
describing circle whose diame- 
ter is J that of its pitch circle, 
and making OAT, tho maxi- 
mum obliquity on the left of 
CD, 36° as before, the angle of 
action, KDA, on that side of the 
line of centres is 45°. The 
pitch are KB is 120°, there- 
fore the angle of action ADB, 
on tho right of CD, must be 
75°. It will be found that this 
can be secured, with a very lit- 
tle to spare, by using for its 
faces a describing circle five 
times as large as the one used 
for its flanks. 

And keeping to the limits 
heretofore observed, it follows 
that the second pitch circle can- 
not be less than fire times as large 
OS that of the pinion ; which, 
therefore, will just work with a 
wheel of fifteen teeth, and no 

less, under the conditions as- F'o- la*. 

signed. In other words, a three-leaved -pinion will drive a wheel of 
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fifteen t«eth, the angle of approach being |, and that of recen {, of 
the pitch angle. BeasonabI; well, too, in respect to the obliquity of 
the line of action ; daring the approach the masimam ia 36° and the 
mean is 18°, daring the recess the masimnm is 12° and the mean G° : 
bat the latter angle is larger than the former in the ratio of 5 to 3, 
whence we hare, as the average obliqaity daring the whole action, 



18° X 3 + G° ) 
3 + 5 



- = m°. 



817. It will bo perceived that tlie above constmction iuTolvea the 
Bolation of the following problem, viz. : 

Qiven the pitch circle, number of teeth, and are of recess, of the 
driver, to find the least number of teeth wliich can be assigned to the 
follower. 

This maj be detenniaed graphicall;, as ehown in Fig. 133, where 
CD is the line of centres, C the centre of the driver, and AF the 
given arc of recess. Uake FL equal 
to ^ the pitch, that is, half the thick- 
ness of the tooth, and draw through 
L a radial line of indefinite length ; 
then if the tooth be pointed, its point 
will lie upon the prolongation of CL. 
Make A 0, perpendicnlor to CD, equal 
t« the arc AF (see Appendix (1)}, and 
set ott AM := i AG. With centreJf 
and radius MO = { AG, describe an 
c cutting CL prodaced in O. Draw 
OA, bisect it in JV^ b; a perpendicu- 
lar cutting CD in F^ then (see Ap- 
pendix (1)), the arc OA, whose centre 
is E, will be equal to AG and therefore 
toAF. 

Evidently, then, E ia the centre of ft 
describing circle which by rolling on 
the given pitch circle will trace an 
epicycloid from to F, and this will 
Fio, iw. be the face of the driver's tooth. Ob- 

serving the limits before assigned, the radius of the required pitch 
circle cannot be less than {of ^^; but it must be such that the given 
pitch, viz., four times the arc FL, shall be an aliquot part of the cir- 
cumference. 
It may be noted, that the conditions assigned as above fumiBh 
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gnffictent data to enable as to verify the results by trigonometrical 
computation, should it be considered necessar}'. . 

SIB. By the above process we ascertain at once the size of the de- 
scribing circle which will give the driver a pointed tooth, and from 
this derive the diameter of the follower's pitch circle. Should the 
latter correspond to a. fractional nnmber of teeth, the next higher 
integer must be used, the pitch circle being increased accordingly. 
In this case tbe diameter of the describing circle may be increased or 
not, at pleasure ; though it is better that it should be, Biaco then tho 
driver'a tooth may be topped off. 

And it may be necessary to increase it for another reason ; bccanso 
the very process of determining the minimum radius AE, Fig, 131, 
fixes also the maximum obliquity OA G corresponding thereto. At- 
tention must, therefore, be given to this, for it is possible that the 
obliquity thus fixed may he too great, although the numbers of tho 
teeth be practicable ; and in that event the describing circle, and, if 
necessary, the pitch circle as well, must be increased until the ob- 
liquity is redaced to the desired limit. 

819. Fig. 134 illustrates tho converse case to that of Fig. 13:^, the 
conditions being that the wheel of Id teeth is to drive, and that the 
angle of recess shall be ^ of tho pitch 
angle. Making the construction as 
explained in (217), the least pitch 
circle of the follower corresponds, 
as found by computation, to 4.4o 
teeth, with a maximum obliquity of 
40° 30' 2". Five, therefore, is the 
least practicable number of leaves ' 
that the pinion can have, thus mak- 
ing the pitch 72°, and the are of 
recess 45°, and by using a describing 
circle for their flanks, whose diame- 
ter is I that of the pitch circle, the 
maximum obliquity during the re- 
ceding action is reduced to 36°, 
while at the same time the driver's 
tooth is made of reasonable breadth *'"■ ^■ 

at the top. In this diagram, as in Fig. 133, the angle of approach is 
J of the pitch angle, hut it is obvious that although the driver's flanks 
are radial, the angle of approach might be very considerably increased 
in this case, although in that of tho 3-leaved driver it could not be. 

220. The two-leawd Pinion. — When a spur-wheel is made in tho or- 
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dinar; wav, that is, vith the teeth in the same plane, a pinion of three 
leaves is the smallest that can be used either to drire or to follow. 
Bnt if the alternate teeth are placed in different planes, a two-leaved 
pinion can be made to drive in a very satisfactory manner ; the ar- 
rangement is clearly shown in Fig. 13S, the pinion being composed of 
two heart-shaped cams or teethj 17 and W, fixed side by side on the 
same shaft, and the wheel of the two star-shaped plates similarly fixed 
npon another shaft, of which the one, M, works with the cam U, and 
the other, JV^ with W. The diameter of the describing circlo is equal 
to the radins of the pitch circle of the follower, whose flank is there- 
fore radial. The diameters of the piteh circles arc in this case in the 
ratio of 6 to 1 ; the arc ^ P of 60", 
is therefore equal to the are AE ot 
30°, and to the semi-circumference 
AB. In the position here shown 
/" is a point of contact, but the epi- 
cycloid liP is continued to ^, so 
that the action is not yet ended, 
although the tooth AIS is jnst be- 
ginning to drive a flank of the other 
plate JVof the wheel. 

It is obvious that a half rerolution 
of the pinion will bring the point S 
to the position B, turning the wheel 
throngh the angle ACE of 30° ; 
and B then meeting at A, the ac- 
tion will be continuous. 
"*■ ***■ The obliquity, it will be observed, 

is not great, but the amount of sliding is excessive, owing to the great 
length of the face PB as compared with the flank PE ; still the ac- 
tion is smooth and noiseless, since the driving contact is wholly re- 
coding, there being no arc of approach. 

The number of teeth in the wheel may be reduced, for the flank need 
not be radial : by usiiig a describing circle of J the diameter of the 
pitch circle, andm;iking^P = 72", the angle^fi" will become 45°, 
the velocity ratio thus obtainwl being that of 4 to 1, and the maxi- 
mum obliquity very little over 30°. 

2S1. Xov-unmbered Finioni in Inmde Gear. — In making investiga- 
tions similar to the preceding in relation to annular wheels, different 
cases will be found to arise undervarying conditions, the treatment of 
which will perhaps be best developed by beginning with a specific 
example. 
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Let ns take in illuatration the three-leuved pinion, Fig. 130, tlie 
coaditioDB being aa follows : 

Diam. Inner Des. Circle = { Diam. Pitch Circle. 

Arc of approach. 45° ) 

[ Total = 120° = Pitch. 
" " recess, 75° ) 

Required to find the least annular wheel which can he driven. 

Evidently a describing circle externally tangent to both pitch cir- 
cles, as in Fig. 133, 
mast be used to gener- 
ate the faces of the pin- 
ion and the flanks for 
the wheel; and its least 
radius may be found as 
in Fig. 133. 

Knowing, then, this 
radius and that of the 
pinion's pitch circle, 
for the reason given in 
(208) the radius of the 
larger pitch circle must 
be greater than their 
sunt. Also, it must be 
such that the pitch 

which is given shall be ^'"- ''*■ 

an aliquot part of the circumference. 

Taking, for convenience, 5 as the radius of the inner describing 
circle, then AC = 8, whence by computation we find the least radius 
of the exterior describing circle to be 24.93. 

AD, then, must he greater than 8 + 24.93 = 32.93 ; let it equal 33 
for instance. 

Now the nambers of the teeth are proportional to the radii of the 
pitch circles ; and letting 

JV = No. teeth of Annular Wheel, 
wc must have 

3 : 8 :: N : 33, 
which gives 

N = 123 . 

But since J^must be an integer, the least number that can be used 
te 13 ; and the corresponding riidius of the pitch circle is 34^. 
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S22. With this radius accordingly, the wheel showa in Fig. 136 it 
conatructed ; the radius of the oni«r describing circle ia taken as £5, 
BO that the teeth of the pinion are not exactly pointed, though their 
breadth at the top is so small as to be prBctically inappreciable. 

And a glance at the figure is sufficient to show that no matter how 
many more teeth are given to the wheel, the pinion will work with it 
equally well. If the outer pitch circle be increased, the chord of the 
arc AE will also increase, and the flank PE lying always outside ol 
the face PB, will continue to be, as now, a practicable curve j which 
is self -evidently true in regard to the face OFot the wheel-tooth. 

This pinion, it will be observed, is precisely the some as the one 
shown in Fig. 133 ; and is, therefore, capable of working with a 
rack, or with a wheel of any number of teeth whatever, between the 
limits of 

13 and co in Inside Gear, 
oo and 15 in Outside Clear, 

223. From this example, then, we have thus far ascertained that 
with a given pinion, under certain conditions at least, there is an 
inferior limit, below which the number of teeth in the annular wheel 
cannot be reduced, but no superior limit beyond which the number 
may not be increased. 

To these results we call attention, the more particularly because so 
high an authority as Professor Willis makes, without further com- 
ment, this sweeping statement, viz, : 

" The case of annular wheels differs from that of spur-wheels in 
this respect, that, with a given pinion a small-numbered wheel works 
with a greater angle of action than a lai^e-numbered one, and there- 
fore we have to assign the ffrcatesi number that will work with each 
given pinion." It is true that he tacitly recognizes the absence under 
some conditions of a limit in that direction, by assigning "any num- 
ber" as the greatest, in his tables of limiting cases ; but neither in 
this tact, nor in the remarks jost quoted, is there any recognition of 
an inferior limit under any conditions. It is still more angular that 
he gives nowhere any explanation nf the circumstances under which 
there is a maximam nnmber, nor yet of the only mode in which the 
teeth can possibly be generated when there is one ; neither does any 
other writer that we know of. 

224. Let as now suppose that a pinion of three leaves is to drive, 
under the conditions that the tooth shall be equal to the Rpace, and 
the arc of recess just equal to the pitch. 
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Then in Fig. 137, AO being the diameter of the pitch circle, we 
Bh&ll have on its circumference the space Ah = the tooth LB = 60° ; 
and if the tooth be pointed, its point must lie npon MC, perpendicu- 
lar to CD, the line of centres. Evidently, if we draw AL and OB, 
these lines produced will intersect in P upon JIfC, making OP = OA, 
and the arc AP, open the 
circle whose centre is and 
radius OA, will be equal to 
the arc ALB. That circle 
may therefore be used as a 
describing circle, and by roll- 
ing npon the pinion's pitch 
circle it will generate the 
cardioidal faces PB and PL 
for its tooth. This describ- 
ing circle cuts CD in JV; 
drawing py and LO, they 
will be parallel to each other 
and perpendicular to AP. 
Erect a perpendicular to PL 

at its middle point S; this ' 

will pass through B, and bi- 
sect 0,Vin D, whence fiu. isr. 



DA : OA :: 3 : 2, .-. DA : CA :: Z : 1 ; 

and taking D as the centre of the outer pitch circle, an arc, AE, of 40° 
npon its cJrcamfcrence will be equal to the arc AP of 60° and the arc 
ABot 120°. 

Bisect AE in (?, and draw ED, GD ; then the anglo included be- 
tween these radii ie bisected hj SB, since SDA = 30° ; consequently, 
L is the highest point on the face LG of one tooth of the annular 
wheel, just as P is in the face PE of the next one. 

S2S. From this example wo draw these conclusions, viz. : 

1. When the conditions arc such that the highest point in the face 
of the pinion's tooth, when quitting contact, lies abm^e the common 
tangent yy, the describing circle musi be an intermediate one, as in 
Pig. 185. I 

2. The intermediate describing circle is largest when the tooth is 
pointed, 

3. The larger that describing circle, the larger may bo the annular 
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wheel, for (80fi) AD may be oqaal to AO + AC, but cannot be 
great«r. 

Now by the coTistrnclion above explained we have ascertained the 
maximum diameters of the describing circle and of the outer pitch 
circle, the latter being three times that of the inner; therefore 9 is 
the greatest number of teeth that can be giren to the annular wheel. 
The number usaigned by Prof. Willis under the same conditions 
is 12. 

S26. It will be perceived that when an intermediate describing cir- 
cle is ased, the obliquity varies inyersely as its diameter. It, then, a 
maximum ralnc of the obliquity be assigned, this will determine a 
minimum diameter of the describing circle, and consequently of the 
outer pitch circle, which fixes in this case also an inferior limit to the 
number of teeth in the annalw wheel. Thus, in Fig. 137 it ie cleof 
that although if we reduco tie outer pitch circle we may also redBco 
the describing circle, wo cannot doit without increasing the obliqnity, 
of which the maximum tsIuo in the figure is 30°. Now, if it be stip- 
alated that this value shall not bo exceeded, we must retain the pres- 
ent describing circle, but we may still diminish the outer pitch circle. 
If this be done, the face PS will become shorter, and the limit, 
obtiously, will ho reached when AD becomes equal to AO = 3 AC. 
The hypocycloid P£ will then have degenerated into the point P, to 
which the whole action will be confined ; all the points of SP, which 
remains unchanged, coming Buccessively int« coincidence with P. 
Vie find, then, that under this additional rcatriction the least number 
of teeth that can be employed is 6. If, however, it should under any 
circnmstancea be desirable for the modification of motion to use such 
a combination, regardlesa of excessive obliquity, it is proper to note 
that by making the describing circle smaller the number may be re- 
duced to 4 ; and in general, a pinion of any given number of teeth 
may thus bo made to work, more or less satisfactorily, with an annu- 
lar wheel having one more, a fact of considerable importance in the 
construction of difFerential trains of wheels. 

227. It is also to be observed that in Fig. 137, the point L upon 
the inner pitch circle is at once the highest point of the face GL and 
the lowest one of the face PL ; whence, ae will readily appear if we 
suppose the motion to Iks reversed, the arc of approach is equal to 
half the pitch. 

Again, the facQ A Q will work with a flank generated by the circle 
whose radius is AH = OC = AO. And the point Q lies upon the 
circumference of this circle ; for it lies on PA produced, and AQ = 
AL = AC = AH, whence, if HQ be drawn, the triangles ACL, 
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AHQ, will be equilateral and equal. But ACQ = ACT = Z0° ; so 
that the angle QCT, while turning throngh which the pinion's face 
haa two points of driving contact, ie also eqoal to half the pitch. 

In rolling the onter pitch circle upon the inner, the point L traces 
an epitrochoid, to which AL is nonnai and LO is tangent at that 
point (these lines corresponding to AR and RV'm Fig. 134). The 
ontline of the clearing space in the pinion must be such that L can 
more freely within it, bat may also lie tangent to LO at L. But the 
taoe PL is tangent at the same point to the radins LG; consequently 
the tooth mast be formed with a positive, although an obtuse, inter- 
aectioD at that point. Still, were such a irheel and pinion made of 
the proper material and finish, as for instance of hardened steel finely 
polished, the combination might be used in light mechanism, 

2S8. The abore is a special case, in vhich the argument is based 
upon peculiarities of the assigned conditions ; and was selected because 
it seemed most simply and clearly to illustrate the principles involved. 

In general, however, a direct geometrical solution like this is not 
possible, and the required results arc reached, as in outside gearing, 
by the proccEs explained in connection with Fig. 133. In adapting 
it to the case of inside gearing, the diagram, as shown in Fig. 138, is 
modified only in this respect, that OA, 
and consequently the centre E of the 
intermediate describing circle, will lie 
above instead of below the tangent line 
.-1 0. In this case it is necessary to pro- 
duce CO and AQ in order that they 
may intersect in H; which being done, 
we have before us all the data for trigo- 
nometrical verification. 

If the obliquity be assigned, the con- 
stmotiou is made in the following order : 
Draw the indefinite line AQ, making 
with AQ an angle equal to the given 
obliquity; then the arc GO cuts AQ in 
0, the highest point of the tooth. Then 
as before bisect OA by a perpendicular jj- 
catting Ji? in JE"; this determines .4F, ™. i». 

the radius of the least intermediate describing circle. 

229. The conditions might be such that the point should fall 
exactly upon the common tangent. In this event OA, equal to OF, 
is itself the arc of the describing circle, whose radius AE, whether 
we choose to regard it as a ma^iiiiiam or a minimum, is infinite. The 
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pinion, then, can jnst vork with a rack, but if the tooth be pointed 
it can drire nothing lesa ; and the face will be an involute of the 
pitch circle, precisely aa in Fig. 121. Since, however, the tooth need 
not be pointed, the pinion, with the same pitch and arc of receee, can 
be made to drire any annular wheel which has at least one more tooth 
than itoelf, by the use of an intermediate deecribing circle (see 226). 
230. Two-lsaved Pinions in lon^ Geu. — An annular wheel can be 
drireu by a pinion of only two leaves, the t«eth working in the same 
plane, aa shown in Fig. 139. Let AC, AO, AD, be to each other in 
the proportion of 1, -i, 3 ; then the intermediate describing circle is 
of maximum diameter. Let the arc of recess, AB, ~ 135°, then the 
angle AOB = 67^. and prolongii^ OB to P, the ares Aff, AP, wiU 



be equal ; also P will be the highest point of the cardioidal face PB, 
and of the hypocycloidal face PE. Draw AP, cutting the inner 
pitch circle in li ; then RO and PV will bo perpendicular to AP. 
Draw DS also perpendicular to AP ; then, since A U is bisected at 
0, and E7 at D, PR is also bisected at S. 

Therefore, DP = DR, that is to say, the path of P will cut the 
inner pitch circle in R. If then we suppose the motion to be reversed, 
the root L of the pinion's face LM must have met the point JVof the 
wheel's face J\'ff, at R. In other words, the are of approach is equal to 
A R, which again is equal to RB, because R bisects the angle A OP. 

231, The total arc of action, then, is ample, that of ap- 
proach being §, and that of recess |, of the pitch ; and the 
maximum obliquity being 37|°, the combination might be used 
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in light mecbaQiam. But attention ie called to a pecnliaritj 
of the action which would require a modification in the finish 
ol the teeth for practical purposes. When contact is juat end- 
ing at P between the fronts, or acting facea, of one pair of teeth, the 
backs of the next pair are just coming into contact at I. Now, were 
the teeth of the pinion merely "topped off'' in the nsnal way in the 
lathe, there will be danger that the points would catch upon each 
other near the point T, in case of any inaccuracy of workmanship or 
wear in the bearings. This risk might be obviated by allowing sonae 
backlash, but this is highly objectionable in mechanism of the only 
description for which, if for any, this combination is suitable. A 
much better expedient in euch cases is shown in the figure, the top 
of the tooth being bounded by a circular arc whose centre is the in- 
tersection of the normals PA, MO. Tlic action still ends at P, but 
the other tooth of the pinion will have been guided into its space with- 
out risk of jamming. And it may be added that a similar finish of 
the wheel's tooth, by lengthening it a little and rounding oS the 
comer, is advisable in order to prevent its catching upon the root of 
the pinion's tooth, since, as explained in (2S7), there will be a blunt 
angle at X. 

Tlte tooth of the pinion hero shown has a considerable breadth, 
PM, at the top, and it will be seen that the action might have been 
extended ; also, that a larger pitch circle might have been used for 
the wheel ; but as will sub- 
sequently appear, the max- 
imum number of teeth 
which can be used with this 
pinion is seven. 

232. A pinion *with two 
leaves in different planes may 
also be made to drive an an- 
nular wheel, as shown in Fig. 
140. The velocity ratio be- 
ing as four to one, let^C 

= 1, Jfl = 4; then the ^"■'*' 

limiting value oi AO = Z, and the pinion is constructed exactly as 
in Fig. 135, being in fact identical with the one there shown, which 
is, therefore, capable of driving wheels of any number of teeth be- 
tween the limits of 

6 and ee in Outside Gear. 
4 and ee in Inside Gear, 
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The tooth of the wheel should be finished as shown in dotted line at 
EW, by which tho injurious action of a sharpcomer may be avoided ; 
and tho movement is very Bmooth and noiseless, while tlio amonnt of 
sliding is much less than in outsido gear. 

233. In tho cases thus far considered tho pinion has been the driver ; 
let it now be required to determine the least number of teeth that can 
bo given to a pinion which is to be driven by an annular wheel whose 
diameter, pitch and arc of recess are aesigned. In Fig, 141 let D be 
the centre of this wheel, AFtho arc of recess, FL the half thiclcness 
of the tooth, whose face, evidently, must bo generated by an interior 
describing circle. On the tangent at A, set oft AG = arc AF, also 




AM = i AG; with centre Jf and radius MG describe an arc cut- 
ting J!)i in 0; draw 0,i, and bisect it byaperpendicular cutting ^Z> 
in E. Then E is the centre and EA the radius of the least interior 
describing circle, and if tho pinion's flanks are to be radial the mini- 
mam radius of its pitch circle will bo ,4 C ~ 2AE; but if wo adopt 
the limit mentioned in (210) it will he AC ^ ^ AE. Since, 
however, AE cannot exceed CD, it follows that if its value as above 
determined prove to be greater than J All, in the one case, or^^j AD 
in the other, the assigned conditions cannot be satisfied. 

If a maximum obliquity bo assigned, the teeth mayor may not be 
pointed, and the diagram is constructed by first drawing A Q, making 
with ^ 6" an angle equal to the given obliquity, and then describing 
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the are about M, to eat ^ ^ in 0, which will be the highest point of 
the wheel's tooth-face, whether tho tooth itself bo blunted or not. 

234. Low-snmbered Fiuimu. Follomr Qiven. — A new phase of the 
qceetion presents itself vhen the assigned conditions relate to the 
follower, and the least number of teeth for the driver is to be de- 
termined. This requirea a different mode of operation, which, as 
before, will be best explained by first considering a case in outeide 
gear. 

In Fig. 142, let C be the centre of the follower ; then AK, the 
assigned arc of recess, is equal to the arc ^0 of a describing circle 
whose radius AE is known, and Q will be the higbeBt point of the 





PlD. 143. Fis. IM. 

driver's tooth. Let D be the centre of the driver ; then AD will be 
a minimum when the tooth is pointed as in tho figure, in which case 
0/>biaeetB and is perpendicular to the chord /'ff aubtendiug the tooth. 
Draw a parallel to FQ through A, cutting the driver's pitch circle in 
P; then the chord AP is also bisected by OD, and AO, FO, are 
eqnal. We have also AF -■= PQ, and 

AP = AF+ PG - FG, ^iAF- FG, 
or 

AP = 2 (arc of recess) — {thickness of tooth). 

Hence the construction, Fig. 143, in which A is, as before, the as- 
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signed arc of recess laid off od tlie deacribing circle of the follower'a 
flank. Drav a tangent to this arc at A, on which set off 

AG = i (arc A 0) — (thickness of tooth), 
also 

AM = i AO. 

Aboat centre J/' with radius JfO describe the indefinite arc OK'; 
about centre with radius OA describe another arc cutting OK in 
P, Draw AP, and bisect it by a perpendicular which will pass 
through and cut CA produced in D, then AD will be tbe minimum 
radius of the driver. 

235. Should the point P fall upon the tangent line, the assigned 
conditions can jnst be satisfied by a rack with pointed teeth, but by 
nothing less in outside gear. 

It may, however, fall upon tlio same side of the tangent with the 
centres C and E, as in Fig, 144. In that case the driver will be an- 
nular, and its radius AS will be a maximutn when the tooth is 
pointed. But ^£ cannot in any event e:iceed CD ; consequently, if 
AD prove to be lesa than ^ AC (or { A C if the follower have radial 
flanka) the assigned conditions cannot bo satisfied. 

If it prove to be greater, the maximum value may be used or not, 
at pleasure, for the tooth need not be pointed, and by topping it oS, 
as shown in Fig. 145, the radius of the Quter 
pitch circle may be reduced, but not below the 
limit just named. 

It appears, then, that with a given pinion there 
may or may not be a superior limit to the num- 
ber of teeth for the annular driver, but in either 
case there is an inferior one if there be any re- 
ceding action ; the wheel cannot have less than 
one and a half times as many as the pinion, when 
tbe latter has radial flanks. 

236. One case remains to be considered, viz., when the given fol- 
lower is annular ; in regard to which it has already been pointed out 
(228) that in general the wheel may be driven by a pinion having one 
tooth less than itself, which may be called a natural maximum. 

By reference to Fig. 129, it will be seen that the larger the pinion 
the broader will the teeth bo at the top, and that its diameter will be 
a minimum when its teeth are pointed, Now in all the previous cases 
the assigned conditions have enabled us to fix the position of the 
higfaest point of the tooth at the instant of quitting contact. This, 
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however, is not so in the present caee, and it Ja therefore impossible 
to determine that minimutn by direct means. 

Bat it may bo found indirectly ; for if we ascertain the limiting 
numbers of t«eth for the anoalar wheels driven by rarioiis given pin- 
ions, we shall know from mere inspection of these results, the least 
number for the pinion which can be used to drive, under like condi- 
tions, in ioside gear, a wheel of any assigned number ol teeth. 
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Limiting Numbers ot Teeth tor Various Area of Action. Detaib of Trigonomet- 
ricftl FrDoess ot Determination. The Nomodont, or Curve of Limiting 
Vtiam. 

Computation of Tables. 

837. It can alwayi bk detenuined by conatnuitioii, whether a proposed 
pair of vheels will work under given conditions as to pitch, arc of 
actioD, etc. But in order to avoid wasting time by att«mpting impoa- 
Bible cases, it is well that the limiting nnmbera of teeth, within a 
reasonable range of varying conditions, should bo ascertained and 
tabulated for reference. 

Prof. Willis, in his "Principles of Mechanism,"* gives a diagram 
and deduces from it an expression, confessedly "so involved as to 
make the direct solution of the equation impossible, although approx- 
imations may be obtained." He adds : " However, on account of the 
practical importance of the question, I have arranged in the following 
Tables the exact required results, which I derived organically from 
the diagram by constructing it on a large scale with movable rulers." 

This rather obscure espression evidently indicates the use of an ad- 
justable mechanical device of some kind ; but since this, whatever it 
was, must have been capable of being drawn in any phase of its move- 
ments, the inference is a fair one that his process was equivalent to 
that of deducing results graphically by trial and error, 

238. Prof. Willis may perhaps have overestimated the practical im- 
portance of the question, since limiting aises arc in general to be 
avoided when possible. Still, the discussion has developed some 
hitherto overlooked points of considerable abstract interest ; and 
again, the practical volnc, whatever it may be, of such tables, depends 

•3d. Ed 1870, pp. 106,107. 
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entirely upon their correctQoas. And by the application of Prot 
Baakiuc's Bingnlarly elegant processes relating to circular area, as ex- 
plained in the preceding paragraphs, we hare been enabled to deter- 
mine these limiting numbers accurately, we believe for the firet time. 
For the numbers in the tables above mentioned are those of teeth in 
complete circnlar wheels, capable of transmitting rotation continuously 
in the same direction ; and though the processes of Prof. Raukine an 
only approximations, they are such close ones as to preclude the pos- 
sibility of any error in the computations arising from this fact, of 
snch magnitude as to affect the integers in the final results. 

Prof. Willis calls particular attention to the statement that hie 
tables are "geometrically exact"* It has already been demonstrated 
(224, 226) that in at least one instance this is very far from being the 
case. And the results obtained by the above methods differ from his 
in so many other instances, and so widely, that in view of his high 
standing as an authority, we feel called upon, before presenting our 
own Tables of Limiting Numbers, to illustrate in detail the manner 
in which the values there assigned were computed. 

239. As the first example we select the following case. 

„. \ Driving Pinion of 5 leaTCS, Badial Flanks. 
' t Arc of Recess = Pitch. Tooth = Space. 

The numbers of teeth being directly proportional to the radii, let 
rad, pinion = 5 ; constructing the diagram, we find the point to 
lie in relation to AO as in Fig. 138, showing that the pinion cannot 
under these conditions drive a wheel in outside gear, and in that figure 
we have 



A.OF = 


n°. 


aroAF = 


i 


X 5 X 


2 % 3.1416 = 6.8838 


ACff = 


54°, 


Aa = 


miAF 


=^ 6.2832 


Airc= 


36% 


AM = 


i 


AO 


= 1.5708 


A0 = 


6, 
Bad. 


0M = 


i 


AO 


= 4.7184 

10. 


Triangle 


: tan XCfl" = 54° 






10.138739 


AVE. 


■.■.AC = 


5. 






0.698970 




: Aa = 


6.8819 






0.837709 




AM = 


1.5708 










JIM = 


5.3111 









* Principles of Hecbsniam, p. 110. 
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COMPUTAHOK OF TABLES. 

OM = 4.7124 ar. > 

: HM^ 5.3111 
:: sin OHM = 36" 
: sin ROM = 138° Sff 44" 
OMA = 174° 30' 44" 
180° 
«■ + AOM = 6° 29' 16" ; -=- 2 



9.326758 
0,726188 
9.769219 
9.821161) 



Triangle 
AOM. 



OM + AM = C.2832 
: OM- ^Jf =3.1416 
.:tan.HA + 0) = 2° 44' 38' 
: imi{A - 0) = r 
0AM = i 



9.S01819 
0.497151 



~ Max. Obliq. = AHIf. 



Triangle 
AOM. 



sin 0AM = 4° 
: sin OMA = 174° 
: OJf= 4.7124 
: OA 

2. 

AN=iOA 



ar. com. 1.143951 



0.673242 

0.797802 
0.301030 



Triangle 

AE2f. 



BID AEN= 4" 7' ar. com. 1.143951 

: ^JV 0.496773 

■ ^^^- 10. 

: AE = 43.7343 = lUd. Interm. Den. CircJe. 1,640723 

AC = 5. [ (85 = Mas. No. given by Prof. Willis.) 

48.7a43 .-. 48= Maximum No. Teeth. 



240. We will oext take a case in outside gear, thus : 

( Follower of 10 Teeth, Radial Flanks. 



Given, 



( Arc of Recess = Pitch. Tooth = Space. 



Then in Fig. 143 wo shall have 

^O = 3x10xtVx2x 3.1410 = 9.4248. 
AM= \aG = 2.3562 
PM = ^ AG = 7.0C86 0AM = 

AC =zl(i = Rad. Follower. AOM + AMO = 
ACM = 0AM = 36° = Max. Obliquity, i {-^ + 0\ - 
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Triangle 
CAK. 



COMPUTATIOJI OP TABLB8. 



Bad. 

: Bin 0AM = 
-.-.AC = 10 
: 0A= OP 
All 



10. 
9.769219 



Triangle 
OAIt. 



Triangle 
OAM. ' 



Triangle 
POK. 



OA + All = 8.8340 ar. com. 9.084389 

OA - AM = 3.6816 0.546740 

tan 1 (« + 0) = 78° 10.488884 

tan i (.«■ - 0) = HZ' 46' 82" 10.1193S3 
AOM = 19° 13' 28" 
i ^OJf = 9° 36' 44" 



Bin AOM = 19" 13' S 



ar. com. 0.488449 



Bin 0AM = 36" 
: AM = 2.3S62 
OM = 4.8061 
OP = B.8778 
PM= 7.0686 

2) 17.1585 = OM + OP + PM. 
8.5763 = S 
1.5077 - S- PM. 



9.769219 
0.372212 



COB } POM-- 



■V-' 



. S. I.S- PM) 



Bad.' 

S = 8.5763 

S- PM= 1.5077 
OP = 5.8778 

OM = 4.2061 



0.769219) 
0. 623880 f 



21.111615 
1.393099 



I COB 1 POM = 

iAOM = 

AON = 

OiB = 90- + AM = 



43" 40' 51" 
9" 36' 44" 



AD.V -. 



JO" — (179" 17' 35") = 0" 42' 85" 



f 



Triangle > 



ADS. 



Bin ADN = 0" 
; Bin.40JV= 53" 
" OA = 5.8778 
: AD = 381.9531 



42' 25" 
17' 35" 



1.908777 
9.904014 
0.769819 
8.682010 



382 = Minimum :^o. for Driver. 
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S4I. Prof. Vfiiiia correctly observee that when the action b^uB at 
the line of centres, no pinion of less than ten leavee can be driren, bat 
in reference to the above case he says {p. 210) "nothing less than a 
rack can drive a pinion of ten ; " whereas it appears from these figures 
(hat it can bo driven by any wheel of 383 teeth or more. In corrob- 
oration of which we will now aaeame a driver of 362 teeth, the arc of 
repees being eqnal to the pitch, and the tooth to the space, as before. 

We shall then have in Fig. 133, 



jiCF = 





66' 38.67" aro^.F = ,i,x38Sx 


8x3.1416 = 6.2832 


ACH = 





43' 24.5" AQ= a-To AF = 


6.8838 




AHC = 


89 


17' 35.5" AM= i Aa = 


1.5708 




OHM = 


90 


• 48' 84.5" 0M= i AG = 


4.7184 




. AC = 


388 


IW. 




10. , 


.Triangld 




ttmACH=: 0° 42' 24.5" 




8.091169 


ACH. 




: AC = 388 
AH = 4.7183 
AM= 1.5708 
if Jf =3.1415 




8.582063 
0.673232 






OM = 4.7184 


ar. com. 


9.326758 


Triangle 




H3{= 3.1415 




0.497137 


OHM. 




: sin OHM r-. 90° 43' 24.6" 
Bin HOM = 41° 48' 17.5" 
OMA = 138° 30- 42" 
180" 




9.999967 
9.883862 



0AM + AOM= 47° 39' 18" ; .^ 2 = 83° 44' S 



Triangle 
OMA. 



OM + AM = 0.8832 ar. com. 9.201819 

OM-AM= 3.141C 0.497151 

tmi(A + 0) = 33° 44' 39" 9^432« 

tan i (yl - O) = 18° 84 5.8 " 9. 342213 

0AM = 36° 8' 45" = Max.Obliq. = AFN. 



Triangle ] 
OJf.^1 



Bin 0AM = 36° 8' 46" 
Bin OMA = 133° 30' 42" 
: OM = 4.7124 
OA 
2 
AJf =iOA 



ar, com. 0.889236 



0.770074 
0301030 
0.469044 
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Triangle 
AEN. 



COHPUTA.TIOH OF TABLES. 133 

Bin JjEJV = 36° 8' 45" ar. com. 0.329238 

AN 0.i69044 

Bad. 10. 



AE = 4.9921 = Rod. Ext Dee. drcla. 0.698280 

2 {Planks to be lUdU). 

9.9842 . -. 10 = Minimum Ko. for FoUower. 



248, In the case, of a driviog pinion of 6 leaves, ander the a 
conditions, we find, by a similar compntadon. 



AE = 71.7083 = Had. Exterior Des. Circle. 

Add .AC= ^ - Bad. Driver. 

then . 77.7083 = Bad. Annolar Follower. 

also ZAE= 143.4166 = Sad. Follower in Oat«ide Gear. 



Thefle being minimum valnes, the next higher integ^ra mnst be, 
taken as the limiting nnmbera of teeth for complete wheels. Thna 
the 6-leaTed pinion can drive an annular wheel of 78 teetit, or an ex-: 
tenislly toothed one of 144, but do less numbers can be used when the; 
describing circle thus found is employed. j 

Prof. Willis assigns 176 instead of 144, and, as previon^y stated, hi 
gives a rach, instead of 382 teeth, as the least that can drive a pinion 
of 10. In the table for outside gear wo have merely marked with an 
asterisk those of our own values which differ from hie, becanee the 
above-mentioned discrepancies are the most serious ones. But his 
method, whatever it was, appears to have been siogulsriy defective in 
its application to inside gear ; ho not only ignores entirely the mini- 
mum values, but assigns maximum valnea which differ so often and, 
so widely from those computed as above, that we have deemed ilj 
proper to present his tables for annular wheels side by eido with ouij 
own, which we think it safe to assert are numerically exact. Had the 
object been to determine the limiting radii with the utmost precision,) 
a correction for the error in Prof. Rankine's appruximatiooB would har^ 
been necessary in every instance. This, however, we have applieq 
only when the arc to be dealt with was so large as to make it requisite^ 
in order to secure in the compatation of converse cases, an in (240) 
and (S41), results concordant in respect to the number of teeth for 
complete wheels. 
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OniSIDB QEABINO. 

Limiting Numiers of Teeth. 



^-.-™™. 


„C«.,««H. 


"<»" = •"*» 1 


D. 


F. 


D. 


F. 


D. 


F. 


S.B8 


» 


3.8S 


«o 


S.68 


«» 


e 


144* 




84» 


8 


87» 


7 


50. 




1ft 


4 


IS 


8 


84» 




14 


5- 


11* 


» 


87 




19 





10 


10 


" 




11" 


7 


• 


11 


21 


»• 


10 


8 


8 


18 


19 


11* 


»• 


11 


7 


18 


18 


10 


8 


n* 





14 


17 


88* 


7 


oo 


6.17 


16 
17 


le 

15 


«, 


«.35 








20 


14 




24 


18 


OUTBIDB GeARINO. 






Epicttcloidal Teeth. IUdial Pl*nrs. 


67* 


11 


Tooth = Space. 


883' 


10 


Minimum Values. 


« 


9.BS 





• Nombera differing from those (fiTen by Prol. WUlia. 
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IKSIDB EPIOYCLOIDAL QEABINO. 
Limiting Numbera of Teeth. 





INSIDE EPICTCLOIDAL QEARINQ. 






FLASKS OP PISI0.N8 RADUU TOOTH = SPACE. 




_r«c». 


^.»,™.. 


^..= 


.«xc-. 


D. 


F. 


D. 


F. 


D. 


F. 


3 





2 


7 


s 


n 


4 


1« 


8 


41 


8 


<» 


S 


49 


4 


« 










Maximum FoUowera. 




F. 


D. 


P. 


D. 


F. 


D. 


7 


H 


S 


18 


4 


8 


B 


24 


B 


«3 


5 


63 


9 
10 


» 


7 


oo 


« 


o= 












Maximum Drivers. 




D. 


¥. 


D. 


F. 


D. 


F. 


« 


78 


4 


21 


3 


23 


7 


83 





IS 


4 




8 


2S 


6 


18 


6 




g 


2S 


7 


13 


6 




10 


32 


8 


14 


7 




11 


22 





14 


8 




18 


22 


10 


15 


« 


J8 


13 


2S 


11 


16 


10 


14 


U 
1.1 


23 
23 


19 


17 


" 


15 






Ifl 


24 


Minimum Followers. 
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INSIDB EPICVCLOIDAL OBABIKG. 

Limitioff Ifitmbers. {Prof. ITiHib.) 



INBIDB BPICYCLOIDAL QEABINO. 1 
ruMtB or piKHWs miimi. roam = arxix. 


"<— 1 "«-. = .—■ 


«C~=.«TC«. 1 


D. 


F. 1 D. 

i 


F. 


D. 


F. 


2 
8 
4 
5 
1 


s 
la 

as 

85 


4 


10 

77 
Any No. 


8 
4 


14 
Any Na 


Maximum FaOowers. 


F- 


D. 


F. 


D. 


F. 


D. 


7 
8 
9 
10 


U 
S6 
60 
Rack. 




4 


6 


5 
12 

77 


4 
5 


8 
04 


Maximum Drivers. 



243. The nuiDDcr of nsing these tables is best illostrated b; an ex- 
ample or two. In outside gearing, let the given wheel be a driTer of 
13 teeth, the arc of recess to equal the pitch. In this divisioD are 
two colamns, marked D and F, for drivers and followers respectively : 
and opposite 13 in column D, wo find in column F tho nnmber 19, 
which is the least that can be driven. If the same number bo assigned 
for a follower, we find in column D, oppoEit« 13 in column F, the 
least number, 33, that will drive. 

If the given number be not found in tho table, the number for the 
required wheel will bo found opposite tlie next less number. For in- 
stance, the arc of recess being three-fourths of the pitch, let the given 
wheel have 38 teeth. By reference to tho table, it is seen that IB 
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(or over) will drive 8, bat 38 is the least that will drive ? ; hence the 
given wheel will drive 8, but no less. The given number is not found 
in column /^either; but 19 can be driven by 5, or any namber greater 
than five, while a pinion of 4 can drive no leas than 31 : consequently 
6 is the least that can be used to drive the wheel of 38. Thus this 
table includes all possible limiting numbers for the three values of the 
aic of recess, in outside gearing. 

In the first division of the table for inside gearing, marked Maxi- 
mum Followers, the columns jF contain the greatest numbers of teeth 
for the annular wheels which can be driven by the corresponding 
numbers in the columns D ; for instance, when recess = pitch, a pinion 
of 5 can drive a wheel of 48, but not more. Since the least namber 
that can be driven is always one more than that on the pinion, it is 
not given in the table ; it is necessary only to remark that the lowest 
numbers which can be thus nsed are 3 for the pinion and 4 for the 
wheel, as a two-leaved pinion will not drive on account of the exces- 
fiive obliquity when the wheel has but three teeth. In all the com- 
binations in this division, the receding action can he secured only by 
the use of an intermediate describing circle. 

In the second division, the columns D contain the greatest numbers 
for the annular wheels which can drive the corresponding numbers in 
columns F: thus when recess = J pitch, a pinion of 6 can be driven 
by a wheel of 65 teeth, but not by a larger one. Since the fianks of 
the pinion are to be radial, the hast number for the driver (235) will 
be one and a half times that of the given pinion, whatever the arc of 
recess, and therefore is not set down in the table. 

In the tliird division, the columns D contain the numbers for given 
pinions whose teeth are pointed, the faces being, therefore, generated 
in each case by the least possible describing circle. The colnmns F 
contain the hast numbers for the annnlar wheels which can be driven 
by these pinions, whose faces act against flanks traced by the same 
describing circles, which are exterior ones ; and when these least num- 
bers are nsed, the annnlar wheels can have no faces. There being, 
then, no approaching action, it would at first sight appear that the 
action could only be continuously maintained when the arc of recesa 
is eqnal to the pitch. But the assigned amonnt of receding action in 
these cases is secnred by the use of the exterior describing circle only: 
and the actual amount is greater, owing to the peculiarity of the ac 
tion explained in (206), there being in fact two points of driving con. 
tact up to the limit aesigned in the table, so that the rotation will be 
properly maintained in every case. 

244. It remains now to illustrate by an example the use of this 
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table ID finding, aa mentioned in (836), the limiting nnmber of ieetb 
for a pinion which is to drive a given annalar follower. 

Suppose that the recess is to be eqa&l to the pitch : then, reoolleot^ 
ing that, as jnst mentioned, a pinion of 3 can drive a wheel of t, ire 
deduce at once, in regard to the ieast nnmber, the following b; in- 
spection of the table : 

No. OK OiTin Whxil. Lust No. roB PnrioH, SncuBixo Cuclk. 

4 - inclusive 3 

10 -IG " 4 



78 -» 6 Exterior. 

The greatest nnmber for the pinion, if an intermediate describiog 
circle be used, ia always one leaa than the given number on the annu- 
lar wheel. 

If it be stipulated that the assigned arc of recess shall be secnred 
b; the nse of an exterior describing circle, the limiting numbers may 
also be found by simple inspection if within the range covered b; the 
table. But in order to include the superior limit for even moderately 
large wheels, the table would require to be inconveniently extended. 
For instance, let the given nnmber be 42 ; this is found by computa- 
tiou to be the least that can be driven by a spur-wheel of 36 teeth, 
which is therefore the largest possible driver. A pinion of 6 can 
drive no less number than 78> but one of 7 can drive any number 
above 38, and is, consequently, the least which can bo used under the 
assigned conditions. 

245. If an interchangeable set of spur wheels be constmcted by the 
aso of a constant describing circle, the limiting numbers for the an- 
nular wheels which will gear with them may be readily found withoat 
reference to a table. In the system formerly employed by Brown & 
Sharpe, of Providence, R. I., the diameter of the describing circle was 
equal to the radius of a pinion of twelve teeth. If then the teeth of 
the annular wheels are te have both faces and flanks, the distance be- 
tween centres of the interior and exterior describing circles may be 
represented by twelve, since the radii are proportional to the numbers 
of teeth ; and at the limit this distance is equal to that between the 
centres of the piteh circles. In these circumstances, therefore, any 
spur wheel of the set will gear with an annular wheel having twelve 
more teeth than itself, but no less than that will answer. Either may 
be used as driver or as follower indifferently, but the relative and 
the actual amounts of approaching and receding action will depend 
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not only apon which does drive, but also opoa the acttul DDinbeis of 
teeth need in any given case. Since, however, in the nse of this sjre- 
tem the smBllest pinion ever need was one of twelve teeth, the total 
angle of action would clearly be always ample. 

By cutting down the pinion to the pitch circle we may nse a smaller 
wheel (as a driver only), and by similarly treating the wheel we may 
nse a smaller pinion for the same purpose ; the least number for the 
annular wheel being foond in either case by adding six, instead of 
twelve, to the number of teeth upon the given internal wheel. 

In the system first adopted by Pratt & Whitney, of Hartford, Conn., 
and snbeequently by Brown &, Sharpe, the diameter of the describ- 
ing circle is equal to half that of the pinion of fifteen teeth. These 
limiting numbers are, therefore, fonnd by adding to the number of 
teeth on the given spur-wheel, fifteen if both wheels are to have faces 
as well as fianks, and eight, if either is to be cut down to the pitch 
line ; in the latter case, the exaet number to be added is seven and a 
half, which giving a fractional result, the next higher integer must be 
taken. 

246. The Homodont — If the radins of the given wheel be gradual/ 
increased, other things remaining unchanged, it is obvious that the 
radius otthegreat«stortheleaBt wheel, as the case may be, which will 
work with it either as a driver or a follower, will vary according to 
some regular law. As in many other cases, this law can be best illus- 
trated graphically, by a curve whoso abscissas are proportional to the 
given, and the oi^inates to the required, radii of the wheels ; to which 
ve have given the descriptive name of the Nomodont, from the law 
expressed by it in relation to the numbers of teeth. These limiting 
numbers, as given in the tables, are integera, as they must be if com- 
plete wheels are to be used ; this would not be the case were sectors 
only to be employed, as they often are, and in cosBtructing these 
curves the fractional values as computed have been given to the 
ordinates. 

It is hardly necessary to point ont that the regularity of the curves 
affords a quite rigid test of the correctness of the results which they 
embody. And in order to define them the more perfectly, especially 
between the origin and the vertices, in tlie region of the asymptotical 
ordinates, a great number of intermediate fractional radii were as- 
sumed for the given wheels, the conditions for all the curves repre- 
sented being, that the externally toothed wheels shall have radial 
flanks, that the arc of recess shall be equal to the pitch, and the tooth 
equal to the space. 

247. In Fig, 116, the abscissae represent the radii of given ezter- 



3vGooglc 



IM 



THE KOMODOHT, 



bally toothed wheels vhich are to drive ; the ordinates of the onrree 
A and S are proportional to the corres- 
ponding RiiDimnm radii of the followeis 
ID ontflide and inside gear reepectirely, 
determined as in the case of the S-leaved 
pinion, in (242). 

This, as appears from the table, is the 
least complete pinion which can drire 
at all in outside gear; the exact limit- 
ing radioB of one which can jnst drirea 




The NoiioiMiirt. 

EpkfclDid*) SfMcm. Re«n = Pitch. Tooth ^ Sfuct, 

Solo ot Oidltum ) acaJe of Atwdu*. 



rack, is 6. 68, at which point the ordinate is therefore infinite, and asymp- 
totic to the cnrve A. As the radine of the given driter increaeee, that 
of the follower diminishes, at first very rapidly, then more and mere 
slowly, until the drirer becomes a rack, when the value of the ordi- 
nate is 9.83, which agrees with the tabular record that the least whole 
number which can be driven is 10 ; consequently this cur^'e has also 
a horizontal asymptote at a distance of 9,83 above the axis of ab- 
scissas. 

. Since the driven rack may be regarded as an infinitely large wheel 
in inside gear, as well as in outside, the ordinate at fi.58 is also an 
asymptote to the curves B and C ; the ordinates of the latter being 
proportional to the maximum radii of aniiQlar followers, whose action 
requires the use of an intermediate describing circle, determined as in 
(239). 

The ordinates of B also diminish rapidly at first, but reaching a 
minimum when the radius of the driver is between 10 and 12, snbse- 
qnently increase. The rate of increase, however, is not constant ; the 
value of the ordinate is (243) AC + AE, in which, while AC in- 
creases uniformly, AE diminishes more' and more slowly, reaching thf 
limit of 4.92 when AC = oe. If, then, any two ordinates bo drawn, 
each measuring, by the scale of ordinates, a distance equal to its abscissa 
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141 



+ 4.92, the right line passing through their extremitiea will be a 
Becoad aejmptote to the curve B. 

Both A and B are, it will be observed, remarkably symmetrical 
cnrreB, being ia fact very nearly trne hyperbolas. The ordinatafl of 
C, oa the other hand, diminish very rapidly as the radius of the driTer 
is reduced, their valaes, aa shown in (338) and (22fi), being 48.78 
when that radina is 6, and exactly 9 when the radius is 3. As ap- 
pears from the tabic, only three complete pinions, having reflpectively 
3, 4, and 6 teeth, are included in the class here represented. Prof. 
Willis gives a pinion of iwo leaves, as capable of driving a wheel of 
five teeth ; but this will be found wholly impracticable on account of 
the ezcessive obliquity. 

We have, therefore, not considered it worth while to compute an 
ordinate for a less driving radius than 2.5, at which limit the value 
is 6.76 ; but the curve is extended in a dotted line to the zero point, 
on the assumption that driver and follower would vanish simul- 
taneously. 
248. In Fig. 147 the abscissas represent the radii of given externally 
^ , toothed followers. The ordi- 

nates of the curve D being pro- 
portional to the corresponding 
minimum radii of drivers in 
outside gear, it is at once appar^ 
ent that this curve will have a 
vertical asymptote at 9.83, and 
a horizontal one at a distance of 
6.58 above the axis of absoissas. 




Oimt rou.oima. na. W. 



The curves A and D are very similar, and will become in fact 
identical if the axes bo transposed and the same scale used for both 
ordinates and abscissas ; for it will readily be seen, by comparing Fig. 
133 with Figs. 142 end 143, that assuming the processes of construe, 
tion and computation to be exact instead of approximative, the radii 
in those converse cases must under similar conditions be precisely the 
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aame. Ab here shown, howeTer, the onrve D has been constrnoted 
with ordinatee computed as in (240). 

When the given radius is lesa than 9.83, the driver ninst be annu- 
lar, and its maximuni radius forms ao ordinate to the carve £, which 
is aomowhat similar to C, and like it includes the rodfi of bat thiee 
complete picions ; which have respectively 7, 8 and 9 leaves. 

The maximuia radios of the driver for a pinion of sixleaveSr i9 7.4fi, 
which is impracticable, as we have seen that it mast be at least one 
and a half times aa great as that of the follower. Theiefore the com- 
pntations were carried no farther, although this carve, like C, and 
upon the same assumption, is continued in a dotted line to the sero 
point. 
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CHAPTER IX. 

SPUB GEABUrO, CONTIKDED — IKYOLUTE TEETH. 



Involute Generated bf Boiling of Right Line on Base Circles. Fecdiu Proper' 
tks. Original Pitch Circle. Il*ck and Pinion. Annular Wheels. Low- 
nnmbered Pinions. InvoluU Tooth with Epicydoidal Extension. Limiting 
Numbers for Oiven Arcs of Recess. Comparison of the Involute and Epicj- 
cloidal Systems. Involute Generated b^ Rolling of Logarithmic Si^ral on 
Pitch Circles. 

Involute Teeth, 

248. Next to the s^oroloid, the carve most extenBivelj' used as the 
tooth-outline in spnr gearing, is the inTolute of the circle. 

It will BubBeqnently be shown 
that this curve can be generated 
in a manner which conforme to 
the general law enunciated in 
(181) ; but its fitness for this 
purpose is proved much more 
clearly and simply by deriTing it 
in another way. 

In Fig. 148, let LM, RS, be * 

portions of two pitch circles in 

contact at ^ ; 6' and D their cen- • 

tres, and TT their common tan- j I 

gent. Draw NA inclined to TT, 
and upon it let fall the perpen- 
diculars CE, DP; with which, as 
radii, describe the circles EHY, 
FOQ. Suppose these circles to 
be disks upon which is wound an 
inextensible thread EF, carrying 
a marking point at F. Now let ^"'- '^■ 

the upper disk tni-n as shown by the arrow : it will wind the thread 
apon itself, unwinding it from the lower one, which will thus be 
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turned in the opposite directioo, but with the same perimetral Teloc- 
ity. Let the arcs EH, FQ, be equal to each other and to the right 
line BF; then while the pencil is drawn from Fto F, it will trace 
Qpon the plane of tlic npper disk the curro KE, and upon the plane 
of the lower one the cnrre OE. 

2S0. These are involutea, not of the pitch cii-cles, bnt of the bate 
circles EHY, FQQ, the' ratio of whose radii CE, DF, by reason of 
the similar triangles ACE, ADF, Ja the samo as that of AC, AD, the 
radii of the pitch nirclea. Being simnltaneously generated during the 
rotation by a point which lies always in the common tangent to the 
base circles, that Ja to say, in the common normal to the involutes, 
these curves will be tangent to each other throughout the generation : 
and since this common normal always cuts CD at the same point A, 
they may be used as outlines of teeth for the wheels to which they 
reflpectiyely belong. Thus FI, similar to OF, will drive FH, which 
ifi similar to KE, in the direction indicated by the arrow, with a con- 
stant velocity ratio ; the locus of contact being the line FE. The 
two curves are shown in the diagram in one intermediate position, so 
that the action will be readily traced without farther explanation; 
and it ia evident that this action is precisely equivalent to the rolling 
together of the pitch circles LM, JtS. 

S61. Kow, since the involute does not extend within its base cir- 
cle, the curves shown in Fig, 148 are of the greatest possible length ; 
snpposing the lower wheel to drive, the action begins at F and endB 
at E. Both carves arc continuous, and there is no division into face 
and flank ; but it is evident that the points x and z will meet at A, 
the involutes then occupying the positions OAU, PAW: also that 
the ratio of the arc Az to the arc FO, is the same as that between the 
ares Ax, HP. 

Seasoning, in like manner, as to the arcs of recess, and recollecting 
that the arcs FO, HP, are each equal to FA, while OG, PE, are 
each equal to AE, we have 

Ap proach _ FA _ CE _ AC 
Recess ~AE~.^F~AD' 

That is to say, if each involute be lohg enough to extend to the root 
of the other, the ares of approach and recess will be to each other in 
the direct ratio of the radii of the base circles, or pitch circles, of the 
driver and the follower respectively. 

In these circumstances, the smaller of two wheels must drive in 
order to secure more receding than approaching action. But as it is 
not necessary to make the curves so long, we can vary the proportion 
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between tlie arcs of approach and recess at pleaenre, by properly regu- 
lating the heights of the teeth, whatever the relative diameters of the 
wheels. 

S90. Thos in Fig. 149, which represents teeth of practical propor- 
tions, one pair is shown in contact at A, another pair as just quitting 
\ 



7ia. 1«. 

contact at B, the lower wheel driving as indicated by the arrow. The 
receding action, then, continues while the point of contact travels 
from .^ to if, a distance eqnal to 01 roeasared on the base circle. 
Meantime the linear motion of the driver, measured on the pitch cir- 
cle, will 1)0 AO, which is greater than 01 in the proportion of the 
radius of the pitch circle to that of tlio base circle ; but since those 
two arcs measare the same angle, either is readily found if the other 
be given. 

Supposing, then, that the angle of recess is assigned ; we first ascer- 
tain the iength of the arc 01 on the base circle by which it is meas- 
ured, and set oS AB on the line of action, equal to it ; tlion the tops 
of the driver's teeth are limited by a circle through 3, about that 
wheel's centre. 

A radios through B cuts the pitch circle in ff; if GH bo equal to 
half the thickness of the tooth as determined by the pitch, the con- 
stmction is just possible, and the tooth will be pointed. If OH bo 
greater than that, the conditions are impracticable ; but if it be less, 
the tooth, as in the figure, will be of sensible breadth at the top. 

By a similar process the height of the follower's tooth for any as- 
signed angle of approach is determined, and the pitch circles having 
been subdivided as usual into equal parts, the construction is com- 
pleted by drawing the reverse involutes for the backs of the tocth, 
and providing snitable clearing spaces. These may be required to ex- 
tend Bome distance within the base circles, and if so they may be 
10 
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bonnded aa in the figare b; radial lines tangent to the inToIatee at 
their roots, 

SS3. Feonllar Pr^corttet ti InTotnte TeetlL—In the operations »boTe 
described, the line of action FE was drawn at pleasnre, and the ar^ 
gnment in no wise depends upon its obliquity. ConseqnenU;, for a 
given pair of pitch circles an infinite number of pairs of base circles 
may be assigned, and the converse is evidently trae, since the common 
tangent of any two given base circles will always cut the line of cen- 
tres, be the same greater or less, into segments having the same ratio 
as their radii. From which follow two important practical deduc- 
tions, viz.: 

1. Any two wheels with involute teeth, of which the pitch arcs on 

Ibe base circles are equal, will gear correctly with each other. 

2. The velocity ratio will not be aSeoted by any change in the dis- 

tance between their centres. 

We have seen that wheels with epicycloidal teeth may bo made in- 
terchangeable ; but this second peculiarity gives the involute tooth an 
advantage over every other, of special importance in mechanism re- 
quiring the greatest smoothness and uniformity of action. The veloc- 
ity ratio will he ooirect, although the wheels be improperly located at 
the outset, and will remain so in spite of wear in the bearings ; also, 
the backlash may at any time be reduced to a minimum, by bringing the 
axes as close together as they can be without causing the teeth to bind. 

On the other hand, the obliquity is constant, and in general greater 
than the mean obliquity for epicycloidal teeth having the same angle of 
action. While this may be a serious objection to the involute form for 
heavy work, it may also be a positive advantage in light mechanism where 
smoothness of action is all-important. For the side pressnro will al- 
ways keep the axes at the greatest possible distance from each other, 
which tends to prevent shaking if there be any looseness in the 
bearings, 

364, Original Fitch (Srele. — Of the infinite number of pitch circles 
which may be assigned for any given wheel, there is evidently but one 
upon which the tooth and space, aa in Fig, 149, are measured by eqnal 
arcs. This is appropriately called the original pitch circle, being the 
one given or assumed in laying out a pair of wheels with teeth and 
spaces equal as above described, and it determines what may be called 
the proper obliquity for both wheels. 

Suppose now that a wheel has been made, the teeth being involutes 
of a given base circle, the pitch circle unknown ; and let it be re- 
quired to construct another which shall gear with it in snch wise that 
Uie teeth and spaces on the pitch circles shall be equal as in the fig- 
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ore. In order to do this, it is necessary first to find the proper ubliq- 
ttity of the given wbeeL This may be done graphically as foUovs : 
di»w two mdii, the first bisecting a tooth, the second bisecting an ad- 
jacent space, of the given wheel. Then bisect the angle between these 
lines by another radins ; this will cut the involnte outline of the tooth 
in a point throngli which the original pitch circle mnst pass. This 
third radius being talien as the line of centres, the tangent to the base 
circle, through the point last mentioned, will be the line of action 
having the required obliquity. 

865. Cotuidaratioiu Aficting the Obliquity.— The obliquity is, aa 
above stated, abstractly arbitnuy. But it will presently appear that 
under some circamstances there are definite relations between the ob- 
liquity, the Telocity ratio and the aro of recess, such that if either 
tiro be assigned, the other, in many cases, can vary only within n quite 
narrow range. For practical guidance when not trammeled by the 
considerations alluded to, it may be stated that experience has shown 
that for ordinary purposes the obliquity should not exceed from 15° 
to 17°. When it is no greater than this, it is safe to say that even for 
heavy work these teeth are in every respect equal to the epicycloidsl 
or any others ; and in addition to the advantages previously men- 
tioned, it will be noted that their form is essentially a strong one, 
spreading out rapidly toward the base. 

866. Baok and Wheel with InTolnte Teeth—In Fig. IfiO, LM being 
the pitch circle, and TT the pitch line of the rack, the base circle is 
determined as in Fig. 118, by drawing 
FE at an arbitrary angle through A, 
the point of tangency, and letting Call 
upon it the perpendicular CE. Then 
while a marking point travels from £ : 
to F, with a linear velocity equal to 
that of the circumference EHY, ibT — 
will trace upon the plane of the wheel 
the involute FH. The rack meantime 
moves to the left side with a linear ve- 
locity equal to that of the pitch circle, """■ ''"• 
which is greater than that of the base circle in the ratio of ^ C to CE, 

Consequently, when the pencil reaches F the point E of the rack 
will have moved to 7, and wo shall have £J' perpendicular to EC, El 
perpendicular to ^ C, and also 




EF- 



EG ' 
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therefore IF, traced by the peocil upon plane of the rack, will be a 
right line perpendicniar to EF. 

Drawing f^Bituilar to HF, and EQ Bimilar to IF, and supposing 
the pinion to drive, the action begins at E, ending at F; and as in 
Fig. 149, the relatire amounts of approaching and receding action 
may be varied at pleaaure by alter- 
ing the heights of the teetb. In 
ibis diagram, as in Fig. 148, prac- 
tical proportions are disregarded 
for the sake of perspicuity ; the 
, general appearance of the combi- 
nation under reasonable conditions 
is shown in Fig. 151, the obliquity 
Fia. »i. being 30°. 

The less the obliquity, the shorter will be the acting face of the rack 
for a given angle of action, and the leas will bo the amount of ap- 
proaching action attainable ; when the obliquity is nil, the rack tooth 
degenerates into a point, and the wheel-tooth becomes an involute of 
the pitch circle, as illustrated in Fig. \%\. The action is wliolly i-e- 
ceding, but the sliding is eicessive and the wear confined to one point 
on the rack, thus more than counterbalancing all advantages unless 
the pressure is very moderate. 

267. Annnlar unwell with Involute Teeth. — The construction, as 
shown in Fig. 152, is substantially the same as in the case of outside 
gearing. And this form of 
tooth would appear to bo ex- 
tremely well adapted for inside 
gearing requiring unusual 
smoothness of action, to which, 
as above suggested, the con- 
stant obliquity is favorable, 
while, owing to the small dif- 
ference in the lengths of the 
acting curves, there is very 
littlcsliding. Thisdiagram is 

BO similar to Fig. 150, that no ' -* 

explanation is necessary, be- 
yond calling attention to this fio. im. 
fact, viz,: since the action must begin or end at E, the root of the 
pinion's teeth, the greatest possible height of the wheel-tooth is de- 
termined by drawing a circle about Z> through that point. 
258. IiOW-nnmbei«d Pinions with InTolnte Teeth. — If two wheels be 



3vGooglc 



XOW-HCKBERBD PINI0H8. 149 

of equftl size, the leaet number of teeth which can be given to each 
depends apon the obliquity. 
For if this bo assigned, the 
points F and E, Fig. 153, are 
thereb; determined ; and the 
arcs FQ> EH, on the base cir- 
cles, are each equal to EF.. 
Taking these arcs, then, as the 
measures of the pitch angles, 
and making the teeth and 
Bpaces on the pitch circles ~ 
equal, the combination, as rep- 
Tesented in the figure, is juet a 
limiting case, and the number 
of teeth the least possible. 

If the wheels are to be com- 
plete ones, a fractional tooth- 
being impossible, the arc FQ 
must be contained an exact 
number of times in the cir- 
cumference, or, if there be a fm. im. 
remainder, the next higher integer must be taken as the leaet number 
of teeth. In the latter event the arrangement will be practically ser- 
viceable, for though the angles of approach and recess will still be 
equal, their sum will be greater than the pitch. Each of these angles 
is in point of fact a little greater than the obliquity, but the excess, as 
can easily be verified by calculation, is so small that the least number 
of teeth for practical purposes is at once correctly ascertained, by divid- 
ing the circumference by twice the given obliquity : and thus for equal 
wheels we have 

Obuquitt. Luit No. or Ticte. 

10° 18 

12°.. 15 

15" 12 

18' 10 

20° 9 

30" e. 

269. Supposing the lower wheel in Pig. 153 to drive, then the 
follower may be equal to it, but cannot be lees. It may, however, be 
mode as much greater as we please ; — a moment's study of the diagram 
will show that this same wheel can drive even the rack shown in 
dotted outlines. 
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A sofficient increase in the diameter of the follower will permit 
the tooth GE of the driver to be lengthened to an extent limited by 
it« intersection at P with the reverBe involute, forming the back of 
the tooth. Abont D, describe a circle throngh P, cntting the line of 
action in£; draw £/ parallel to ^C> cntting the line of centres in /: 
then if the driver's tooth be pointed, BI will be the least radina of the 
follower which will secure the greatest possible amount of receding 
action, viz. : an arc on the base circle equal in length to AB. 

860. This leads directly to the consideration that the pitch of the 
driver may be made greater than in the figure, without changing the 
obliquity ; for by increasing the 
angle FDP, the point of the 
leading tooth may be made to 
fall upon the line of action, the 
tooth and space, as measured on 
the pitch circle, still remtuniug 
equal to each other. 

This is illustrated in Fig. 
154, FQ being the pitch on the 
base circle, and LM, the corre- 
sponding arc on the pitch cir- 
cle. P, on the line of action, 
being the point of the tooth, 
the involute PK must bisect 
LM in JV: then, PD will bi- 
sect MN in /, and UD, which 
bisects FK, will also bisect 
LNm H. The obliquity being 
given, the angle FDL, which is 
equal to MDO, may be calcu- 
lated; 

then letting FDL = a, 
FDH= X, 
we shall have 




4 Pitch = LDH = 
FDP = 
FDR = 



3(a; + a) — « = 3a; + Za, 
LDM = 4(a! + a). 



But FP, the trigonometrical tangent of the are FI, is equal to the 
krc FO ; that is, 

tan (3s + a«) = arc (4* + 4«). 
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This equfttion canDot, we beliere, be solved by any process leas 
laborious thitn the tentatiTe one of asanmlag a valae for x, and if it 
fiul to satisfy the eqaation, increasing or dimiBishing it, as the case 
may be, until it does. Not does the situation afford any key to a 
graphic construction, since the distance to be set off on the lino of 
action, and the angle subtended by an arc equal to it on the ciroam- 
ference, are both unknown. 

This, howerer, is of little consequence, as, if the obliquity be as- 
ugned, there can be no certainty that the pitch arc when found would 
be an aliquot part of the circumference ; and it is of much more prac- 
tical interest to ascertain the result of assigning a specific number of 
t«etli, or in other words a definite pitch. 

861. When this is done the case becomes more manageable. Consid- 
ering first the graphic process : The radius FD of the base circle and 
the pitch angle FDO being given, we have first simply to rectify the 
arc FG and set off FP equal to it, in a direction perpendicular to 
DF. Drawing the involutes PO and PK, the tooth is completed as 
to ite acting outlines ; now bisect the angle FDK by the radial lino 
Dff, draw PD, and bisect JIDP by BN: this latter line will cut the 
involute PK in the point N, through which is drawn the original 
pitch circle cutting FP in A, which locates DA the line of centres 
and determines the proper obliquity. 

The piuioQ thus formed is barely capable of driving, the whole path 
of contact FP being just equal to FO, the pitch arc on the base cir- 
cle : and the minimum radius of the follower will be determined by 
drawing PO perpendicular to the line of action, cutting DA produced 
in C the centre. 

262. Otherwise, by computation : Knowing the radius FD and the 
length of FP, the angle FDP may be found, whence, the angle FDO 
being given, the angles GDK, FDK, may also be found, and we shall 
then have 

FDL = i (ODK - FDK). 

K'ow, FA, the trigonometrical tangent of the angle ADF, is equal 
to the arc of the base circle, which measures the angle ADL ; there- 
fore, let 

ADF = y, 
FDL = a, 
and we have 

tan 5f = arc (y + n). 
This equation may be aolved by the tentative process above de- 
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scribed ; and the angle ADF thus determined is equal to the proper 
obliquity. Kuowing this angle and the side FD, we can now find 
FA, equal to the arc of approach on the base circle, which taken from 
FP gives AF equal to the arc of recess, and the triangles ADF, A CP, 
being similar, the radius PC is readily ascertained. 

863. In Fig. 154 the pitch arc FO is 73°, so that the diagram rep- 
resents the construction of a fire-leaved pinion just capable of driTing. 
By comparing this figure with the preceding odb, it will he seen that 
when the point of the tooth thus falls npon the line of action, we have 
the maximum pitch for a given obliquity, or the minimum obliquity 
for a given pitch. 

In this case, we find by computation in the manner above explained, 
the following values, viz. : 

Obliquity 28° 8' 

Arc of Recess f pitch. 

Least No. for Follower 6.74. 

Practically, then, a pinion of five leaves is capable of working with 
another of seven, but no less 
without exceeding the obliquity 
above given. By increasing the 
obliquity, the number for the 
follower may be reduced, bat it 
will subsequently be shown that 
five is not only the least number 
for equal wheels, but also the 
least that can either drive or be 
• driven at all. 

264. The greatest possible 
path of contact is the distance 
between the feet of the perpen- 
diculars let fall from the centres 
of the wheels .upon the line of 
action. It has been pointed out 
that if the obliquity be assumed, 
there is no certainty that this 
distance will be an aliquot part 
of the circumference of the base 
circle. But if the numbers of 
teeth be given for a proposed 
Fio. IBS. pair of wheels, it may be made 

BO,^ and the obliquity thus determined. 
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For example, in Fig. 165, let tlie numbers be six for the upper 
wheel aod five for the lower. Aboat any centre C, with a radins 
measuring 6 on any scale of eqnal parts, describe a circle ; perpendicu- 
lar to any radius CE, set off f/' equal to the are EH which measures 
the pitch ; perpendicnlar to EF, and on the side opposite EC, set off 
FD roeasaring 5 parts on the same scale, and draw CD, cutting FB 
in A. Then taking A C, AD, as the radii of the pitch circles, and 
CB, DF, as the radii of the baao circles, the path of contact, EF, 
which is eqnal to one-sixth of the circumference of the upper base 
circle, will measDre one-fifth of that of the lower one. 

And this construction fisea the minimum obliqnity for the given 
nnmbers of teeth ; it being evident that a decreaEO of this obliquity 
will at once shorten the path of contact and enlarge the base circlea 

28S. I&TolDt« Tooth with Epioydoidal Bxtnuion.— The path of con- 
tact, as above determined, is exactly eqnal to the pitch ; now in prac- 
tice the arc of action must always be greater than the pitch, and yet 
it may be desirable to use involute teeth in cireumgtances like those 
represented in Fig. 155. The involute does not continue within its 
base circle, but the face HF of the blunted tooth may bo extended as 
shown in dotted lines, the curve beyond F being on epicycloid gener- 
ated by a circle whoso diameter is AD, which vrill work correctly with 
the radial flanV bounding the clearing space in the lower wheel. A 
similar construction is applicable, of coarse, to the other wheel, if its 
tooth be originally so much blunted as to make it desirable ; and in 
this way a sufficient angle of action may be secured, and the involuto 
tooth employed in cases where it would otherwise be inadmissible. 



Limiting Numbers of Teeth for Given Arcs of Recess. 

266. In the employment of the involute system, if a definite pitch 
and arc of recese be assigned for either wheel of an engaging pair, there 
will be a limit to the number of t«eth which can be given to the other, 
as was shown to be the case with the epicycloidal tooth. 

Practically, a knowledge of these limiting numbers is just as neces- 
sary or convenient in using one form of tooth aait is in using another. 
Next to the epicycloid, the involute is the curve most extensively need, 
and in the mode of generation, as well as in the peculiarities of the 
action, there is a marked contrast between the two, and for these rea- 
sons a special interest attaches to a comparison of the limiting num- 
bers for these forms under like conditions. We shall therefore pro- 
ceed to investigate a method of determining these limits for the same 
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ralaes of the arc of recess which were asaamed id the tables for epi- 
cycloidal teeth, tIz. : 

1. Becees = Pitch. 3. Bccesa = i Pitch. 3. Becess = | Pitch. 

267. In Fig. 156, let C, D he the ceatreB of two wheels, VW and 

JTF'arcs of the pitch circles tangent at A, FQ the line of action, 

CQand DFihe radii of the base circles, and let the lower wheel drive 

in the direction indicated 

by the arrow. 

The proportions are snch 
that the tooth of the drirer 
is pointed, and that its 
point, Q, extends jnst to 
the root of the other invo- 
lute ; also, the breadth MN 
of the tooth being equal to 
the apace NL, both meas- 
ured on the pitch circle, 
there is no backlash. 

This, evidently, is jost a 
limiting case ; the pitch 
ML and the arc of recess 
.^Jf being assigned, the in- 
Tolntes bounding the tooth 
QQK must pass through 
the points J/* and N, what- 
ever be the radtne of the 
base circle, and the obliq- 
nity TAF, which cansea 
their intersection to fall on 
the line of action, is clearly 
the greatest possible, which 
as clearly ^ves the least possible ralue for A C. 

The diagram, then, represents tbe problem as already solved, and 
it remains to deduce from it the means of effecting the solution in 
any given case. 

268. Draw QD, which cuts the lower base circle in ; then the 
path of contact FQ is equal to the arc FQ, and is also the trigonomet- 
rical tangent of the arc FO ; that is to say, we have, as an equation 
of condition, 

tan i-O = arc FO. 
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The line of oentres cats tbe lower base circle ia B ; through L, A, 
uid y, draw LB, AI, NH, iuvolates of the lower base circle, and 
through A draw also AJ, an inTOlnte of the upper base circle. 

Then the arc QJ is eqnal to QA, the trigonometrical tangent of 
the angle QCA ; the arc FI w eqnal to FA, the trigonometrical tan- 
gent of the angle FDA ; and the angles QCA, FDA, are equal to 
each other and to the obliquity TAF. 

We Bhall now have 

FG=^FR + ZRH (1) 

FO = FQ- OG 

OQ =kKQ 

^ AKH=%BI, .• KQ = %BI-\-HQ 

(JfJV"=JVX, .• SG = RH 

KG = 2BI + RH 



F0= FR + %RH -BI-~ 

or FO = FR-\- ^~-BI (a) 

Also FI = FR + RI= FB + BI (3) 

269. Sow when the definite Talnes mentioned in (306) are assigned 
for the arc of recess, these equations will be modified as follows : 

I. BscESB = Pitch. 

In this case we have 

RI =0, ) 

RH = IB, [ whence 

FR = FI, J 

FG = FI + ZIff. 1. 

P0 = I7+'-^-BI ^•l.,JPO = /'« + ?f. 

FI = FB + BI 3. ) 

And for a pinion driring a raolc, * 

FS = FI =0,\ 

FB = 0,[ whencfl 
BI = 0,) 
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FO = iIB 1.) 

FO='M 2.| ■■■^0 = lFG. 

II. Ebcesb = J Pitch. 



We now have 



RI=~,mRH=iRI, 



which gires 

FI =FR + RI. 3.1 • • FO=.FI+ZRI, 

and 

F0= FR + 3RI - B/. ... 2. 1 . m _ po . sBr 
FR+RI = FB +m.... 3.f • • ™--P« + 2*^- 

When the pinion driyea a rack, 

FR = (I, 1 . {Fg = iFI, 

RI = FI,S " \ FO = FB + 2FI. 

m. Becess = 8 Pitch. 
With this value 



RI = fRH, or RH = ?|-. 



And therefore 



Fe = FS + 3RI.... 1.) , ii«_rr.oi>A 
FI =FR + RI 3. f ■ ■ ■^'' = ■" + '■"■^• 



Also 



TO =. ra + ??^- £/.... 2. ( ... fO = FB + 5|/. 



FR + RI = FB + BI.... 3. 
And in the cafie of a pinion driving a Tacl{, 

fl/ = W, J •'■ I TO = /B + 1?-. 

S70. Now snppoee the pitch and the arc of recess to he assigned for 
the driver. The arcs IHuaA 3Q are then known ; and if we assume 
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a value for FI, we can find the correaponding Tslaee of 5/ and FB, 
irbich combined with the others will give certain vaiaeg for FO and 
FG ; and these are finally to be tested to see whether they will satisfy 
the equation of condition, 

tan /"O = arc FG. 

Having at last found in this wa; the obliquity which under the 
assigned conditions makes FQ equal in length to tho arc FG, we 
know also the length of FA ; whence AC, the minimnm radius of 
the follower, is readily ascertained. 

If, on the other hand, the wheel whose pitch and arc of recess arc 
given ho the follower ; we then know the values of QA and the arc 
QJ, which are equal to each other, and can thence find the angle 
ACQ, equal to ADF and to the obliquity. We then, knowing the 
arcs FB, FI, assame a value for RI, and proceed as before to see 
whether the equation of condition is satisfied. 

871. When the given driver becomes a rack, the least radius for 
the follower is most readily ascertained by a special constmction, 
which is given in i"ig. 157. 

We have here an exact 
limiting case, the rack 
tooth being pointed, and 
the whole path of contact 
just eqnal to the pitch arc 
on the base circle ; thus, 
the rack driving in the 
direction of the arrow, a 
marking point in going 
from Q\a F, generates the 
right line ^tT^and the in- 
volute QQ, the latter cut- Fio. iw. 
ting the pitch circle at M. The action, then, begins at Q, and ends 
at F, the root of the involute FS, which latter curve cats the pitch 
circl3 in L. Since the tooth and space are to be equal, the side XK 
of the pinion's tooth must bisect the arc ML at N; and it must also 
bo tangent to the side FY of the rack-tooth, at P its intersection with 
the other line of action PAZ, to which FY is perpendicular. 

It will now be seen that while the marking point is moving from Q 
to A, it generates the curve QM, the pinion rotating through the arc 
MA ; in the reverse motion, a marking point, in going from P to A, 
traces the curve Pil'", while, the pinion turns through the arc iV.4. 
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But WB hare 

MA + AJf = MJf = i ML, 

whence QA + PA = i QF, 

or PA=iQF~QA', 

also, QA = QF- AF; 

therefore, Hince Qf is equal to the pitch arc, and AFto the arc of re- 
ceae (both measured on the base circle), PA is known when these arcs 
are given. 

We have, then, this simple graphic process : Draw any line FQ, and 
let it represent the pitch ; set off upon it a distance FA, making 

FA _ arcof recess . 



FQ pitch arc ' 

next determine PA as above, and construct the right^n^ed triangle 
APF. Then the angle PAF is twice the obliquity, and A T bisecting 
it is the pitch line of the rack. Draw A C perpendicaUr io AT, and 
/'C^ perpendicnlar to FQ ; these will intersect at C the centre of the 
pinion, determining CF the radius of the base circle and CA that of 
the pitch circle. 

378. Kow introducing the same definite values as before for the arc 
of recess, we shall have, 



I. Becks = Pitch. 



AQ= 0, 
. FA = 



IL Recess = J Pitch. 
III. Recess = J Pitch. 



AQ = i QF, 1 
FA=i QF, I 



whence ^P= ^ AF. 



Id these cases, then, no tentative proceeding is involved in deteiv 
mining the least number of teeth for the pinion, which requires merely 
the solution of the triangles APF, ACF. 

273. In Fig. 167 the pinion's tooth has a sensible breadth, Q^, at 
the top, and the involutes might therefore be continued as shown in 
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dotted lines, and the approaching action thereby prolonged. But the 
Bmaller the assigned arc of recess, the lees is AP, and the narrower 
will be the tooth at the top, when as in the figure the total arc of ac- 
tion is made equal to the 
pitch : there wilt, then, be 
some value of the arc of re- 
cess which will cause the 
points Q and X to coincide. 

And it is apparent that 
vhen the limit is reached, aa 
in Fig. 158, the pinion will 
have the least possible num- 
ber of teeth which can be 
driven by a raok. 

Xow iJF in this diagram the 
arc FI be given, we know Fio, tss. 

FA, the trigonometrical tangent of the angle ACF, which is always 
one half the angle PAF: whence AP maybe found. We have 
also 

AQ = AF- ZAP, 
and AQ + AF = FQ = atrc FO (A) 

Again, in the equations deduced in (268), viz. : 
FO = FR + 2 RH, 
F0 = FR + ^^^ - BI, 

we have 

whnue 




■BI. (B) 

274. From theee data we may now solve the problem in the tenta- 
tive manner before described. 

Taking any convenient value for the radins FC, we first assume the 
arc FI, and find the corresponding values of FA, of the angle A CF, 
and of the arc BI. Then solving the triangle APF, we determine 
AP, whence we find FQy as in Eq. (A). 

The length of FQ being equal to that of the arc FG, we next find 
the length of the arc FO as in Eq. (B), and knowing the radius, as* 
certain the valne of this arc in degrees. 
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Finally, we apply the test of determining tlic length of tho trigono- 
metriCKl tangent of this arc, and comparing it with that of FQ as be- 
fore foand. If these two yalnea are equal, the assamed value of FI 
is correct ; bnt if they are unequal a new Talae must be assamed, and 
the proceBB repeated until concordant results are obtained. 

In this case we find that the pitch, at the limit which gives a 
pointed tooth to the pinion, correeponds to 

No. of Teeth = 4.0006 

Obliquity = 41" 30' 45' ) , 

Are of Eecess = O Pitch, f ' ^* 

275. Now referring to Fig. 153, it will beseen that in conatmcting 
a pair of equal wheels, making tho pitch arc on the haae circle equal 
to the greatCBt possible path of contact, the teeth will become nar- 
rower at the top as the obliquity is iucreaeed ; evidently, then, there 
ia a limiting value of the obliquity which will make the teeth of both 
wheels pointed, as shown in Fig. 169. 

In this case we have [£q. (B). (373)], 

FO = iFO - BI; 
and also FO = % FI, . ■ . FQ = % FA. 

Whence FO = ^ FI - BI; 

but BI=FI-FB, .-. FO = iFI+FB. 

It will now be seen that by asauming a value for FI, all the quan- 
tities involved in the above expressions may be determined ; and the 
results, as before, must satisfy the equation of condition, 

tan /'O = arc FG. 

By this process we find 

No. of Teeth = 4.6256 

Obliquity = 34M0' 58.5" 

Arc of Becees (given) = i Pitch. 

If complete wheels arc to be used, then, five is the least number that 
can drive or be driven, since, ob shown in the preceding section, four 
and a fraction are required even when the pinion gears with a pointed 
rack. By adopting the construction shown in Fig. 155, the obliquity 
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inst given may be slightly redaccd, and ire ehall have for the smalleat 
possible pair of complete eqnal wheels, 

No. of Teeth 5 

Obliquity. 32° 8' 31" 

Arc of Recces } Pitch. 

276. The tentative procesBCsaboTce^ipIainedaro undeniably tedious, 
yet when eystematically conducted they are less so than might be sup- 
posed ; and in the preparation of the following tables they hare been 
coutinued until, with a radius 
of 10, the linear values of the 
arc S'G and tho path of contact 
FQ agreed up to the sixth deci- 
mal place, the approximation 
being therefore to within the 
one-millionth part of the radius 
of the base circle. 

It was not to be expected that 
for a given number of teeth 
upon either wheel tho radius of 
the other as thus determined 
would correspond to an exact 
whole number of teeth upon its 
periphery, Tho next higher 
integer being of course taken 
as the tabular number, the 
tooth would not then be abso- 
lutely a pointed one ; but we 
have not mado any correction 
for the slight change in the oh- '"■ ' ' 

liquity due to this circumstance, considering its value as appearing in 
the calculation, which is given to the nearest second, sufliciently pre- 
cise for all practical purpoees. 

It is proper to point out that these tables may bo of service, not only 
as indicating exact limiting coses, which are to bo avoided when pos- 
sible, but upon another account, viz.; although in general tertns the 
obliquity is said to be arbitrary, yet in constructing for special pur- 
poses wheels with a given arc of recess, it may be neccssarj' to employ 
Dumhers not far removed from limiting values, and in many instances, 
it will be seen, the possihle variation in the obliquity is confined to 
quite a narrow range. 
11 
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INVOLUTE AND EPICXCLOID COXFA.BEO. 

Limiting Nuviiera of Hielh. 



BECES3 = PITCH 






TOOTH = SPACE. 


mvor.^ 




KWCTCLOIDJI^ 




D. 


F. 


D. 


F. 


11*1. OBU«CWT. 


0" 0' ' 


6M 


CO 


5.58 


oo 


0" 0' 


a- 96' 48' 




146 


e 


144 


a* 80' 


T 0' 47" 




68 


7 


60 


7° 18' 


10' ir i" 




35 


' 


34 


10- 86' 18' 


13° 4S' 5" 




38 


" 


27 


13° 80 


14° 40' 83 " 


10 


24 


10 


33 


IS* 30- 8" 


15' 64' 56- 


11 


38 


11 


31 


ir 8' 84" 


17' 20' 30" 




80 


13 


10 


18* 56' 60" 


18° 17' 57" 




10 


13 


18 


20° 


ir 2- 37' 




18. 


14 


17 


81° 10- 86 " 


20° 17' 4' 




17 


15 


10 


88' SO- 


ar 80' 84' 




10 


17 


16 


34° 


88° 43' 40' 


80 


15 


SO 


14 


36° 43' 61 ■ 


84' 10' 18"" 


as 


14 


84 


13 


Sr 41' 83 ' 


25° 47' 45 " 


84 


13 


38 


13 


80* 


37° 8ff 13" 


SO 


13 


57 


n 


83° 48' 88" 


39' 44' 6" 


615 


11 


882 


10 


86' 


30° 


oo 


10.88 


- 


9.83 


36° 37 21' 
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IHVOLDTB AND EPICYCMUD COMPARED. 

Limiiing Numbers of Teeth. 



BECESS = ^ PITCH. 




TOOTH = 


= SPACE. 1 


IBTOLDTB. 


EPICYCLOIDAI.. 1 


COKl*. OBLiqUITI'. 


D. 


F. 


D. 


F. 


XXI. OBLiaCITT, 






3.86 


<» 


0° ff 0' 


18° 2-40- 


6-46 


o=> 


4 


84 


7' 50' 28" 


ir 59- «■■ 







B 


1» 


14° 54' 4" 


20° 48' H" 


7 







14 


19° IT 8" 


29' 43' 27- 


S 




7 


13 


22° 80' 


24° 14' 85- 







8 


U 


24° 82' 44" 


25= 18' 58- 


10 







10 


27° 


Sr 88' 12' 


13 




11 





80° 


80° 29' 58 " 


20 


8 


10 


8 


83° 45' 


83° 56 54" 


70 


7 


83 


7 


88° 84' 16" 


38* 46 67 


CO 


6.64 


OO 


6.38 


42° 31' 11 ' 


RECES3 = J PITCE 






TOOTH 


= SPACE. 


™™. 


EPICTCLOIDAU 1 


Cmwr. OBLlljUITT. 


D. 


F. 


D. 


F. 


,.x.o..,.^. 








3.68 


CO 


0° 0' 








a 


■ 87 


6° 29' 11" 








4 


15 


16" 


81° 32' 69' 


6.30 


CO 


5 


11 


21° 49' " . 


23° 38' aO' 





10 





10 


24° 


24° S7' 30" 


7 





7 





20° 40' 


2r 83- 12' 





G 


8 


8 


80° 


30' 53- 47' 


12 


7 


11 


7 


84° 17' 0" 


34° M' 12" 


28 


6 


31 


« 


40° 


87° 58- 66'- 


o= 


6.36 


CO 


8.17 


46° 25 18 " 
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277. But the labor of compating these tables was nndertaken 
mainly with the object of making a fuller comparisoa than has before 
been made between the two leading systems of spur gearing : and to 
facilitate this, the limiting numbers and-the maximum obliquitlefl for 
epicycloidal, are here given side by aide with those for involute teeth. 

One striking point of difference will at once be noticed. In the 
epicycloidal system, as the arc of recess diminishes, the least number 
for the driver also diminishes, and the obliquity is always zero at the 
limit where the follower becomes a rack. 

In the involute system, on the other hand, this obliquity rapidly 
increases, while the number for tho least driver remains practically 
the same, varying but little even at the limit. 

The reason is not far to seek, Tho generating circle for tho driving 
face of the epicycloidal tooth, which alone has to do with the reced- 
ing action, is different from and wholly independent of that for the 
fiank, which produces tho required amount of approaching action. 

But the outline of tho involute tooth is one continuous curve, and 
the rectilinear generatrix, or line of action, is the same for the part 
without tho pitch circle and tho part within, Tho sum of these tivo 
segments must always bo at least equal to the length of the pitch arc 
on tho base circle. If then tho outer one, upon which the ore of re- 
cess depends, be decreased, tho inner one must be correspondingly 
increased ; and this obviously involves a greater obliquity. 

278. The difference between tho two systems is best illustrated by 
constructing, as in Fig. IGO, the nomodont for each under like condi- 
tions. The arc of 
recess is here taken 
at I tho pitch, and 
the scale for the ab- 
scissas is twice that 
for the ordinates: 
tho distances of the 
vertical and hori- 
zontal asymptotes 
from the axes being 

■ respectively 5.30 
Fin. m and 5.3G for AA, 

which represents the involute system, and 2.58 and 6.17 for BB, the 
cnn'o for tho epicycloidal system. 

The law of variation in the obliquities is also most clearly exhibited 
by tho same graphic means : thus, the ordinates of the curves CC and 
DD ore proportional to the tabular values of tho obliquity for invo- 
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late and epicycloidal teeth reBpectivel;, the abBCissas, bb before, rep- 
reeenting the nambers of teeth of given drivers. 

These ordinates are drawn to the Bame scale aa those of the nomo- 
donta, the numerical vahic being in each case the one-hnndredth part 
of the obliquity taken to the nearest minnte. Thus, the first ordinate 
for C is the vertical asymptote to A, and its -nlae is 

As the namher for the driver approaches infinity, the obliqniij ap- 
proaches the limit 37° 59', as seen by reference to the table, and 



37°: 

100" 



■- = 22.79, 



at which distance above the axis of abscissas this curve vill have a 
horizontal asymptote. 

In like manner, we find that the carve DD has also a horizontal 
asymptote, at a distance of 37.85 above the axis of abscissaa. But 
this carve, instead of beginning abmptly like the other, and inter- 
secting the vertical asymptote to BB, is tangent tA that line at its foot. 

279. The Involute Generated by SolUitg Contact vith the Fiteh (Sr- 
da — Before dismissing the invo- 
lute, it remains to prove that it 
can be generated in sach a man- 
ner as to accord with the general 
principle stated in (181). 

In Fig. 161, let ^1 The the com- 
mon tangent of the pitch circles, 
and let CQ, DP, the radii of the 
base circles, be perpendicular to 
the line of action PQ, drawn at 
pleasure. Produce DP to inter- 
sect j1 7" '» ^ J and lot POA be a 
logarithmic spiral, of which P is 
the pole and A T the tangent at 
the extremity of the radiant PA. 
If now the portion AP of this 
spiral roll upon AE, the pole P 
will trace the right lino PS, 
which, therefore, may represent 
the direction and velocity of the 
motion of P due to this rolling. 




Tls. 161. 

With this motion let there be com- 
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pounded a motion fdmilarly represented by P^^eqnal and parallel to 
EA, then the resultant ie PA ; the effect being the same as if, during 
the rolling of the spiral upon the tangent, the tangent should movo 
to the right aa shown by the hcrizontal sxrow. Suppose further that 
the pitch circles meantime more in rolling contact with the tangent ; 
they will then have turned about the fised centres C and /), through 
angles measured by the arcs AM, AL, eqnal to each other and to AE, 
and the rectilinear motions PE, PF, being uniform, these rotations 
will also bo uniform. Also, the pitch circles will, during this rota- 
tion, move in rolling contact with the spiral AP, which being taken 
as the describing line, will carry the polo P in the right line PA with 
uniform velocity. But we have already seen that such motion of P 
will simnltaneonsly trace upon the planes of the two wheels, the in- 
volutes AH and AI of the base circles. And in like manner it may 
be shown that tiie continnationa ^.7 and AKal these involutes may 
bo generated by the similar and equal spiral ANQ, rolling in contact 
with the pitch circles, its pole Q being the tracing point 
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CoDJugftto Teeth. Sang's Theor;. Path of Contact. UDBjmmetricftl Teeth 
Approximate Foims. The OUontogntphs. Diametral Pitch. Unnvlactore 
of Oear Cutters. Detenninatiun of Seri^ of EquidiHt&nt Catten. 

Conjugato Teeth. 

280. It follows from the general principles stated in (181), tbat if 
a tooth-ontline of any reaaonabio form bo asaumed, it may be gener- 
ated by some describing curro rolling upon the pitch circle ; and if 
that describing curve be determined, and used in connection with any 
other pitch circle, the tootii thaa formed will evidently gear correctly 
with the assumed one. Teeth thus related are said to bo conjugate to 
each other ; since had the second one been given, the application of 
the above process would have resulted in the formation of a tooth 
identical with the first. 

Now it may be reqnired to lay out a wheel to gear with one already 
made ; and supposing the original drawing to be lost, the tooth of 
this giTen wheel is to all intents and purposes an assumed one : a 
ready means of tracing its conjugate is therefore of aomo practical 
importance. 

The radius of the original pitch circle, even, may he unknown, bat 
this does not affect the above reasoning. Wo mnrt assume a radius : 
and if it should not be the same as the one originally used, the form 
of the describing curvo will be modified accordingly, and the outline 
of the conjugato tooth will still be correct. 

The form of the describing curve, which by rolling on the assumed 
pitch circle will generate the given tooth, can in general be only ap- 
proximately determined by graphic processes ; (See Appendix). And 
even if it were susceptible of exact construction, the method above 
indicated, of ascertaining by means of it the outline of the conjugate 
tooth, involves much greater labor, and is withal less satisfactory in 
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all practical reapectfl, than the simple and direct mechanical expedient 
illustrated in Fig. 162. 

281. Let the form of a tooth, T, of the given wheel, be accurately 
oat out of a piece of sheet metal, £0, which is properly centred to 

turn npon a fixed pin at D ; and let 
AD be the radius of the assumed pitch 
circle. 

Behind this is another piece of sheet 
metal MJf, being a portion of a disk 
turning upon a fixed centre C. Since 
the radius AD and the number of teeth 
upon the giren wheel are known, the 
radius ^ C is determined by the velocity 
ratio required. 

The outline of the tooth, T, is now to 
be traced on the blank disk, JfiV, with 
a fine marking point : after which let 
s^- Mt- each piece be rotated through a small 

angle, as though the pitch circles moved in rolling contact. The 
proper relative amounts of these angular motions are easily regulated 
by means of subdivisions on the circular edges, in connection with 
fixed marks on the board to which this mechanism is secured, as 
shown at and L. The outline of T is then to be traced again ; and 
by repeating this process the form of the conjugate tooth may be very 
accurately mapped out, since each of the marks thus made npon the 
blank MTf^, by the very nature of the operation, is tangent to its out- 
line. 

Horeover, if both sides of 7* be traced upon the disk M.N in its 
various positions, thus determining the boundaries of the space be- 
tween two adjacent conjugate teeth S, S', there will be no backlash ; 
for by construction tlie backs as well as fronts of the teeth are in con- 
tact at all times. It is true that the tooth and the space of the given 
wheel may not bo measured by cqnal area upon the pitch circle, which 
was drawn at pleasuro. Nor is this essential, since the spaces and the 
teeth of the derived wheel will be correspondingly unequal ; the total 
pitch arc, or sum of a tooth and a space, being however necessarily 
the same for both wheels. 

Song's Theory of the Teeth of Wheels. 

282. By giving different values to ^ C in Fig. 162, we may construct 
a whole series of wheels, having varions numbers of teeth, all working 
properly with the given wheel. 
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Kezt, let the tooth of any one of these be taken aa the asaumc<I 
tooth in the above process, and used in like manner with various pitch 
circlee, thus forming a second series of wheels. 

From the mode of generation it is evident that any wheel belong) ag 
to either series will gear correctly with any one of those constituting 
the other series. Bnt the wheel'of a given number of teeth in the 
first may not be like that one of the second which has the same num- 
ber. If the outlines of conjugate teeth upon any two wheels of the 
same number be made alike by any means, it is clear that the two 
series will be identical, and all the wheels of both will bo inter- 
changeable. 

Now in the derivation of either series, the assamed tooth always 
occupies and maps out the space between two adjacent conjugate 
teeth ; and this holds true when the latter becomes infinite, from 
this it follows that tho racks of the two series are in any case exactly 
converse ; their contours are identical, the 
t«eth of the one being precisely like the 
spaces of the other, and vic« versa, as shown 
in Fig. 163. 

When, therefore, the two series become 
identical, the two racks will be identical ; 
each will be its own converse, and have its *^- "*■ 

teeth and its spaoes similar and equal to each other. This requires 
that the tooth and space shall be equal as measured on tho pitch line, 
saA also that the portions a, b, of the contour, shall be respectively 
similar and symmetrical to the portions a' h' on the opposite side of 
the pitch line. 

And if, as all along supposed, the teeth arc symmetrical to a rodins, 
that is, have their fronts and backs alike, it is further necessary that 
a and b shall be similar and equal. 

28S. Kow it is evident that in the process of Fig. 163, wo may 
assume the tooth of a rack, and from it derive tho conjugate teeth of 
a series of wheels, by a modification in detail which is too obvious to 
require explanation. 

And from the foregoing, the dedoction is that if this original rack- 
tooth be bounded by four similar and equal lines in alternate rever- 
sion, the wheels whose teeth aio thus determined will form an inter- 
changeable set. It will readily be seen that if the rack bo composed 
of cycloidal arcs, the result will be the familiar epicycloidal fiystem 
with a constant describing circle ; while if it be bounded by oblique 
tight lines, the involute system is at once reproduced. 

The contour of the rack being arbitrary, with the limitation just 
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mentioBed, anj namber of systems may be thus derived, each ditEer- 
ing from the others in the peculiarities of Ha action, more particularly 
in respect to the variation in the obliquity. 

Professor Edward Sang, in a most elaborate treatiBe, has discuBsed 
this method of constructing the teeth of wheels, which coDsists sub- 
etantially in reversing the nsaal order of proceeding. His treatment 
of tho subject is an&Iytical and abstruse, the style obsoare and pedan* 
tic to the last degree ; and although the theory of gearing is fully 
developed, the equally important practical operations of laying it out 
are very much neglected. 

284. Determination of the Path of Contact — The theory is, however, 
more comprehensively seen from this point of view than from any 
other, since tho important part played by the path of contact is 
broQght more prominently to our notice : and FrofesBor Sang's inves- 
tigations relate more particularly to the form of that path, as depend- 
ent upon the contonr of tbe assumed tooth. 

It is not necessary to know the describing carve in order to deter- 
mine the path of contact. In Fig. 164, let ^ ff he the face of a tooth 
for the wheel whose centre is J) ; draw 
a series of normals to this face, cutting 
the pitch circle at 1, 2, etc During 
the action, the common normal of the 
tooth-outlines must at every instant pass 
through the common point of the pitch 
circles ; therefore as the points 1, 2, etc, 
successively reach the line of centres, the 
normals la, 3d, 3c, will take the posi- 
tions Aa', Ab', Ac', thus determining 
the path of contact AB'. 

Let C be the centre of the enga^g 
wheel ; then the form of the conjugate 
flank may also be found without making 
use of tho describing curve. For con- 
sidering the given wheel as the driver, 
the angular motions of the follower cor- 
responding to the already ascertained an- 
gular motions oa', bb', ete., of the driver, 
may be determined, since the velocity 
ratio is known. Arcs a'a", bb', c'<^', 
measuring these angular motions of the 
follower, then, are to be set off on circles of which C is the centre, and 
the curve AE thus determined is the acting conjngate flank ; which 
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will, of conrae, require to be extended as shown in dotted lines for the 
fomatiou of a clearing apace, as osual. 

286. But although it is thus possible to determine the path of con- 
tact and the conjugate tooth by graphic means, this method is not in 
general well suited for ordinary practical operations, since it involves 
the drawing of the normals to a curve whose nature may not be knovn, 
and this of itself (see J^pendiz, (7)) is a matter of considerable labor ; 
vhilc the whole process above described is not ouly tedious, but re- 
quires most careful manipulation in order to secure satisfactory results. 
Consequently, if the form of a tooth be given or assumed, the me- 
chanical method of Fig. 162 is for practical purposes by far the best 
for determining that of its conjugate. It is true that it gives no indi* 
cation of the path of contact, and therefore does not enable us to 
ascertain precisely cither where the action begins or where it ends. 
But if neither wheel has less than twelve teeth, and these of propor- 
tions iu accordance with any of the arbitrary rules given in (201), 
there can be no question that the total angle of action will be ample. 
Por when we consider that in the involute syatem the path of con- 
tact is a right line joining the initial and terminal points of action, 
while in the cpicycloidal it is composed of two circular area tangent 
to each other and to both pitch circles at their common point, and 
also that it must pass through this last- mentioned point in all cases, 
it will appear more than likely that with any other reasonable form 
of tooth, this path will be intermediate between these extremes. And 
if so, the difEerenoe, either in respect to the limiting numbers of teeth 
or the variations in the obliquity of action, is greater between these 
than between any other two systems of geariog : and cither of them, 
as before stated, will with the above-mentioned numbers and. propor- 
tions give results practically satisfactory for most uses. 

It is beyond the scope of this work to discuss in detail the various 
forms of teeth which may be constructed by tho application of Sang's 
Theory. In all the processes of " laying out " gearing upon the draw- 
ing-lxmrd, the simplicity of tho paths of contact and of the describing 
lines, peculiar to the involute and the cpicycloidal systems, gives 
them a great and obvious advantage over others ; while years of expe- 
rience have established the fact that in practical operation those forms 
have no superiors. 

286. Uniymmetriioal Teeth. — Thus far, the teeth havo been supposed 
to be symmetrical, that is, to have their fronts and backs alike, as 
indeed they are made except in rare instances. But this is not at all 
a matter of necessity, and under some circumstances it may bo advan- 
tageous to make them otherwise. For example, in Pig. 1G5, tho 
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acting outlines (the lower wheel being supposed to drive to the right) 
are of the epicycloidal form ; the 
describing circles arc largo, in order to 
reduce the obliquity to a minimum, 
and were the tooth made of the same 
form on the back, this might render 
it too weak at the root Bnt if the 
motion is never to be reversed, this 
weakness may be avoided by making 
the back, as shown, an involute of 
considerable obliquity. 
The conjugate racks, derived by the 



process of Fig. 162 from a tooth of this description, would he of the 
forms shown in Fig. 166 ; which, it will be observed, are identical, 
notwithstanding their lack of symmetry. 



Approximate Forms of Teeth. 

287. For the perfect workiag of mechanism in which wheels are 
employed, it is unquestionable that the forms of the teeth shoald be 
exactly correct. And if they are to be cut, there is no reason why 
the teeth should not be laid out with the 
utmost precision, since, the cutter once 
made, it is as ea^y to cnt one shape ss 
another. 

Bnt for ruder machinery, when the 
wheels are simply to be cast, so great ac- 
curacy may be sometimes thought nnneo- 
- essary ; and, especially if time presses, a 
more ready means of securing a reasonably 
close approximation may be desirable. 

In Fig, 167, draw through /, the com- 
mon point of the pitch circles XK, VW, 
a line of action AIP at pleasure, and IE 
perpendicular to it. Draw CA at pleasure, cutting IS in £, and 
join ED by a right line cutting AP in B. 
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Not if CA, DB, be a pair of levers joined by a link AB, then^ 
letting 

o = nng. vel. about Z>, 

v' = " " " G, 
ve hare tbe TSlne 

and since by the construction E is the instantaneona axis, this velocity 
ratio will be momentarily constant. (Sec Figs. 39 and 40.) 

If now through any point P on the line of action we describo two 
circnlw* ores, one about J9, as a tooth-face for the lower wheel, the 
other one with centre A being the conjugate flank ; the velocity ratio 
determined by them will at the instant bo exactly the Bamo as that of 
the combination of link and levers, and will not diSer appreciably 
from it during an elementary motion in either direction. 

288. The above argament, it will be observed, docs not depend 
either upon the obliquity, or upon the position of the point P, both 
of which are optional. 

But in order to reduce tbe application of this general principle to 
a system, let IH, IK, be each one halt the pitch arc, and let IP be 
an arc of the same length upon a describing circle ; then /'/will bo 
the common normal to an epicycloid KP and a hypocjcloid HP, tan- 
gent at P, and these are correct tooth-outlines. Let B and A be the 
centres of curvature for these two curves respectively, at the common 
point P ; the circular arcs may then be used as approximating closely 
enough to the exact forms for many practical purposes, provided that 
tbe obliquity be not too great nor the teeth too long. 

And if the same describing circle, and the s::me arc IP, be used, 
the obliquity of the line of action, for the mean position when the 
curves are in contact at P and the velocity ratio ia exactly correct, 
will be the same for all pitch circles. 

280. 'V^Du'r OdontoffFMph. — The system abovo explained was origi- 
nated by Professor Willis, and upon it is based the invention of hia 
well known Odontograph. Making the arc IP = 30% the obliquity 
is 16°, and the angle DIA = 75°. Then having calculated the di^ 
tances from /of the centres of curvature at P for the tooth-faces and 
flanks for various pitches and numbers of teeth, these are tabulated, 
and the instrument is constructed as in Fig. 168, which also illus- 
trates the method of using it. 

It consists merely of two anna of German silver, making an angle 
of 75° with each other, tbe edge of one corresponding to the radius 
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« 
DI, that of the other to the line of nction AP in Fig. 1G7 ; and this 
latter edge ia divided into a scale of equal parts, numbered both ways 
from the intersection of the two edges, which corresponds to the 
point /. Wo have thus two scales, the one on the right being the 
" Scale of Centres for Faces," that on the left for flanks; and the 
table above mentioned has two corresponding divisions. 

ft^ I Suppose it to be required to lay out 

^^>s;l. a wheel of 20 teeth, the circular pitch 

being 1^ inches. These data deter- 

^^ mine the radius of the pitch circle VW, 

Fig. 168; upon which set off the pitch 

arc EF, bisect it at L, and draw the 

radii DE and DP. Set the odonto- 

graph 80 that the slant edge coincides 

with DE, the point E thus coming 

just at the zero of the scales. Then in 

the "Table of Centres for Flanks," in 

s^o. in. the column for l^-inch pitch, opposite 

20 in the column of "Numbers of Teeth," we find the number 37. 

The position indicated by this number on the "Scale of Centres 
for Flanks," fixes the point A as the centre of the circular arc through 
L, which gives the approximat« form of the required flank. Then 
setting the odontograph in like manner by the radius DP, by a similar 
process we find on the other scale the location of the centre B of the 
circular are through L, which forms the face of the tooth. 

290. It is evident that wheels of the same pitch, laid out by this 
odontograph, are interchangeable, their teeth being in effect epicy- 
cloidal with a constant describing circle. Since half the pitch arc 
measures 30° upon this circle, the wheel of 12 teeth, the least for 
which the distinguished inventor designed it to bo used, will have 
radial flanks. 

Of course the approximating circular arcs will deviate more and 
more from the true curves as the tooth is made longer, and will not 
answer at all for low-numbered pinions. But if the length of Ihe 
tooth be limited by the arbitrary rules given in (201), the instnimcnt 
may be used with confidence for all ordinary purposes when the 
wheels are to be cast, and none have less than 12 teeth. In the case 
of a rtick, the radii DE, DP, of Fig. 168 will become perpendicular 
to the pitch line ; in laying out annular wheels the positions of face 
and flank are transposed, and due attention must be paid to the limits 
in regard to the diameters of the pitch circles, which have already 
been discussed. 
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It is aleo to be remarked th&t the tables which accompany the in- 
strnment do not coatain rsdii of curvature for all the consecatiye 
numbers of teeth. The variation in the correct contonr, due to the 
addition of a single tooth, rapidly diminish^ as the actual number 
increaees, so that practically the same outline serves for the teeth of 
several diSercnt wheels. If then the number assi^ed be not found 
in the table, the nearest number to it is to be taken instead. 

Also, if the given pitch be one not inserted in the tables, the radii 
required may be found by direct proportion from those of other 
pitches which are tabulated ; — for 4-inch pitch by doabling the radii 
for 2-inch pitch, halving those given for IJ inch pitch in order to 
find the radii for |-incb pitch, and so on, as occasion may require. 

Robinson's Odontograph. 

291. This differs entirely from the preceding, both in principle 
and in the manner of using it. In Fig. 169, let VW be an aro of 
the pitch circle, to 
which CT is tangent at 
A, the middle point of 
the tooth, A being the 
half thicknesB, Then 
the odontograph is to be 
BO set that CT shall not 
only be tangent to the 
lower curved edge BFff, 
but also cut the grad- 
uated edge BE, which 

must pass through 0, at P"i- >»■ 

a certain division C, determined by the aid of tables and instructions 
which accompany the instrument. The edge OS is then used as a 
curved ruler for drawing the face of the teeth, after which the odonto- 
graph, being made of thin metal and graduated on both sides, is 
turned over, and the opposite face of the tooth is drawn in like man- 
ner. A different "setting number" is then determined from the 
tables, which brings a different portion of the curved edge into posi- 
tion for describing the flanks of the teeth. By certain modificationa 
in the determination of the setting numbers and in the placing of the 
instrument, involute teeth also can he drawn, as well as epicycloidal 
ones with various describing circles, in either outside or inside gear. 

This remarkably ingenious invention, which has a much wider and 
more flexible range of action than that of Willis, is called the Tim- 
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plet Odoniograph, from the fact that the forma of the teeth are diairo 
by it directly ; and it it be deured to lay out the vhole wheel, its use 
is raach facilitated by attaching it temporarily to a wooden rod or 
radius bar, tnming aboot the centre of the wheel. 

292. Ita conatniction, obriooaly, depends upon the finding of a 
cnire for the graduated edge, of rapidly changing cnrvatnre, and of 
such a natoro that its different portions shall closely approximate to 
the initial p^rts, or those next the pitch circles, of teeth of all pitches 
and sizes, of either the involnte or epicycloidal forme. This very 
pecniiar property Prof. Bobineon has shown, by a long and elaborate 
invest igation,* to be possessed by a certain logarithmic spiral, of 
which form, accordingly, the working edge BCE is made. The other 
ourre BFH, it may be added, is the evolnte of BCE, and, therefore, 
a similar and equal spiral. 

Diarnetral Pitch. 

293, In designing and laying out wheels upon any of the systems 
described, it is necessary to find the circular pitch, to which only 
reference has thus far been made ; not only because it is used in the 
graphic constructions, but because the strength of the tooth depends 
upon its thickness. 

Were there nothing to the contrary, it would be most coDvenient 
to express the pitch in whole numbers or in manageable fractions, as 
S-inch pit«h, |-inch pitch, and so on. But since forcomplete wheels 
the circular pitch must be an aliquot part of the circumference, the 
diameters of the pitch circles will often contain awkward decimals if 
this plan be adhered to ; and practically it is much more important 
to have the diameter a whole number, or a convenient fraction, than 
that the circular pitch should be either the one or the other. 

This consideration has led to the introduction, and the almost ex- 
clusive adoption for cut gearing, of what is called the Diametral Pitdi; 
which is merely the quotient found by dividing the diameter of the 
pitch circle, instead of its circumference, into as many equal parts as 
there are to be teeth upon the wheel under consideration : 
whence, 

_. 1 , T... , Diameter Circular Pitch 

Diametral Pitch = ^, j-^ — -r- > = ^rr r-, -?. — ' 

No. of Teeth 3.1416 

and 

Circular Pitch = Diametral Pitch x 3.1416. 

■ Sea Van Nostnuid's Eclectta Eu^ueoring Msjaainc, Julf , 1670. 
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214. In the uBe of this systein, conTenient tsIubb of the diametral 
piteh ore selected, each being a fraction with nnity for ite numerator 
and tin integer for its denominator, as 1, ^, J, i, -^g, Js, etc. 

The denominators of these fractions only are commonly naed in 
giriog the diametral pitch ; thns an "8-pitch wheel " ia one which 
has eight teeth for each inch of diameter, or whose diametral pitch 
ia I". This is, in fact, merely inverting the fraction, and giving the 

valne of — ^. — — ; thus, let a wheel of IC inches diameter have 

Diameter 

80 teeth ; then, JJ = ^" = diametral pitch, but ^ = 6, and we call 

it a " d-pitch " wheel. By this system the calculations as to diameter 

and nnmber of teeth are made very simple ; as, for example : 

Beqnired, the diameter of a 4-pitch wheel with 37 teeth : 

f^ = 9J = diameter. 

How masy teeth of 16-pitch on a wheel of 3^ diameter ? 

33 X IG = Sa = No. teeth. 

The tooth may be made to project outside the pitch circle a definite 
fraction of the diametral pitch, as in the case of the circular pitch ; 
and thus the size of the blank may be readily ascertained. If this 
projection be made, for instance, 1^ x (diametral pitch), the face of 
the tooth will be nearly aa long as that found by the first of the arbi- 
trary rules given in (201), and the diameter of the blank is deter- 
mined by simply adding to that of the pitch circle 3^ times the 
diametral piteh. 

On (he Manu/acture of Accurate Oear Cutlera. 

In catting a spur wheel, it ia obviously essential that the contour of 
the milling cutter conform precisely to that of the space between two 
adjacent teeth : in order to this the process most extensively, and 
until recently exclusively, employed, involves : 1st, the drawing of 
the required carve ; 2d, the filing of a template to that exact foi-m ; 
and 3d, the turning of the cutter to fit the template. 

The Brat improvement upon this, we believe, was the construction 
by Meaara. Brown & Sharpe, of Providence, H. I., of an iugcnioua 
piece of mechanism called an Epicycloidal Engine, by which the 
curves are traced automatically and with perfect precision upon the 
template by continuous motion. There still remain the two hand- 
»id-eyB operations of filing up the template,* and of turning tbo cntter 

* See Preface to Second Edition. 
12 
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to fit it when done ; and tJiese operatiooB are so delicate and difficult, 
that the exact dnplication of templates, cutters or wheels in this 
manner is well nigh impossible. 

Yet this duplication, it is very eaey to see, is quite as desirable as the 
accurate formation of a single cutter ; and it has been made a matter 
of |)erfect certainty and ready execution by means of two machines 
:recently constructed by Meaers. Pratt & Whitney, of Hartford, Conn. 
Of these, which ore remarkable for the ingenuity and beauty of 
their movements, we will now proceed to describe the principle and 
mode of action, though not the exact details. The whole process 
under this system is mechanical and nearly automatic ; a template 
being — not traced, but milled out, by one machine, which is subse- 
quently used in the other as a guide by which its motions are so con- 
trolled as by another milling operation to finish the contour of the 
gear cutter, whatever the size of the tooth to be cut, to the precise 
epicycloidal form — with a minute and practically unimportant ex- 
ception, as will presently be explained. 
296. The Epioycloidal Killing Engine.* — In Fig. 170, ^ is a portion 
of a fiat ring, fixed to the fram- 
ing; this represents a pitch 
circle! S, is & disc, represent- 
ing the describing circle ; this 
turns freely npon a tubular 
gtud E, fixed in the carrier (7, 
which turns about a. pivot D, 
fixed to the frame at the centre 
of ^ ; by means of the clamped 
socket, capable of sliding npon 
the rod, the position of P may 
be adjusted to suit the radius 
of A, Thus as C moves, the 
disc can roll npon the edge of 
A, and is compelled to do so by 
the fiexible steel ribbon shown 
by the heavy line, which is 
wrapped round and secured to 
both pieces, due allowance for 
its thickness being made in ad- 
justing their radii. ^ is a 
second tubular stud fixed in the 
^°- ^™' carrier, at the same distance 

tiom the pitch circle as the other, but on the opposite side ; the 
• Invented by Mr. Ambroae Swwey. 
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centres of the two studs lying oa a right line through D. Upon these 
two studs turn the two worm wheels FjF", shown in Fig. 171 ; these 
are in a plane atwve A and B, so that the azla of the worm, 0, is 
rertically over the common tangent of the pitch and describing circles ; 
the relative positions of these and other parts will be most clearly seen 
by a study of the vertical section. Fig. 175. The worm O, is sup- 
ported in bearings eeoured to the carrier C, and is driven by another 
small worm turned by the pulley / ; the driving cord, passing through 
suitable guiding pulleys, is kept at a uniform tension by a weight, not 
shown, however C moves. 
Upou the same studs, in a plane still higher than the worm-wheels, 



turn the two discs ff, IT', Pigs. 172, 173, 174 The diameters of 
these are equal, and precisely the same as those of the describing 
circles which they represent, with due allowance, again, for the thick- 
ness of the steel ribbon by which these also are connected. 

It will be undert^tood that each of these discs is secured to the 
worm wheel below it, and the outer one of these to the disc S ; ao 
that as the worm G turns, ^and ff" are rotated in opposite direc- 
tions, the motion of H being identical with that of B ; this last is a 
rolling upon the edge of ^, the carrier C with all its attached mechan- 
ism moving around J) at the same time. Ultimately, then, the motions 
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of H, IF, are those of two eqnal describing circlea rolling in externa] 
and internal contact with a fixed pitcli circle. 

In the edge of each disc a eemicircular recess ia formed, into which 
IB accurately fitted a cylinder, J, provided with flanges, between which 
the discs fit so as to prevent end play ; thia cylinder is perforated for 
the passage of the steel ribbon, the sides of the opening, as shown in 
Fig. 172, having the same curvature as the rims of the discs. Thns 
when these recesses are opposite eocb other, as in Fig. 173, the cylin- 
der J fills them both, and the tendency of the steel ribbon is to carry 
it along with H when C moves to one side of this position, as in Fig. 



\ 
\ / 



174, and along with H" when Oxi 



I to the other side, as in Fig. 
172. 

This action is made positively certain by means of the hooks 
K, K', which catch into recesses formed in the upper flange of 
J, as seen in Fig, 173. The spindles, with which these hooka turn, 
extend through the hollow studs, and the coiled springs attached to 
their lower ends, as seen in Fig. 175, urge the hooks in the directions 
of their points ; their motions being limited by stops o, o', fixed not 
in the discs H, H', but in projecting collars on the upper ends of 
the tubular studs. The action will be readily traced by comparing 
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Fig. 173 with Fig. 174; ae C goes to theright,the hook K' is left 
behind, but the other one, K, cannot escape from its engagemeDt with 
the flange of /; which accordingly is carried along with H by tho 
combined action of the hook and the eteel ribbon. 

On the top of the upper flange of J is secured a bracket, carrying 
the bearings of a vertical apindlc L, whose centre lino la a prolongation 
of that of J itself. This spindle is driven by the spur wheel iV, keyed 
on its upper end, through a flexible train of gearing, not shown ; at 
its lower end it carries a small milling cutter, M, which forms the 
edge of the template, T, firmly clamped to the framing. 

When the machine is in operation, a heavy weight, not shown, acts 
to moTe C about the pivot D, being attached to the carrier by a cord 
guided by suitably arranged pulleys ; tiiis keeps the cutter Jf up to 



its work, while the spindle L is independently driven, and the duty 
left for the worm G to perform is merely that of controlling the 
motions of the cutter by the means above described, and regulating 
their speed. 

The centre line of tho cutter is thus automatically compelled to 
travel in the path RS, composed of an epicycloid and a hypocycloid, 
if ^ be a segment of a circle as here shown ; or of two cycloids, if A 
be a straight bar. The radius of the cutter being constant, the edge 
of the template T is cut to an outline also composed of two curves ; 
sincere radius of Jf is small, this outline closely resembles RS; but 
particular attention is called to the fact that it is not identical with 
it, nor yet composed of truly epicycloidal curves of any generation 
whatever ; tbe result of which will be subsequently explained. 

The diameter of the discs which act as describing circles is 7^ 
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inches, and that of the milling cutter, which shapes the edge of the 
template, is ^ of an inch. 

Now if we make a set of 1-pitch wheels with the:;e describing circles, 
the one with fifteen teeth will have radial flanks. The cunres will be the 
same whatever the pitch ; but, as shown in Fig. 176, the blank should be 
adjasted in the epicycloidal engine so that its lower edge shall be ^ 
of an inch (the radius of the cutter M) above the bottom of the space ; 
also its relation to the side of the proposed tooth should he as here 
shown. And, as previously explained, the depth of the space depends 
apon the pitch. In the system adopted by the Pratt & Whitney Com- 
pany the whole height of the tooth is 2^ times the diametral pitch, the 
projection ontside the pitch circle being just equal to the pitch, so that 
diameter of blank = diameter of pitch circle + f2 x diametral pitch). 

We have now to show how, from a single set of what may be called 
1-pitch templates, complete sets of cutters of the true epicycloidal 
contour may be made of the same or any less pitch. 

7%e Pantagraphic Cutter Engiru. • 
296. In Fig. 176, the edge TT, is shaped by the cutter M, whoso cen- 
tre travels in the path RS, therefore these two lines arc nt a constant 




Fis. ITS, Fra. 117. 

normal distance from each other. Let a roller P, of any reasonable 
diameter, be run along TT; its centre will trace the line UV, which 
is at a constant normal distance from TT, and therefore from RS. 
Let the normal distance between (7Kand .ftiSbethe radius of another 
milling cutter, N, having the same axis as the roller P, and carried 



• Invented by Mr. Francis A. Pratt. 
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by it', bat in a differeot plane, as shown in the side view ; then what- 
ever JVouta will have SS for its contour if it lie upon the same side 
of the cutter as the template. 

Now if TT he a 1-pitch template above mentioned, it h clear that 
JV" will correctlj shape a catting edge of a gear cutter for a l-pitch 
wheel. TliG same figure, reduced to half eize, would correctly repre- 
sent the formation of a cutter for a 3-pitcli irhcel of the same number 
of testh ; if to quarter size, that of a cutter for a 4-pitch wheel, and, 
so on. 

But since the actual size and curvature of the contour thus deter- 
mined depend upon the dimensions and motion of the cutter iV, it 
will be seen that the same result will practically be accomplishod if 
these only be reduced ; the size of the template, the diameter and the 
path of the roller remaining unchanged. 

The nature of the means by which this ie eSected in the Panta> 
graphic Cutter Engine is illustrated in Fig. 177- The milling cutter, 
If, is driven by a flexible train acting upon the wheel, ; its spindle 
is carried by the bracket, B, which can slide from right to left upon 
the piece, A, and this, again, is free to slide in the frame F. These 
two motions are in horizontal planes, and perpendicular to each other. 

The upper end of the long lever, PC, is formed into a ball, workiog 
in a socket which is fixed to B. Over the cylindrical upper part of 
this lever slides an accurately fitted sleeve, />, partly spherical exter- 
nally, and working in a socket which can be clamped at any height 
on the frame F. The lower end, P, of this lever being accurately 
turned, corresponds to the roller, P, in Fig. 176, and is moved along 
the edge of the template, T, which is fastened in the frame in an inva- 
riable position. 

By clamping D at various heights, the ratio of the lever arms, TD, 
DC, maybe varied at will, and the axis of JVmade to travel in a path 
similar to that of the axis of P, but as many times smaller as we 
choose ; and the diameter of JVis made less than it is in Fig. 176, in 
the same proportion. 

The tonplate being on the left of the roller, the cutter to be shaped: 
is placed on the right of Ji, as shown in the plan view at Z, because 
the lever reverses the movement. 

This arrangement is not mathematically perfect, by reason of the 
ungnlar motion of the lever. This is, however, very small, owing to 
the length of the lever ; it might have been compensated for by the 
introduction of another universal joint, which would practically have 
introduced an error greater than the one to be obviated, and it has 
with good jndgment been omitted. 
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The gear cutter is turned nearly to the required form, the notchea 
are cut in it, and the duty of the pantagrsphio engine ia merely to 
put the finishing touch to each cutting edge and give it the correct 
outline. It is obyious that tiiis machine is in no way connected with, 
or dependent upon, the epicycloidal engine ; but by the use of proper 
templates it will make cutters for any desired form of tooth ; and by 
its aid exact duplicates may be made in any numbers with the greatest 
facility. 

Theoretical Defects of the System, 

297, It forms no part of our plan to represent as perfect that which 
IB not 80. And there are one or two facte which at first thought 
might seem serious objections to the adoption of the epicycloidal sys- 
tem. These axo : 

1. It is physically impossible to mill out s concave cycloid, by any 



Fraa, ITB and ITS. 

means whatever, because at the pitch line its radius of curratnre ia 
zero, and a milling cutter must have a sensible diameter. 

2. It is impossible to mill out even a convex cycloid or epicycloid, by 
the means and in the manner above described. 

This is on account of a hitherto unnoticed peculiarity of the curve 
at a constant normal distance from the cycloid. In order to show 
this clearly, we have, in Fig. 178, enormously exaggerated the radins, 
CD, of the milling cutter {^of FigB. 174and 175). The outereurve, 
HL, evidently could be milled out by the outter, whose centre travels 
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in the cycloid CA ; it resemblea the cycloid somewhat in form, and 
preeentA no remarkable features. But the inner one is quite different ; 
it starts at D, and at first goes down, ifiside the circle whose radius is 
CD, forms a cusp at E, then begins to rise, crossing this circle at Q, 
and the base line at F. It will be seen then that if the centre of the 
cutter travel in the cycloid A C, its edge will cut sway the part QED, 
leaving the template of the form 001. Now if a roller of the same 
radius CD, be rolled along this edge, its centre will travel in the cy- 
cloid from A, to the point P, where a normal from O cuts it ; then 
the roller will turn upon as a fulcrum, and its centre will travel 
from P to C, in a circular arc, whose radius is GP = CD. 

That is to say, even a roller of the same size as the original milling 
cutter, will not retrace completely the oycloidal path in which the 
cutter traveled. 

Now in making a rack template, the cutter, after reaching C, 
travels in the reversed cycloid CH, its left-hand edge, therefore, mill- 
ing out ^ curve DK, similar to HL. This curve lies wholly outside 
the circle i>/, and therefore cuts 00 at a point between /'and G, 
very near to 6. This point of intersection is marked S in Fig. 
179, where the actual form of the template OSK is shown. The 
roller which is run along th is template is larger, as has been czplstned, 
than the milling cutter. When the point of contact reaches iS (which 
is so near to Q that they practically coincide), this roller cannot now 
swing about 8 through an angle so great as POCot Fig. 12 ; because 
at the root D, the radius of curvature of DK is only equal to that of 
the cutter, and O and S' are bo near the root that the curvature of SK, 
near the latter point, is greater than that of the roller. Consequently 
there must be some point U in the path of the centre of the roller, 
such that, when the centre reaches it, the circumference will pass 
through S, and be also tangent to SK. Let The the point of tan- 
gency ; draw SU and TU, cutting the cycloidal path AR in X and 
Y. Then, Z7K being the radius of the new milling cutter (corre- 
sponding to Not Pig. 0), it is clear that in the outline of the gear- 
cutter shaped by it, the circular arc XY will bo substituted for the 
true cycloid. 

TJie System Practically Perfect. 

206. The above defects undeniably exist ; now, what do they amount 
to ? The diagrams. Figs. 178 and 179, are drawn purposely with 
these sources of error greatly exaggerated in order to make their nature 
apparent and their existence sensible. The diameters used in prac- 
tice, as previously stated, are : describing cirele, 7^ inches ; cutter 
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for shaping template, i of an inch ; roller used against edge of tem- 
plate, 1| inches ; cntt«r for shaping a 1-pitch gear-cutter, 1 inch. 

With these data the anthor has found that the lolal length of the 
arc XY of Fig. 179, which appears instead of the cycloid in the oat- 
line of a cutter for a 1-pitch rack, is less than 0.0175 inch ; the real 
deviaiioti from the tnie form, obvionsly, must be much less than that. 
It need hardly be stated that the effect upon the velocity ratio of an 
error so minute, and in that part of the contour, is so extremely small 
aa to defy detection. And the best proof of the practical perfection 
of this system of making epicycloidal teeth is found in the smoothness 
and precision with which the wiieels run, in which respects theyhaye 
proved, after gome years of trial, to be unsurpassed. And we repeat, 
that objection taken, on whatever grounds, to the epicycloidal form 
of tooth, has no bearing upon the method above described of produc- 
ing duplicate cutters for teeth of any form, which the pantagraphic 
engine will make with the same facility and exactness, if furnished 
with the proper templates. 

On the Determination of a Series of Cutterf. 
296. In making a set of interchangeable wheels, upon any system 
whatever, every additional tootli changes the diameter of the wheel 
and the form of the acting curves^ so that in order to secure absolute 
theoretical accuracy, it would be necessary to have as many different 
cutters as there arc wheels. This is clearly out of the question, and 
fortunately, the proportional increment, and the actual change of 
form, become less as the wheel becomes larger; and this alteration 
in the outline soon becomes imperceptible. Going still farther, we 
can presently add more than one tooth without producing a sensible 
variation in the contour. That is to say, several wheels can be cut 
with the same cutter, without introducing a perceptible error. Pro- 
ceeding in this way we reach the conclusion, that instead of an infi- 
nite number of cutters, a quite limited number will suffice to cut all 
the wheels of such a set, from the smallest up to a rack, with a sufifi- 
cient degree of accuracy for all ordinary purposes. We have then to 
decide how many cutters shall be made, and also for what numbers of 
teeth these should be Epecially adapted. The answer to the first 
question evidently depends upon how great a deviation from absolute 
accuracy is considered admissible. In regard to the second, it appears 
reasonable, not to say asiomatic, that errors should be uniformly 
distributed through the series, and that this will be eSected by mak- 
ing the greatest difference in form the same between any two conseo- 
ntive cutters. 
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300. In relation to this, J^feEsor Willis says : 

" it appeared worth while to inyeetigate some rule by which 

the necessary cutters could be determined for a set of wheels, so as to 
incur the least possible chance of error. To this effect 
I calculated, by a method sufGciently accurate for the 
purpose, the following series of what may be termed 
equidistant values of cutters ; that ie, a table of cut- 
ters so arranged, that the same difference of form ex- 
ists between any two coDsecutivo numbers," Ho gives 
us no clue to the method by which these numbers were 
found, nor any explanation of the sign x , which ap- 
pears in two places. The teeth are epicycloidal (the 
describing circle being such as to give radial flanks to 
the wheel of 13 teeth), and huve "the usual adden- 
dum" — of which the exact amount is not stated. We 
here insert the figures as ho gives them,* only num- 
bered in the reverse order ; stud they appear to have 
been extensively adopted in practice, and that too 
under varying conditions, which, as will presently be 
shown would affect the values of the terms of a truly 
equidistant series. 

301. The only rule or formula for computing such 
a series that we have met with, is given by Mr. G. B. 
Grani^ as follows : 



in which 

a = the number of teeth on the least wheel, usually 13 
z= " " " " *' " greatest " " ae> 
n= " " " cutters in a series to cut from o to « 
8= " " in the series, of any particular cutter 
t= " " of teeth on the last wheel to be cut by 8. 
This formula is based upon the following hypothe- 
sis : The pitch arc is greater upon the outside of the 
wheel than on the pitch circle, by an amount which 
in wheels of equal pitch and constant addendum, de- 
pends upon tho number of teeth ; the smaller the 
wheel, the greater is the difference, and vice verso, 
the ares being equal in tha case of a rack. Now selecting any two 

* " Principles of Mechaniim," p. 141. 
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wheels as the least and greatest, of a series, it is possible to interpolate 
others whose nnmbera of teeth are such that this difference, between 
the pitch arc as meaanred on the piU:h circle and on the oxtrome 
perimeter, shall be the same for each : and these numbers are the 
yalues ot t aa found by Mr. Grant's formula, in which it is assumed, 
althongb upon what ground is not apparent, that the conBccutive 
wheels of such a series will differ equally throughont in respect to the 
outline of the tooth. The proper location of each cutter in its own 
interval, is determined by doubling the number of terms in the series, 
and talcing each alternate value of ^ as the number of teeth for which 
the preceding cutter is to be made exactly correct. 
It may be admitted that tolerably close approximations, or even 




correct results, may be obtained by this formula under some condi- 
tions. But it contains no internal evidence as to when or whether 
this will be the case — it is independent of all the elements of the 
problem which affect tho form or the length of the tooth, and should, 
therefore, if true at all, be applicable to all systems and under all 
circumstances. Which would be very convenient, unquestionably ; 
but these elements cannot bo eliminated without vitiating the results 
and destroying the "equidistant" characteristic of the series. 

302. This is best illustrntcd by considering the question in relation 
to the cpicydoidal system, which, at least, admits of a direct and 
exact solution. In Fig. 180, let C be the centre of tho describing 
circle, VW an arc of the pitch circle of the smallest wheel, and 1} 
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its centre ; also let AFhe the addendotn. Then a circle througli F 
about centre D determines the nrc AB of the describing circle, which 
by rolling upoa an eqnal arc AH ot the pitch circle traces the epicy- 
cloidol face Bffot the tooth for that wheel. Again, F^ perpendic- 
ular to CD cuts off an arc AE, which by rolling upon the tangent at 
A describes the cycloidal face B6 for the tooth of a rack- 
Extending the tangent line toward tho right, set oS upon it AI = 
arc AM = ^ space, and draw IL, MP, respectively similar and equal 
to OE, HB. Then regarding CD as the central plane of a series of 
cotters, it will be seen, by comparing this figure with the following 
one, which represents a section of a milling cntter at work, that MP 
irill bo the contour of the base of the one for the smallest wheel, and 
IL the corresponding line of the cutter for the rack. 

Proceeding iu a similar manner with other pitch circles, it is ob- 
vioos that tho faces for all intermediate wheels will lie between MP 
and IL, their highest points lying in a conrc LP ; 
which is shown ou & larger scale in Fig. 183. Now 
these epicycloids diverge and differ in form from each 
other the more the farther they extend from the 
pitch circles ; if then they be so selected as in this 
figoie that they divide the locns LP into equal parts, ji^ 
the greaieit variation of each from the one next ii 
order will be constant for the whole series. ^°' '"' 

And this is sufficient for our purpose, it being self-evident that the 
errors of which the distribution is to bo equalized, should bo taken 
at the maximum ; and again, it is not necessary to take into consid- 
eration the flanks of the teeth, to which tho like method is equally 
applicable, because they vary from each other to a much less extent 
than the faces. 

303. We have, then, a key to the perfect solution of the problem. 
The first step is to determine LP ; this is done by assuming various 
pitch circles, and constructing the face for a tooth of each, arranging 
these with reference to the point A as above described, until a suffi- 
cient number of points have been located to enable tho curve to be 
properly developed and drawn. Having decided upon the number of 
cutters in the proposed series, LP is to bo divided into a correspond- 
ing number of equal parts. In regard to tho practical execution of 
this process, it may be remarked that although tho curve LP may bo 
of a complicated nature, since it has a sort of transcendental depend- 
ence upon the epicycloid, which is itself transcendental, yet in the 
portion of it with which we hare to deal in connection with wheels 
ranging from twelve teeth up to a rack, its curvature changes so 
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Blightly that it may vitliont causing any appreciable error be consid- 
ered as a circular arc. 

We have next to find the radius of the wheel, whoso tooth would 
fall at each .point of subdiviBioti ; thie ie readily done as shown in Fig. 
180, thue : let S be one of these points upon LP, we have but to 
draw FS, and bisect it by a perpendicular, which latter line will cut 
CD at 0, the centre of the required wheel. 

This determines the limits between which each cutter is to he used : 
thus, if in Fig. 182 wo suppose a series of four cutters to be required, 
PM being the face of the smallest wheel and LI that of the largest, 
then the first cutter must cut from P to Q, the next from Q to S, 
and so on. Evidently, each cutter should be made exactly right for 
a wheel whose tooth would fall at the point bisecting the arc of LP 
which limits its range of action ; so that the location of the first is 
found by dividing PQ in half, and determining as above the radius 
of the wheel corresponding to this point of division. 

304. The same general mode of proceeding may be employed with 
teeth of any form, the operation of determining pointa in the locus 
LP differing in detail according to the peculiarities of each system 
of gearing. It is apparent that this process requires us to take into 
account iu every case not only the addendum, bat the path of con- 
tact. The fact that the latter is in the epicycloidal system identical 
with the describing circle, renders comparatively simple what in other 
systems might be very complicated, and enables us by ordinary trigo- 
nometrical operations to locate any required number of points in LP 
with great accuracy. 

And pursuing this line of investigation, we find that the curvature, 
position and magnitude of LP are affected by changes in cither 
the length of the tooth or in the diameter of the describing circle, in 
such a manner and to such an extent as sensibly to affect in turn at 
least the higher values of a series of equidistant cutters. 

Now it costs no more to make or to use a correct series than an in- 
correct one ; and in adopting the epicycloidal system, there is no 
excuse for resting contented with approximations, close or other- 
wise, since by the process above outlined, results may bo obtained 
which are exact to a. single tooth. On this account, and also because 
this system has been and is likely to be more extensively employed 
than any other, we have made the required determinations with great 
care, in order to redirbe the magnitude, and correct the unequal dis- 
tribution, of errors in tho series in use. 

SOS. First, taking the diametral pitch as unity, with a describing 
circle with diameter = ?i, and addendum = 1, the locus LP was 
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accarately detemuQed by calculating the positions of a great nnmber 

of points. This curve is shoWD, greatly enlarged, in Fig. 183, LN 

iu this figure corresponding to the same line in Fig. 180, being the 

perpendicular let fall 

from L upon PR. 

The numbers upon 

the horizontal ordi- 

natea indicate the 

diameters of thepitch 

circles assumed for 

the computations, or, 

what is the same ' 

thing, the numbers of 

teeth. ""■ *** 

Next taking any point thus determined, at pleasure, and assuming 
it to lie upon a circle passing through L and P, the radius of that 
circle was calculated — ^which being repeated for various other points, 
the close agreement of tiie radii proved that for the purpose in view 
the curve might be regarded aa a circular arc. Upon this assumption, 
the location of any point of subdivision, with reference to GD&a& the 
point F of Fig. 180, is known, and the number of teeth upon the 
wheel from which that point would have been derived, can be calcu- 
Isted trigone metrically ; this converse process is quite different from 
that by which a point upon the curve is found, so that the concordance 
of the results affords a rigid test of the accuracy both of the work and 
of the whole method. 

It was not to be expected that the points of exact subdivision of 
this curve should correspond precisely to whole numbers of teeth ; on 
the contrary, fractional terms were to be looked for as a matter of 
course, bnt since the series must in practice consist of wliolo numbers 
only, the nearest integer was taken in each case. 

306. It will be observed that the middle point of LP lies very close 
to the ordinate for the wheel of 24 teeth. Therefore, in a set of 34 
cutters, a separate one should be made for ench wheel from 12 to 23 
teeth inclusive, thus confining both the errors and the calculations to 
the 13 subdivisions of the upper half of the curve. 

A series thus determined is given in the first column of the com- 
parative table following: in regard to which it should be stated tliat 
the 24th cutter is practically used only for very largo tokeels, an extra 
one being added for the rack. 

When this describing circle of 7^ was first introduced, a series of 
cutters was employed, the values for which are given in the second 
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colnmn ; these flgarea were copied from those of Prof. Willia, irith 
the omission of his nnintelligible sign x , and the interpolation of a 
cutter for 18 teeth. 

In both cases, the cntters nsed for only one wheel each are correct ; 
and the others being " equidistant " in the first series, we have for the 
purpose of a graphical comparison set np in Fig. 184, at equal inter- 
im rals, an ordinate fo:f 
—^ each cutter, of a 
length proportional 
to the number of 
teeth upon the small- 
est wheel for which it 
is to be used, as given 
in the first column ; 
the curve AA thus de- 
termined, then, rep- 
resents the true serieB. 
""■ *■ The intention waa to 

make the second series also "equidistant," and with the same differ- 
ence between consecutive numbers as in the first; accordingly the 
curve BB is constructed by setting off on the same ordinates the cor- 
responding numbers in the second column ; and the discrepancy 
between these curves exhibita very clearly the inequality in the dis- 
tribution of the errors in this series, the use of which was promptly 
abandoned as soon as this waa pointed out. 

In the third column wo havo a series computed by Mr. Qrant's 
formula, applied to determine the values for 12 cutters to cut from 
2i teeth up to a rack, the first 12 being made exact, as in the other 
cases. This formula, as already stated, would give the same results 
for any describing circle and any addendum ; but changes in these 
will in fact sensibly affect the values of the terms in this series. For 
csamplc, Prof. Willis made use of a describing circle whose diameter 
is half that of the wheel of 12 teeth ; calling this diamei«r, then, 6, 
and the addendum unity aa before, we find the corve LP to be differ- 
ent from that corresponding to the larger describing circle before 
used. Its middle point, however, still lies bo close to the ordinate 
for 24 teeth, that the upper half of the curve only need be dealt with 
in computation, and the correct series with these data is given in the 
fourth column. Again, taking the original describing circle of di- 
ameter = 7^, but reducing the addendum to i, the values for the 
series of 24 cutters appear as given in column fifth. By comparing 
this with the first column, it will be seen that the higher values only 
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are affected hj this reduction of the addendum ; and it is important, 
since a series once adopted is in the nature of things inflexible, and 
jet it maj at times be necessary to reduce the addendum for the pur- 
pose of varying the amount of approaching or receding action, to note 
that eren these values are affected in a far less proportion than that 
in which the difference between the consecutive cutters is reduced. 

This win be clearly seen by the aid of Fig. 185, in which the cnrves 
0, B, C, represent the locus LP of Fig. 180, for the first, fourth and 
fifth columns respectively ; o, S, and c being the corrospondiag centres 
of curvature. 

Taking the twenty-fourth part of each of these curves as the 
greatest difference ta form between the consecutive cutters of the 
series to which it belongs, we have the following values ; 

/ I. 0.0156645. 

Linear Variation. ] IV. 0.0158606. VI. 0.0147569. 

( V. 0.0046068. 

307, We do not consider it worth while to discuss the determination 
of any series consisting cf a less number of cutters than 34, because 
the tendency of modem practice is for- 
tunately more and more toward the at- 
tiunment of the greatest accuracy con- 
Bistent with a reasonable expenditure ; 
and this would call for an increase rather 
than a diminution of the nnmbera. Wc 
therefore, give, finally, in the sixth 
column of the table, a series of S7 cut- 
ters especially constructed for use in 
connection with the epicycloidal and 
pantagraphic engines above described. 
Of these, 14 are exactly right, there 
being one for each wheel from 12 to 25 
teeth inclusive ; the next 13 are com- 
pntcd to cut from 36 teeth up to a 
rack ; but the 26th is used only for 
wheel* having 323 teeth or upward, an extra cutter being added for 
the rack. 

Much smaller series have been employed, some makers contenting 
themselves with even so few as eight cutters for all pitches ; this, as 
an examination of Fig. 183 will show without further argument, can 
hardly be said to give a reasonable approach to accuracy, especially 
in the case of wheels with comparatively few teeth. Others again 
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have used eight for Btnall pitches, increoBing the nnmber of cntten 
OS the pitch of tlie tooth incrooEcs, This practice seems to be based 
on the idea that the actual amount of error in the form of the catt«r 
only ia to be taken into account ; which may be tenable if the forma- 
tion of tbe templates and cutters be dependent npon hand-and-eye op- 
erations, but not otherwise ; since the proportionate error, and the effect 
npon the Telocity ratio, will be the same whatever the size of the tooth. 
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;. TmsTXD Spur QKAXisa.—Hooke'g Stopped Wheels. Twisted Wheels. Rota- 
tion not due to Sonw-like Action. Eliminfttioa of Sliding. Kentralisation 
of End Pre«Buie. 

3. PiH Qbabiho,— Oeneration ol GlemeDtarf Tooth. Derivation of Worlctng 
Tootli. Pecnli&rities of the Action. Racks and Pinions. Annular Wheels. 
Determination of An^^le of Action. Detennination of Limiting Namben 
ot Teeth. Wheels with Radial Planes. 

8. Noir<cmcuuB Sras Oeabdo.— Cktnstruction of Teeth for Elliptical and Lobed 
Wheels. 



Twitted Spur Gearing. 

308. Hooke'i Stepped Wlioe]i — Let a pair of ordinarj Bpnr vheela, 
loose upon their shafts, be cut transTersely into a number of plates. 
Let these sections of one of the wheels be first rearranged by rotating 
them until, as in Fig. 186, the tooth of each overlaps that of the pre- 
ceding ono by the same amonnt, and then firmly keyed upon the 
shaft. In passing to the new 
position, each plate will drive 
that section of the other wheel 
with which it is in gear, inde- 
pendently of the others. Thns 
tha second series of plates will 
necessarily be arranged iu a 
similar manner, and these 
being now also secured upon 
their own shaft, we have a 
pair of the Stepped Wbeeli 
first introduced by Dr. Hooke. ^'°- '* 

By this ingenious device the number of teeth is in effect increased 
without diminishing their size. Thus, the figure shows a wheel built 
up of four plates, or thin wheels ; supposing each to have say 20 teeth, 
the resulting action is clearly the same as that of a single wheel of 
80, while the fact that the acting faces lie in different planes, enables 
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118 to retain the original pitch. The adTantages are obTions ; not 
only is the number of contact points increased, bnt they cross the 
line of centres at shorter internals ; and the action is at its best vhen 
this oocnrs. 

The teeth may have any of the forms already described ; and the 
extent to which they overlap is, abstraotly speaking, arbitrary. Bnt 
clearly the best arrangement is to have the edges of the sncceseive 
teeth divide the pitch arc AB into equal parts, as shown in the figare. 
There are in this case fonr plates, and consequently the arc AC, 
throagh which the last plate is rotated from its original position, is 
equal to J AB. And in general, letting n = No, of Plates, we shall 



'(^)- 



309. In the practical employment of wheels thns Gonstract«d there 
is a limit to the reduction in the thickness of the plates or st^ps, de- 
pending OR the material used and the pressure to be transmitted, 
since if excessively thin they will suSer from abrasion. So long as 
actual steps of sensible thickness are used, however, the kinematic 
action diSers in no respect from that of any other spur wheels, and 
the lines of action all lie in the planes of rotation. 

If the nnmber of platea, then, be finite, it must be comparatively 
small ; yet if it be increased to infinity the arrangement again becomes 
perfectly practical, but the action is modified in a new and peculiar 
manner. 

Tho steps now disappear entirely, as in Fig. 109 ; and the effect is 
the same as if the original wheels had been simply twisted, as ex- 
plained in (175). In this process the nature of the acting surfaces is 
changed. They were in the first place cylindrical, the bases being 
the involutes or epicycloids forming the outlines of the teeth, and 
the rectilinear elements being parallel to the axes. Since the twist- 
ing IS nniform, these elements now become helices, all having the 
same pitch, hut obliquities differing according to the distances from 
the axes. And the line of contact between two engaging teeth will 
partake of tho helical form, though it will not be a true helix. For 
it is clear that the transverse sections, by suceossive planes, will be the 
original tooth outlines in successive phases, and in each section there 
will be a point of tangency, which must lie in tho projection of the 
path of contact on a transverse plane. 

310. Now, in regard to the common normal at any point of con- 
tact. Pass throagh the point a transverse plane, which cuts out the 
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tooth ontlines jast mentioned ; draw tbeir common tangent, and alBO 
the common tangent of the tvo helices which pass throagh the point ; 
these two Hae-B determine the tangent plane, and the normal most bo 
perpendicnlar to both. The first lies in the transTerse plane, hut tho 
latter pierces that plane obliquely. Consequently, the line of action 
can in no case lie in a plane of rotation, but will make with it on 
angle more or leas acute. In general, then, tho line of action can be 
resolred into three components, viz. : 

1. The component of rotation, perpendicnlar to the plane of the 
axes. 

3. The component of side pressure, parallel to the common perpen- 
dicular of the axes. 

3. Tho component of end pressure, parallel to the axes themselves. 

When the point of contact lies in the plane of the axes, the second 
of these components of course ranishes ; of which fact, as will pres- 
ently appear, advantage may he taken in go forming the teeth that 
there shall bo no sliding between them, 

811. When the wheels are thus formed by twisting, instead of with 
successive steps of sensible thickness, the combination is known as 
Hooke's Spiral Gearing; and is yery commonly described and classified 
OS a modification of screw gearing. 

That this is an error will he, perhaps, most clearly Been from the 
considerations, that the direction of the twist does not aSect that of 
the rotation, and ita amount does not aftect the velocity ratio. Be- 
garding the wheels as built np of exceedingly thin plates or laminse, 
each one of those composing tho driver turns the corresponding one 
of the follower precisely as though the thickness were sensible, not 
only during the formative process of twisting but after. On reach- 
ing the limit when the plates become planes and the elements of the 
tooth surfaces become helices, the action is modified by the deflection 
of the common normals from the planes of rotation ; but regarding 
the driver as a screw, its endlong thrust being perpendicular to those 
planes, may have either direction and any magnitude without affect- 
ing the direction or velocity of the transmitted motion. Whereas in 
screw gearing proper, this endlong thrust either lies in a plane of r&- 
tation or has a component whiob does, and this component is the one 
which produces the rotation of the follower. In thatclassof gearing, 
then, the driver turning in a given direction, the follower will turn 
one way if the driver be right handed, but the other way if it be left 
handed ; and the screw pitch of the driver will obviously affect the 
velocity of the imparted motion. 
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312. From the very nature of the twisting process, aa above ex- 
plained, it 18 evident that if the screw pitch of one wheel of a pair be 
assumed, that of the other is thereby fixed. And it may readily be 
ascertained, because if the teeth be indefinitely increased in nnmber 
and diminished in size, any two which are in contact will ultimately 
become two tangent helices lying on the Burface of the original pitch 
cylinders, and mnet, therefore, develope into the same ri^t line on 
the oommon tangent plane, as in Fig. 32. 

Again, it makes no difference in which direction we twist the first 
wheel ; hnt it follows at once from the preceding that if the pair be 
in outside gear, the helical elements of one will be right handed, 
those of the other left handed. In the case of internal gearing, on 
the contrary, the helices of both wheels will be either right handed 
or left handed, as the case may be. 

3131 PraoUoal Choice of the Screw Fitch. — Although, as has been 
stated, the amount to which sncb wheels shall be twisted is abstractly 
optional, with the limitation mentioned in the preceding paragraph, 
yet in order to reduce the obliquity of action and the consequent end 
thrust it is best to make it in practice as small as may be, consists 
ently with securing the advantages due to twisting them at nil. 

K^ow when, as thus t&r supposed, any of the ordinary forms of spur 
teeth are used, the angle of action is greater than the pitch, so that in 
any given transverse plane the action of one pair begins before that 
of the preceding pair ends. Consequently if a wheel of any given 
depth measured in the direction of the axis de twisted through an 
angle equal to the pilch of t!ie teelh, ti\\ the phases of the action will 
at all times be simultaneously presented, and there will always be a 
point of contact in the plane of the axes. 

This then maybe taken as a good practical limit; and it agrees 
with the dednction made in (306) when the number of steps becomes 
infinite ; — for the expression there given. 



AC=AB 



i^)' 



whence if » = ea, we have AC = AB. 
314. Elimination of Sliding Friction. — If the teeth be so formed that 
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in any one plane tho contact not only begins but ends on the line of 
centres, continning but for a single instant ; then the point at which 
this contact occara, which is of course upon the surface of each pitch 
cylinder, will be the only point of tangency between the tooth Burfaces. 
In the next instant this driving point will be found to have shifted 
to the consecutive plane, and so on continaally, thns moving endlong 
in the common element of the pitch 
cylinders. Under the circumstan- 
ces there is no sliding friction, since 
the coincident points of the acting 
' surfaces are at every instant moving 
in the same direction and at the 
same rate. 

In order to comply with the above 
condition, the teeth may be formed 
as shown in Fig. 187 or as in Fig, 
188. In the former, the ontlines 
are epicycloidal, but the describing 
circles for the faces are smaller than 
those used for tracing the correspond- 
ing flanks. In the second case, sup- '"- '*^- 
pose the teeth origindly to have been mvolat«s, as shown in tho dotted 
lines, the flank proper, or part within the pitch circle, is still of that 
form, but the iace, or part without, is of greater cnrvatare, tboagh 
it is tangent to the inner part at its intersection with the pitch circle. 
In general, then, it will be 
easily seen, it is necessary 
that when the point of con- 
tact is on the line of cen- 
tres, as in either one of 
these figures, all the con- 
tour lines which pass through 
that point shall be tangent 
to each other, but the faces 
must lie within the curves 
which in ordinary spur gear- 
ing would be conjugate to 
the flanks determined on. 
A very simple conatruction 
ft»- ws- on the epicycloidal basis is 
shown in Fig. 189, the tops of the teeth being semicircles tangent to 
the flanks, which are radial, at their extremities. 
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The action of plain spur wheels thas formed vonld, of coane, be 
correct only at the instants here represented ; bat by the simple ex- 
pedient of twisting them, so that the action on ceasing in one plane 
is continued in the next, these instants become consecatiTe, the ve- 
locity ratio is made constant, and the rotation is transmitted by pnre 
rolling contact On this last account, as might be expected, the 
action of these wheels is exceedingly smooth 
and noiseless, almost as much so, if they be 
well mode, as that of belting; bnt they are 
better suited for light work, because the pres- 
' Bare is confined to a single point instead of 
being distributed along a line. For heavy work 
it is, therefore, preferable to employ the stepped 
wheels, or twisted ones in which the teeth, as 
in Fig. 18E>, are of the usual forms, although 
the sliding friction still remains. 

31fi. Hentralizatian of End Freume.— But the 
end pressure due to the screw-like action will 
exist, even after the forms of the teeth have 
been modified as above explained. What now 
occurs during the rotation, as will be evident 
from a moment's study, is precisely equivalent 
to the rolling together of two helices, one on each pitch cylinder, 
as illustrated in Fig. 32. And this end pressure, which must be re- 
ceived by a collar on the bearing, causes an amount of friction which 
it is desirable to avoid. 

This disadvantage may in its tnm be 
obviated by the means indicated in Fig. 
190. Each wheel is made in two partA of 
equal thickness, which are twisted in oppo- 
site directions, but to the same extent. 
The end thrust of one part, then, is ex- 
actly counterbalanced by that of the other : "^ ""• 
and since the action now involves pure rolling contact only, this may 
be regarded as the very perfection of geared wheel- work. 

Pin Gearing. 

316. The term Eployoloidal is in it« ordinary use applied only to 
teeth all of which have both faces and fianks whose describing curves 
arc circles. 

There is, however, a form of gearing, in which the teeth of one 
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wheel of s pair aro trno epicycloids only at a theoretical limit, upon 
reaching which tboee of the other vbeel become mathematical 
points. The latter aro in practice actually made cylindrical piiis 
of reasonable diameters, which fact baa given rise to the name 
Pin Gearing; and the former in consequence deviate considerably 
from the epicycloidal outline whence their working contours are 
derived. 

In Fig. 191, C and D being the centres of the pitch circles, let a 
marking point be fixed at A in the circamfcrence of the upper one. 
Then while this ixtint goes to E, in the progress of the rotation, it 
will trace upon the plane of the lower circle the curve EB ; the arcs 
AE, AB, being equal. This, evidently, is the familiar epicycloid, 




generated by rolling the upper pitch circle upon tho lower. Mean- 
time, since the marking point does not change its position in the cir- 
cumference of the upper circle, it can trace no curve at all upon its 
plane, 

liow let AF be a curve similar to BE, and imagine a pin of no 
sensible diameter — a rigid material line — to be fixed at A in tlie 
upper wheel. Then if the lower one turn to the right, it 
will drive the pin before it with a constant velocity ratio, the 
action ending at E, if the driving curve be terminated at Fw here 
shown. 

317. Supposing AE to bo an aliquot part of the circumference, and 
assuming it as the pitch arc, we have only to set the pins at equal 
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distances in tho apper circle, and after dividing the lower one, to 
draw throngfa the points of division the i-eversed carves ns shown : 
this done, the elementary wheels are complete and capable of working 
in either direction. From these the practical ones are derived as in 
Fig. 192 ; the pins being made of sensible magnitude, the outlines 
of the teeth apon the other vliee! are carves parallel to the original 
epicycloids. The diameter of the pins Is usually abont equal to the 
thickness of the teeth measured on the pitch circle, the radius being, 
therefore, ono fourth of tho pitch arc ; this, however, is not impeia- 
tivo, and the pins are sometimes made considerably smaller. When 
the radius has been selected, a number of area ore described with it, 
having their centres upon the epicycloid, and the envelope of these 
arcs is the required contour of the working tooth. 

The pins are ordinarily supported at each end, two discs being 
fixed npon the shaft for the purpose, as in Fig. Ill : thus making 
what from its form is called a lantern wheel or pinion. 

318. Peonliaritin of tiie Action. — ^emost striking feature of wheel- 
work of this kind is, that the action is almoEt wholly confined to one 
side of tlie line of centres. 

In the elementary form, this is n direct and obvious consequence 
of the manner in which the tooth is generated. Thus, in Fig. 191, 
if the carve ^ J' drive, the action cannot begin until its root reaches 
the point A on CD, and is entirely receding ; if on the other hand 
this curve be driven by the pin, tho action will terminate at the same 
point A, and will bo entirely approaching. 

Consequently, pin-gearing is not well adapted for use in combina- 
tiona which require the same wheel both to drive and to follow. But 
when that is not required, this peculiarity of the action is greatly in 
its favor ; tho pins of eoni-se being always given to the follower and 
tho tooth to the driver. And previously to the introdnction of cut 
gearing, it was very extensively employed, even for heavy work ; the 
facility of forming the pins, or staves, of the lantom pinions, in the 
lathe, especially adapting it for the construction of wooden wheels. 
At present its use is almost exclusively confined to clock-work and 
similar light mechanism, the pins being made of steel wire cut to the 
proper lengths. 

319. It has heretofore been taught, in all the treatises upon this 
subject which have come to our notice, that when the pins are made 
of senBible diameter, ns in working wheels they always must be, the 
above-mentioned peculiarity is modified and a certain amount of ap- 
proaching action introduced in every case. 

The fact was too patent to escape notice, that the expansion of the 
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pin from the theoretical point iato the practical circle, had the result 
of shortening the driver's tooth and reducing the amount of receding 
action. But while this palpable effect of the netr condition upon the 
time when the action shall end vaa duly recognized, no one seems 
ever to have inquired whether the same condition might not also affect 
the time when the action shall begin ; and it appears to have been 
taken for granted that it wonld not. 

Thus in Fig. 193, the pin E is just quitting contact with the tooth 
which drires it ; and the theory as hitherto laid down is based upon 
the assumption, that correct driTing contact with the next pin A is 
just beginning when it occapies the position here shown ; thus giving 
an arc of approach about equal to the radius of the pin, and making 
this as it stands an exact limiting case. 

It will presently be shown that this assumption is erroneous, and 
that the next tooth is not, in general, tangent to the pin A when in 



ita present position. The error itself is physically small, which may 
account for its having remained so long undetected ; but its effect is 
of very perceptible magnitude ; not only changing very greatly the 
amount of approaching action, bnt in many cases making that action 
absolutely negative, the first driving contact between each tooth and 
its pin not occurring until after the latter has bodily passed the line 
of centres. 

380. Fin-WhMl and XadL— Since the pins are always given to the 
follower, the constntction of a rack will present two cases. If it is to 
be the driver, as in Fig. 193, the elementary tooth is bounded by 
cycloids, generated by the pitch circle of the wheel ; from which the 
outlines of the working tooth are derived aa above explained. 

Kn-Eaok and Wheel.— In Fig. 194, the wheel is to drive, and the 
tcoth-outlino ia the involute of its own pitch circle, the generatrix 
being the pitch line of the rack. It is usually stated that it is unneo- 
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eesaiy to conatractthederivedcnrre, since "this process wonld merely 
reprodaco the same inyolnte in a different poBition."* Althongh this 
is the trath, it is not the 
whole tnith ; and the part 
which is lacking, will be 
tonnd to vitiate the resolta 
deduced from the part which 
is given. 

321. toiidsPinaearinfl:. — 
Here also we hare two dis- 
tinct cases, since the annular 
wheel may be required either 
to drive or to follow. In 
Pig. 196, the pinion drives, 
and the pins are given to 
the wheel. The outer pitch 
Fib. 198. circle, then, by rolling upon 

the inner, generates the internal epicycloid which forms the element- 
ary tooth of the pinion. In Fig. 196, the wheel drives, and its ele- 
mentary tooth is the bypocycloid traced by rolling the less circle 
within the greater ; in both casea the curves for the working teeth are 
derived in the nsoal manner. If the annular driver be twice as la^ 



Fts. 1M. Fla. in. 

aa the pinion, the hypocycloid becomes a right line, and the process 
of derivation gives simply another right line parallel to it. Avery 
practical construction in this case is shown in Fig. 197 ; the pinion baa 

■ Willis. (Principles of Mechanism, p. 06.) 
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bat two pins, which tarn in blocks eliding in the two slots which, cross- 
ing each other at right angles, conBtitute tlie disguised annularwhcel. 

388. Practioability of Aanuued Conditioiu. — It is hardly necesaary to 
state that there are definite relations between the pitch arc and arc 
of action, the diameter of the pin and the height of the tooth, anch 
that all these cannot be assumed with any certainty that the result 
will be a practicable arrangement. The precedingflgures give merely 
an idea of the general principles and the general appearance of the 
Tarious modifications ; and we bare now to consider more in detail 
the processes of construction. 

First, in regard to the elementary or ideal form, in which the pin 
is a point and the tooth- 

curre a true epicycloid, Q - \ 

Referring to Fig. 191, it ^ 

appears that if we as- 
sumed the pitch arc AB, 
the greatrat possible 
height of the tooth is de- 
termined by the intersec- 
tion of the front and back 
at ; and if this height 
be adopted, the action, 
beginning at A, will ter- 
minate at H, the point 
on the upper pitch cir- 
cumference through 
which G must pass in its 
rotation about D. Now 
this point G lies on the 
radial line which bisects 
AB, and will, therefore, 
fall farther to the right, 
the larger the pitch arc. 
Should it chance to coin- 
cide with If, or in other 
words should the point . ftq. ita 

of the driver's tooth fall upon the pitch circle of the follower, the 
proposed case isexactly a limiting one. From an esamination of the 
succeeding figures it will be seen that this is equally true when the 
driver is a rack or an annular wheel ; and also that in order to render 
the case practically feasible, the point G should fall within the pitch 
circle of the follower, except when the latter is annular, in which 
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case it shoald fall withoat. This oondHion being Batisfied, the tooth 
may be made pointed, or it may be topped ofF, at pleasure ; and 
finally, the arc of action is determined, as in previona coDstructionB, by 
tbe intersection ot the path of the bigheet pointof the tooth, with the 
path of oontact^-that is to say vith the pitch circle of the pin-wheeL 
333. Second, when the pin is ot soisible diameter. We give is 
Fig. 198, Prof. Willis's 
mode of determining the 
greatest diameter which 
can be used under any 
assamed conditions. Cand 
D being the centres of tbe 
follower and driver re- 
spectively, suppose the 
pitch arc, AB or AE, to 
be assigned. Bisect AB 
by the indefinite radial 
line Dx, and draw the 
chord AB, cutting Dx in 
J; then EHethe greatest 
radins for the pin, and 
auy less one may be used, 
as in Fig. 192. Since / 
is onqnestionably tbe last 
point of contact with the 
pin B, this constmction 
would be correct, provided 
that the next tooth KM 
were now in driving con- 
tact with the pin A. Prof. 
Willis distinctly states that 
it is ; * and bases this as- 
sertion npon tbe previous statement f that " by the mode of its de- 
scription the circle (of the pin) must touch the cnrve (of the tooth) 
when its centre is in any point of the epicycloid." The conclusion, 
therefore, is very plausible ; but it is not correct, because the curve 
derived from the epicycloid AR (as was pointed out in Fig. 178), 
consists of two branches, one of which, and a part of the. other also, is 
effaced in the very process of formation. The normal to the epicy- 




" Principles of Mechftnism, p. W. 
t ■' " " p. 94. 
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cloid fit its root, is AO perpendicular to CD ; the parallel ODTre then 
at first descends, having a vertical tangent at 0, forms a casp at a 
point tDi'tkin the pin whose centre is A, and then rising, cats its cir- 
camterence at some point Jf, which is evidently the lowest practicable 
point in the outline of the working tooth. Draw throngh M a nor- 
mal, cutting the original epicjcloid at Jf, and through that point de- 
scribe an arc about D, cutting the locus of original contact in P. It 
will now bo seen that the point J/" cannot come into correct driving 
contact, until iv reaches the position P ; and the arc AP is the 
measure of the error in Frof. Willis's constmction ; that is to say, it 
is the amoant by which the arc of approach as determined, or rather 
assumed by him, must be changed. 

324. Abiclnte Detarminations Lnpotdble. — It appears then that the 
limiting diameter of the pin as found by the above conBtmction is 
too great. By reducing it^ the tooth IL may be made enough longer 
to continue in action until the point J/ cornea into driving contact. 
But the precise amount of reduction which will cause one tooth to 
qait contact at the instant when the next one begins to drive, it is 
impossible to determine ; because the positions of both the points M 
and /, which &x the times of the beginning and the ending of the 
action, depend upon the unknown magnitude, the radius of the pin. 
We are, therefore, compelled to adopt the tentatire procesB shown in 
Fig. 199. Having found the point I, as in the preceding diagram, 
osanme a radios for the pin, loss than EI, and continue the derived 
curve to cut Dx in J, wliich will be the point of the tooth. Through 
J draw a normal to the epicycloid, cutting it in jS' ; tlirongh S de- 
scribe an arc about D, which will cut tho upper pitch circle in J", the 
position of the pin at the end of the action. Drawing tho working 
outline of the next tooth, we determine, as in Fig. 198, the points JK, 
Jf, and finally P, the position of the pin when the action begins. Kow, 
if the arc i' 7" prove to be precisely equal to^^, we have an exact lim- 
iting case, and tho assumed radius of the pin is a maximum : if PT 
be Jess than AE, the radius is too great, and must be reduced — but if 
the contrary, tho case is a practicable one. 

In the latter event the tooth may bo topped oft ; and it need hardly 
be added that the above process enables us to determine whether the 
case be feasible or not, if both the diameter of the pin and height of 
the tooth are assigned ; the normal .T'lS being drawn from the highest 
point of the given curve. • 

* Nolt. For details of the gr^tbio processes ol dnwiug these curves and the 
normals, the reader is referred to the Appendix. 
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325. Wh«n the Pin is a Jlathematioal Point, tiie detenu ination of 
the limiting nnmbera of teeth and pins ie easily effected by methods 
precisely like those used in the case of the common epioycloidal teeth. 
Suppoee the number of teeth to be assigned for the driver whose centre 
is i> in Pig. 200, and let ^^be the pitch arc. The point, 0, of the 
tooth mnst lie on the pro- 
longation of DL bisecting 
AF, in Buch a position 
that an arc OA of a circle 
wliose centre lies upon DA 
produced, shall be equal to 
the arc AF. On the tan- 
gent at At set off ^ ff = 
aicAF, f(aAAM = ^AG: 
with centra M and radius 
MQ describe an arc cutting 
DL produced, in ; draw 
OA, and bisect it by a per- 
pendicular 2fC, which cuts 
DA or ita prolongation in 
C, the required centre of 
the follower, 

"°'~- In this diagram, the 

wheels evidently work in outside gear, and ^Cis a minimum. Should 
fall upon the tangent .ij 6', OA will coincide with that line, and 
the follower becomes a rack : if falls above AQ, the centres Cand 
D will lie on the same side of the point of contact, the follower will 
be annular, and the radius ^6' thus found will be a maximum. 

If, on the other hand, the number of pins be assigned for the fol- 
lower ; then tho position of is known, and also tiic arc A 0, whence 
AG and ^Jfarcalso determined. It is evident that OD when found 
will bisect the chord AF, making OA = OF, Therefore, describe 
about jtfan arc with radius MO, and about another arc with radius 
OA ; these arcs will intereect in F, and a perpendicular to AF 
through will cut CA or its prolongation in D, the required centre 
of the driver, whose radius will be a minimum when, as in this figure, 
A lies between C and D. 

If the point ^coincides with G, we have the limiting case when 
the driver becomes a rack : should F fall below A 0, the driver becomes 
in its tarn annular, and its radius as thus determined is a maximam. 
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3S6. Wheels vith Badial Flanee.— Since the face OF of the drirer^a 
tooth ia Fig. 200 is an epicycloid, it would correctly drive a fiank 
traced by the same describing circle. And this fiank would be radial, 
were we to use a pitch circle whose radius AE is twice AC. Hence 
this driver will work not only with the pin-wheel, but with a wheel 
of twice the diameter of the latter, furnished with twice as many 
radial planes as there are pins : the combination presenting the ap- 
pearance shown in Fig. 301. 

In other words, the minimnm 
namber of radial planes which 
can be driven by such a wheel 
is eqaal to twice the minimnm 
number of pins. When stated 
in this way, it would appear 
that there should always be an 
even number of these planes. 
But it is to be observed, that 
in computing the least number 
of pins, we must take the next 
higher integer in the event of 
a fractional result ; we may, 
however, at once double that 
result in order to ascertain the 
least number of radial planes, 
and the next higher integer is 

not then necessarily an even number ; but on the contrary, is an 
odd number in the majority of cases, as will bo seen by reference to 
the following tables. 

327. limiting Ratio of Ktch Circles in Inside Gear. — In the use of 
the ordinary epicycloidal teeth, or of those of involute form, the di- 
ameters of wheels in inside gear may be made very nearly equal if the 
teeth are short enough, as in Fig. 139 : and such combinations are 
frequently met with in differential irains, the annular wheel often 
haying only one tooth more than the pinion. And at first glance it 
would appear perfectly feasible to adopt such proportions in pin gear- 
ing, whether the annular wheel drive or follow. 

But in the former case, the teeth being hypocyclotds of which the 
inner pitch circle is the generatrix, will become radial when the outer 
one is of twice i[« diameter ; and if this limit be passed, making the 
pinion more than half as large as the driver, the teeth of the latter 
will become concave : this, although geometrically satisfying the con- 
ditions, is manifestly impracticable. 
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If, however, the intenial wheel drive, no such difficulty ia met with, 
and it may h&ve nearly as maiiy teeth aa there are pine in the annalar 
follower, if they be dnly shortened as the number ia increased. 

328. When the Fin ii of Senaible Sianeter, the action, as has been 
shown, b^ns at a different time ; and in consequence of the peonliar 
natnre of the derived carve forming the working ontlin^ it becomea 
in general impossible to determine the limiting nnmben with precis- 
ion. For if the diameter of the pin be assumed, then becanse one 
pitch circle is the generatrix and the other is the directrix of the elfr 
mentary tooth, the diameters of both mnst be known before the point 
JVof Figs. 1S8 and 199, which fixes the time when the action shall 
b^D, can be found graphically or otherwise. 

In one case, however, this point can be located with exactness, ss 
shown in Fig. 203 ; DD, CO, being arcs of the pitch circles of the 
driver and the follower re- 
spectively, and having the 
same radine. , Let ^0 be 
p theradius of the pin, which 
is here enormously exag- 
gerated; GC cuts it£ cir- 
cumference at JV and L, 
and DD cuts it at M and 8, 
making the arcs AN, AM, 
equal to each other. Rolling 
CC upon DD, the point A 
rises in the cardioidal curve 
AB, and when N reaches 
M, the chord ^JV will 
have the position MB, nor- 
mal to this curve and also 
to the derived one. 
The latter is composed of the two branches OP, PE ; the second 
one, therefore, cuts the base circle and the circumference of the pin, 
whatever the radius of the latter, at the same point, M. Since MA = 
NA, the points J/" and JVwill come t<^ther at A as the rotation in- 
dicated by the arrow progresses : and moreover, M will then be in 
correct driving contact, the normal MB at that instant coinciding 
with the chord AL. 

330. We have thus ascertained, that when the driver and the fol- 
lower are of equal diameters, there is no arc of approach, the action 
beginning on the line of centres, without regard to the size of the 
pin. We may now assume a diameter for the latter, and by a slight 
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tuodification of preceding proceBsea we can determine the leaat nnm- 
ber of pins and teeth that can be need. 

Let aB Buppose the pin to be of such size that the arc NL of Fig. 
202 shall be one half the pitch ; then in Fig 303 we shall have AO = 
1^ pitch, AL = pitch, and AF= 1} pitch ; and the point P, of the 
working tooth mnst at the end of the action lie at the intersection of 
the chord OA with the radial line DP which bisects AF. 

Now, were it true that the arc of approach is nil in all cases, tbe 
limiting numbers conld be de- 
termined. The graphic pro- 
cess is as follows. First, if the 
number of teeth be assigned, 
we make the angle ADP = } 
pitch, set ofl on the tangent at 
A, a distance A equal to the 
pitch arc AL, make AM = \ 
A G, then with centre M and 
radius MO describe an arc cut- 
ting the radial line DP in P. 
The angle GAP thus deter- 
mined is evidently eqaal to 
ACN, and, therefore, equal to 
f of the pitch angle of the fol- ' 
lower, whence the required 
minimum number of pins is 
easily found. Second, if the 
number of plus be assigned, 
then PA is known, and PF 
mast be equal to it ; also the 

arc AFwhea found must be 1^ times the pitch arc ; this is of a 
known length, and having set off ^fleqoal to it on the tangent, we 
can find /'as in previous cases, thus determining tho required least 
number of teeth, which could drive the given follower on the suppo- 
sition that there is no approaching action. 

330. We must now proceed tentatively, for this suppositioD is true 
only in the one case in which there are just as many teeth as there are 
pins. If then we assume various numbers of either, the minimum 
values OS thus determined will in general be inoorrect ; but the errors 
will diminish as the number sought approaches equality with the 
number assumed, and when that equality is reached the result will 
be exact. 

In this way we find, by computation. 
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Least Ko. of Pins for 13 Teeth = 11.62. 
Least No. of Teeth for 12 Pins = 11.77. 




Twelve teeth, then, can be ased to drive twelvo pine, but no leea 
numbers will answer for equal wheels when the pin is of the size above 
aBSomed, which is that most commonly adopted in practice. If the 
pin bo made smaller these nnmbers ma; be reduced, the limit being 
six for each wheel when the pin beccwnea a point. 
831. The above process, with slight and obvious modifications in the 
diagram, Fig. 203, 
would be applicable 
in every case, were the 
amount of approach- 
ing action known for 
every given ratio of 
the pitch diameters. 
But it is not known; 
and farther progress 
must be made in the 
^ *^ face of additional 

obstacles due to the perverse natare of the derived curve. Consider- 
ing these now in reference to outside gear, we find that when the 
pitch circles are unequal, the point jVof Fig, S03, in which this curve 
cuts the circumference of the pin, no longer fails upon the base circle 
of the epicycloid. If the driver be the larger, the second branch PE 
cuts the pin first, as in Fig. 204, which represents the limiting case 
of a driving rack, subsequently intersecting the base line at some 
point li. The latter will come into driving contact when it has ad- 
vanced to A, but before that occurs the normal MB will have reached 
the position if AS', thus bringing the point Jtf into action, and giv- 
ing a greater or less arc of approach. If, on the other hand, the fol- 
lower be the larger, the working brancli of the curve will cut the base 
circle before it does the circumference of the pin. The former inter- 
section is the one which would come into action on the line of centres, 
but since it is effaced in the process of forming the actual tooth, it 
docs not come into action at all, and the latter intersection cannot, 
evidently, begin to drive until after passing that line, thus introduc- 
ing the phenomenon of negative approach. 

The limiting case in outside gear is that of the driven pin-rack. Fig. 
205 ; it is very true that the process of constructing the derived curve 
" reproduces the same involute in a different position " {PE), but it 
also introduces a part {PO) of the other branch ; to be sure, this ia 
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tSticeA, but so too is a portion (PM) of what would be the acting 
tooth; and Jf cannot drive nntil it reaches the position ^ in the 
path of contact CC, the negatiTe approach being, therefore, eqnal to 
AB'. 

332. Now, the exact mathematical determination of this lowest; 
point Jf, even when the 
diameteni 'of both pitch 
circles and the pin are 
given, is a matter of ex- 
treme complexity, to say 
the least of it. And were 
it never bo simple, that 
(act would be of service 
only in determining the s 
limiting numbers by a 
eenes of approximations^ 
gince when one pitch circle 
is given the other is to be 
found. "^ ■»■ 

Still, these numbers may be ascertained with a degree of precision 
BufScient for all practical purpose^ we think, by the method which 
we have adopted in computing the subjoined tables. This is based 
upon the assumption that the amount of approaching action, positive 
or negative, can be determined as accurately as necessary by graphic 
processes. Which will appear the more probable, when it is taken 
into account that in the actual working tooth, the obtuse intersection 
Jf will be more or less rounded o£F, and not sharply defined ; and the 
effect of this will be to diminish the amount of positive, and to in- 
crease that of negative, approach. 

Accordingly, it appeariug from preliminary trials that about six 
teeth will be the least that can drive a pin-rack, an accurate diagram 
upon a large scale (the diameter of the pinion being six feet) gave for 
a pin of the proportions named in (3201, a negative approach equal 
to ^-7^ ■ Then, assuming ^ the pitch as the actual amount, we 
have the equation 



tan (I pitch) = arc (1 + ^) pitch, 
tan lOar" = arc 13^° ; 



which being solved by the tentative process previously described, gives 
the limiting number, 6.44, for the pinion driving a rack. 
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Serea teeth, then, will drive ia onteide gear ; the negatiTe iipproacli 
vonld theoretically be a little less — ^but in view of the conBideration 
above mentioned we have not reduced the amount, but have allowed 
^, the pitch in this ca^e also. We have previously found that IS 
teeth will drive 13 pins, the approach being exactly zero: what re* 
mains, then, is to take for the drivers between 7 and 12, a negative 
approach diminishing as the numbers of teeth increase, and to test 
the results of computation by graphic construction. 

S33. Similarly, we find in the case of a rack driving a pin-wheel, a 
positive approach of about -^ pitch ; which gives 1.64 as the least 
number of pins that can be used. Aa the amount of approaching 
action here named was determined graphically for a wheel of six pins, 
it is probably less than it would actually bo at the exact limit, and 
we have allowed the same amount in the case of a wheel of 5 pins, 
which, on this hypothesis, can be driven by one of 110 t^etb. For 
the pin-wheele between 13 and 6, then, we have a positive approach, 
gradually increasing from zero to ^ of the pitch. 

Wo repeat, that no pretension to theoretical exactness ia here made, 
the object being to fumisb safe rules for practical guidance in nsing 
the customaiT proportions. We have, therefore, in apportioning the 
positive and negative approach, made the former rather less and the 
latter rather greater than the 
precise amount would proba- 
bly be. It may be observed, 
that the construction of the 
nomodont for the whole range 
from the driving to the driven 
/^ rack, affords a tolerably reli- 
able check upon the grada- 
tion of the approaching action, 
since any serious error would 
be manifested by the conse- 
quent irregularity of the 
curve. Besides, the graphic 
constructions have been made 
with considerable care and 
upon a large scale ; bo that upon the whole we think it safe to Bay 
that if the radius of the pin be in each case made equal to half the 
chord of the pitch arc npon the smaller circle, the numbers here 
given will work ; and there is a strong probability that these limits 
cannot be practically transcended. 
334. Next, in regard to inside gear. When the annular wheel 
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diires, tbe positive approach is still greater than with the driTiog 
rack, as will be seen by comparing Fig. 204 with Pig. 206 ; the point 
R, which will come into driving contact with Jf, at A npoa the line 
of oeotres, being in tbe latter case much farther from M, the lowest 
practicable point of the working tooth. 

This increase in the approaching action reaches its limit when the 
diameter of the larger pitch circle is twice that of the stnaller ; the 
hypocycloid then becomes a right line, the deriTed cnrre becomes 
another one parallel to it, and whaterer the position or the size of the 
pin, the common perpendicular to these two lines through its centre 
always passes throngh A. In the case represented in Fig. 197, then, 
the approaching action continues during halt tbe revolution of the 




Tw. m. 
follower, and the receding action dnring the other half, each being, 
therefore, equal to the whole pitch. A greater number of pina and 
slots may be used, but the sliding blocks must then be dispensed with, 
and the angle of action will be reduced, its magnitude depending 
upon the distance from the driver's centre at which the slots terminate 
or intersect each other ; that is, in effect, upon the length of the teeth. 
335. On the other hand, when the pinion drives, the negative ap- 
proach becomes greater than in the case of a pin-rack. And here too 
an esact determination of its amount can be made when the diameter 
of the outer circle is twice that of the inner, as in Fig. 207 ; (or the 
original tooth-outline AB is in this case also a cardioid, and the lowest 
point jVof the working tooth falls upon tho pitch circle, DD, of the 
pinion. But the driver must now make two revolutions in order to 
have the complete cardioid traced upon its plane by a marking point 
in the circumference of the follower, whereas when two equal wheels 
work in outside gear bat one revolntioQ is necessary : and the same 
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proportion holda tnie for the goDeration of any given portion of the 
curve. Therefore, instead of coming into driring contact at A, ae in 
Fig. 302, the point Jfmnat advance twice as far before its action 
begins ; the point B comes into the original locus of contact at B', 
the normal MB at that instant taking the position Sff : thus fixing 
the arc of negative approach AS, which ie readily compated when 
the size of the pin is given. 

Limiting Numiers of Teeth. 
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336. Hw Fath of Contact in Pin Gearing.— In the elementary form, 
the pin being a mathematical point in the circumference of the fol- 
lower's pitch circle, that circumference is itself the locus of contact. 

When the pin has senEible diameter, its centre yet lies always in 
that circumference ; the common normals to the pin and its driving 
tooth are chords of the circle, all passing through the point A, Fig. 
208. Supposing the driver to turn to the right, then, we have only 
to set off on each of these chords a distance equal to the radius of the 
pin, measured from the circumference toward the left : the line join- 
ing the points thus located, which is the curve called the limacon, is 
the path of contact. 

This might also be constructed from the outline of the working 
tooth, by the process of Fig. 161 ; but the method above described ia 
more convenient ; and, as will be found more fully set forth in the 
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Appendix, it iiiTolTee principles which enable ua to determine with 
greater accuracy than wonid otherwise be possible, certain critical 
points not only in the path of contact itself, bnt in the tooth ontlinc 
also ; aince the latter, eTidently, may by reversing the constraction 
be derived from the limacon. 

Some Practical Considerations. 

337. N<HH and Vibration. — ^Although not coming strictly within the 

scope of this treatise, tlie practical ill effects of nsing wheels with 

incorrectly shaped teeth are so closely connected with the subject as 

to demand a brief notice. 

It is to he observed, then, that the noise and the vibration which 
often attend the action of toothed gearing, especially at high speeds, are 
not necessarily identical in origin. 
Jt is tme that the causes which 
produce noise will also produce vi- 
bration ; bnt vibration may be pro* 
duced b; other cunses, and may at 
least he imagined to occur withoat 
noise. 

To explain ; suppose two wheels 
of perfect form and finish to gear 
with each other, the power and iho 
resistance being absolutely uniform; 
then, whatever the amoant of back- 
lash, there would be neither vibra- 
tion nor noise. Now in prsctioe, 
this uniformity of power and re- 
sistance seldom or never exists, and 
the variations in speed cause the fronts, and often the backs, of tiie 
teeth to strike together at short intervals. These blows cause a rat- 
tling noise, which is worse the higher the speed, and is accom- 
panied by vibrations due to the impact between the teeth. 

The sole cause of the noise, evidently, is the existence of backlash ; 
but even were the teeth so perfect as to have no backlash at all, these 
irregularities in the power and the resistance would still give rise to 
vibrations, more or less injurious according to the suddenness of the 
changes ; they would, however, take place in quiet. 

838. Bat again, vibratory action may nsnit from a totally different 
cause, namely, incorrect forms of the teeth. 

To illustrate this, imt^ne two engaging wheels, whose teeth are, as 
before of perfect finish, but not of proper contour ; let the q>eed of 
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the driver be absolately aniform, and the resietanoe each ae to keep 
the acting ontlinea always in contact, so that there is none of the rat- 
tling aboTe mentioned. 

The average velocity ratio vill be correct ; if the driver has, for 
instance, 100 teeth and the follower 50, each rerolation of the former 
will canBC two revolutions of the latter. And further, Yht °' ^ revo' 
lution of the driver will caose Vj of a revolution of the follower ; bat 
during this fractional motion the velocity ratio is not constant, 
the follower being driven too rapidly during one part of the action, 
and too slowly during the other part. 

Thus the action of each pair of teeth, though correct as a whole, is 
faulty in detail, being made up of two counterbalancing errors. The 
speed of the driver is nniform, but that of the follower is fluctuating ; 
its motion consists of a series of pnlsations, not' necessarily andible 
at low speeds, though practically certain to become so at high ones. 
But even at moderate velocities, this vibration acts injurionsly upon 
the whole mechanism ; and in many cases it is easy to see that the 
perfection of the work done by the machine may be impaired by the 
irregnlarity of its motion, no matter how slowly it runs. 

839. Effect ci Wear upon Teeth of I&oorreet Pomu.— It is clearly 
poor economy to require a machine to finish itself, even were it always 
able and willing to do so, since in the meantime its proper work must 
be imperfectly executed. Still it is sometimes asserted that teeth, 
originally of incorrect contour will "wear into shape" and improve 
by use. 

Now wear means abrasion ; so that the only errors which could 
thus correct themselves, by the removal of superfluous material, mast 
be errors of excess, not of deficiency. Sut these are the very errors 
which would hardly be considered admiaaihle by the most zealous 
defender of bad workmanship, as a little reflection will show. Ijet 
us suppose that of two wheels, accurately spaced, the faces only of the 
driver's teeth are too full, all the other curves being correct. Under 
these circumstances, it will be seen tbat during the receding action, 
the leading tooth of the driver will urge the follower too rapidly ; in 
order to admit of this, then, considerable backlash is necesf ary. A 
little space will be thus left between what shonld bo tho acting curves 
of the following pair ; which cannot come into action until the lead- 
ing tooth quits contact, allowing the follower for an instant to wait 
for the driver to overtake it. Therefore, in addition to the disadvan- 
tage of having all the work done by one tooth at a time, there will be 
a constant clattering as the teeth come sncceadvely into driving 
contact. 
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If, on the other hand, the faces of the follower only lire too fall; it 
is then the latt instead of the leading tooth which will have the work 
to do, and the follower will be driven beyond the normal speed daring; 
the approach. 

But it will be driven most rapidly during the first part of the ap- 
proach, its speed dimintBhing as the point of contact neara the line of 
centres : and though there will not be an absolute halt or interraption 
of the action, os in the previoas case, there will still be something 
like a blow as each tooth of the driver comes inlo contact, and the 
wheels will be nearly as noisy aa before. 

Like reasoning applies if the faces bo made correct and the flanks 
too full ; so that practically the only errors in the forms of the teeth 
which the worst of workmen would admit in the rudest of mechanism, 
are errors of deficiency. These may canse less noise, but they will 
certainly cause the pulsation above described ; and when they correct 
themselves by wear, we shall be called upon to contemplate the phe- 
nomenon of growth by abrasion. 

340. Wearing to a Bearing. — The fallacy above mentioned, if 
crushed by theory, is pulverized by practice ; for we believe that tlie 
first case has yet to Im) found, where teeth whose original contours were 
not full enough, have worn into forms which made the velocity ratio 
more nearly constant ; but every repair shop can fumiBb evidence 
that in this respect sncb teeth have gone from bad to worse. 

Nevertheless, it cannot be disputed that gear wheels, both cast and 
cut, very frequently run better after being a while in use. In the 
case of cast wheels, this may he due to the removal by abrasion of 
rough and irregular spots in the metal ; bnt in both cases it may be 
due to other causes. It is likely to happen, especially if the wheels 
be of considerable thickness, that, owing to some slight error either 
in the process of cutting or in the keying of the wheel upon the shaft, 
some of the elements of the teeth are not exactly parallel to the axis. 
And what is technically called " wearing to a bearing," resulting in a 
general improvement of the action in smoothness if not in constancy 
of the velocity ratio, consists in point of fact not in the accretion of 
metal where a deficiency exists, but in the removal of so much as 
stands in the way of line contact between the teeth ; and the gain is 
mainly duo to a more equal distribution of the pressure. 

341. Efibobi of Wear in the Bearing, — In order to preserve a constant 
velocity ratio, the teeth of a pair of wheels must be conjugate to each 
other ; and if they be of other than involute form, it is also necessary 
that the distance between centres shall be equal to the sum of the 
radii of the pitch circles. But unless special provision is made for 
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readjustment, which caanot always be done, this distance is sabject 
to rariatioQ on account of wear in the bearings, bo that the wheels 
aft«r a time will either mesh too deeply, or not deeply enough ; and 
it is easy to see that if the line of centres be thus made too short or 
too long by a given amount, the effect upon the velocity ratio may be 
greater with one tooth-system than with another, although both may 
origiaally work with perfect precision. 

It will subsequently be shown that it is just as feasible to give a 
practical embodiment to Sang'a theory as to the epicycloidal system, 
and to produce accurate templates for interchangeable wheels, deriyed 
from any aasamed rack, by automatic machinery. When this shall 
have been done, the question will naturally arise, which of the Tarious 
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tooth-s3r8tetn8 thus placed within equally easy reach will be affected 
to the least extent by the disturbing causes above pointed out; for 
the one which is, will clearly be the best for many purposes, 

342. The Odontowope. — In order to answer this question, it is neces- 
sary to have some convenient means of comparing the actions of dif- 
ferent tooth-systems under varying conditions, Neither graphical 
nor analytical treatment appearing eligible on account of the exceed- 
ingly intricate nature of the problems involved, the author some years 
since devised the apparatus of which the principle is illustrated in 
Fig. 209. This was before the introduction of automatic machinery 
for the shaping of gear cutters, and the original object was to test the 
accuracy of such as were made by hand. 
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For this porpose, two templates, A and B, are cnt oat of tolerably 
thick sheet metal, correspondiog to the teeth of a pair of wheels ; 
tbese are secured to arms taming aboat tho axes and D, whose 
distaoce from each other is vapable of adjustment. The shaft of D 
carries a graduated limb, £, and may be slowly rotated by means of 
the arm, L, and tangent screw, E, or any equivalent device ; motion 
will thus be communicated to C, the tooth A being kept in contact 
with B, by a light weight or spring, not shown. 

F and G are small cylindrical barrels, accurately turned to diameters 
having the same ratio as those of the pitch circles, f ie Qxed on the 
axis C, while G, which carries a pointer, ff, turns freely on the axis 
D, with which it is connected by a spring, not shown ; the tendency 
being to wind up on G the fine flexible wire /, secured to both bar- 
rels in the manner of a crossed belt. Thus /"and O will always turn 
in opposite directions, with a velocity ratio perfectly constant &t>m 
the nature of the connection. The velocity ratio of the motions of 
C and D, however, is determined by the templates A and B, and will 
not remain constant unless their contours are strictly conjugate. 

The pitch circles being scribed on the templates, it will be apparent 
that when the intersections of these circles with the contours of the 
teeth are brought into coincidence, the centres of motion are at the 
correct distance from each other, and the point of contact is also 
exactly on the line CD. By turning the tangent screw in one direc- 
tion or the other, then, we may examine the action daring the arc of 
approach or that of recess at pleasure ; if the templates are correctly 
shaped, the limb JT and tho pointer ^will move at the same rate and 
in the same direction, bo that if the latter be set at zero on the grad- 
uated arc, it will remain at zero throughout the action ; any iuao- 
caracy being manifested by a movement of the pointer over the limb. 

313. The sensitiveness of the instrument as designed for actual 
work is increased by the introduction of mnltiplying gear between 
the barrel or pulley and the pointer ff; thus producing a greater 
deflection for an error of given magnitude, and causing a very 
minute one to proclaim its existence. Its exact locality, however, we 
can not fix ; that, indeed, would be equivalent to determining the 
point of contact of two tangent curves ; and if the end in view is the 
correction of errors in the contours of the templates, the only re- 
source is careful inspection with a magnifying glass. 

But for comparative work like that previously alluded to, this in- 
strument is well adapted. Suppose that the templates work with 
perfect accuracy when the centres are correctly adjusted ; by means 
of a screw, not shown, the bearing of C may now be moved either to 
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the right or tlie left through any given distanco : then let tho defiec- 
tion of the pointer be noted for, say every degree or half degree of the 
aogle of action. If this be repeated after other changes in the dietance 
CD, a comparison of theae records vith eimilar ones for a different 
pair of templates, vill fnroiah all needed information as to the effects 
of wear in the bearings upon tho velocity ratio in the two systems of 
gearing represented. 

Teeth of Nm-Cxreular Whc^s. 

344. Whra two inteh outm of au^ farm roll together about fised 
axes, the point of contact always lies upon tho line of centres, and 
divides it into segments inveraely proportional to the angular relocities 
at the instant. 

Through this point there must pass 
the common normal of any two con- 
jngate tooth-curves ; these, conse- 
quently, must satisfy the condition of 
(181), viz.: they can be traced npon 
the planes of rotation during the 
action, by a marking point invariably 
connected with a describing line which 
moves in rolling contact with both 
pitch curves. 

The forms of non-circular wheels 
are BO numerous and diverse, that it 
would be an endless task to discuss at 
length the various possibilitios rela- 
ting to the paths of contact, limiting fn. mo. 
numbers of teeth, and matters of kindred nature. 

But the use of such wheels is so limited that the consideration of 
all these questions has by no means the importuice or interest which 
attach to it in relation to ordinary gearing : and we shall accordingly 
be content with briefly explaining a purely practical method of con- 
structing the teeth by graphic operations. 

345. UyingontthoTeeUi ofEUiptual Wheels.— In Fig. 210, Ict^O 
be the semi-major and 10 the semi-miuor axis of a pitch ellipse. 
Although no part of this curve is truly cireular, yet circular arcs may 
be found which agreo with it so closely that for all practical purposes 
they may be substituted for it. 

Thus by trial and error we find a centre, C, on tho major axis, such 
that an arc described about it will coincide with the ellipse in thi 
region of the vertex A, so nearly that the difference will not be per 
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ccptiblc, eren when the curve is drawn with the finest visfblo line. 
The deviation will, however, become apparent if tlie arc he extended, 
and it sliould be terminated at some point, B, a little before this limit 
has been reached. If the closest possible approximation is desired, a 
normal through B should pose through C; \t on trial this proro not 
to be the coBG, a minute change in the position of either B or C, or 
both if necessary, will cause this condition to be satisfied. On BO 
produced, we now seek for another centre D, such that an arc BE 
described about it through B shall sensibly coincide with the contin- 
uation of the elliptical contour. Proceeding in this way, we shall 
finally have u centre, H, upon tlio minor axis, for the arc Ql, which 
completes the quadrant of the ellipse. 

For tlie purpose of illustration, wo have in this diagram represented 
an ellipse whose eccentricity is much greater than that of any likely 
ever to be used as the pitch curve of a wheel ; yet a very perfect ap- 
proximation is made by means of tlic four circular arcs for each 
quadrant; probably three will suffice for any case to be met with in 
practice, and in most instances two answer the purpose abundantly 
well, 

346. The next step is to subdivide the perimeter of the ellipse for 
the location of the teeth and spaces, Tho outline now being com- 
poEcd of circular arcs, these are rectified by Prof. Rankine's graphic 
process. Thus in the Bgure, we lay off upon the tangent at 0, tho 
lengths (?£", QT of the ares OE, QI; similarly upon the tangent ut 
B, the lengths of BE and BA are laid off, and their sum being added 
to I'E' already found, gives TA' equal in length to tho quadrant 
lEA. This right lino is next to be properly subdivided according to 
the number of teeth determined on, and the points of division arc 
tlicn transferred to the ellipse by means of Prof. Rankine's converse 
process applied to the approximating arcs and their rectifications : 
this spacing is indicated in the diagnim by the alternating fine and 
heavy lines on both tangents and contour. 

A circle is used for generating the tooth-outlines, rolling it first 
within the ellipse to trace the flanks, and then without to describe the 
faces ; and thus this operation is made identical with that for circu- 
lar wheels. The radius, AL, of this describing circle should not be 
greater than ^ AC, which limiting value will give nidial fianks to tho 
teeth whoso edges cut the ellipse upon the approximating arcviff; 
the other flanks being concave. 

847. The complete wheels in gear are represented in Fig. 811. In 
regard to the number of teeth, it makes no difference whether it bo 
even or odd ; but in cither case it is eminently desirable that the two 
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whoele Ehonid bo alike. In order to make them ao, if there be an odd 

namber of teeth, they Etioald bo so arranged that one extremity of 

either the major or the minur 

axis shall bisect a tooth, the 

oppcfflito extremity bisecting a 

space. If the number of teeth 

be even, then thoy must be so 

placed that the fronta of two of 

them shall cnt the pitch ellipse 

at opposite extremities of one of 

the axes. 

Now, the action of the teeth 
on different parts of the peri- sia. 211. 

meter cannot, under any circumstances, be equalized in nil particu- 
lars. In order to secure the same amounts of approaching and reced- 
ing action, it would be necessary to make the faces of varying lengtlis ; 
and even then the result is of doubtful utility, sinco tho degree of 
obliquity is continually changing. Consequently it ia held to bo suf- 
ficient in practice to make the faces of uniform length; and this 
should be such as to ensure that in the part of the whole movement 
in which the obliquity of action is greatest, one pair of teeth shall not 
quit contact until the next pair has fairly come into engagement. 
Thus the form of the blank is determined by drawing a curve par- 
allel to the pitch ellipse at a given distance without, the bottoms of 
the spaces are bounded by another at a given distance within, and tho 
two blanks, secured side by side, may bo cut at the same time with 
milling cutters precisely like those used for 
circular wheels. 

It is not necessary to furnish elliptical 
wheels with teeth all round their peripji- 
cries, when used under circumstances which 
permit their free foci, as in Fig. 212, to bo 
connected by a link. In this case, a few 
teeth near the extremities of the major axis, 
as shown, suflicG to carry the wheels paat 
the dead points, which occur when the line 
of the link coincides with the line of cen- 
tres. Tho remaining portions of each wheel 
^"'- "* must be formed exactly to the contour of 

the pitch ellipse ; these will then transmit the rotation by direct and 
purely rolling contact, in either direction, so long aa the contact 
radius of the driver is on the increase, (88). Since white tho radius 
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is on the decrease, the work maet bo dooe by tho linl^ it is n 

to use a eufficicnt namber of teeth to prorent cxceesiTo obliquity of 

action while the link is thus made tho Bole means of tiansmisBion. 

346. EUiptioal Wheeli with Invohite Teedi.— It ib worthy of notice, 
though more as a matter of abstract interest than of practical mo- 
ment, that tho teeth for a pair of pitch ellipecs may be made iii tho 
form of iuTolntea of smaller base cllipaes having tho same foci. In 
Fig. 213, let C bo tho fixed and A tlio free focus of tho ellipse whose 
major axis ia SX. Let P, at any distance from C, bo tho fixed focus 
of an equal and similar ellipse, tho position of the major axis YY 
being found as follows : about D describe an arc with radins = C4, 
and about. jl an arc with radius = CD\ these arcs intersect at 5, 




Fio. £13. 

which is tho free focus of the second ellipse. Draw CH and AB, 
intersecting at P. The common tangent to the two ellipses, QH, 
will also pass through P (aee Appendix) ; and if wo snppoBO it to 
represent an incxtensible band, wrapped around and secured to the 
ellipses, it will be wonnd upon the right hand one if it turn about 
C as shown by the arrow, and unwound from the other, which will 
thus be caused to revolve about D, with a definite varying velocity 
ratio. During this motion, a marking-point fixed at P in this band, 
and moving with it, will trace upon the planes of rotation the invo- 
lutes of the ellipses, KPL, OPL These cnrves, therefore, if used as 
the outlines of teeth, will maintain the same velocity ratio that was 
originally established by the band. 

349. But, as will be seen by comparing this diagram with Fig. 55, 
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P is also the common point, and TPT is tho common tangent, of two 
ellipses confocal with the ori^nal ones, whose major axes are WV, 
UZ, equal to each other and to CD; and these will roll in contact 
about the fixed foci. 

Thus fonr different elementary combinations are represented in this 
figure ; we may nse either 

1. The levers CA, DB, connected by the link AB ; 

2. The smaller ellipses, connected by the band QH', 

3. Tho involutea KL, 10, acting with sliding contact ; or ' 

4. Tho larger ellipses, acting in pure rolling contact. Or, these 
may be need simultaneously, tho velocity ratio being the game in each 

at any and every instant, and varying between tho limits -7^^) -pw' 

360. Tho distance CD being arbitrary, it follows that for tho same 

base ellipses, an infinite number of pitch ellipses may bo assigned. 

And on the other hand, for the same pitch ellipses, tlie teeth may bo 

InTolutea of any base ellipses having the same foci. From which tho 

deduction is, that so long as the teeth of this form engage at all, they 

will gear correctly in the sense that the action will be equivalent to 

the rolling together of a pair of true cUtpsoa of some form : but 

whereas in the case of circular wheels the velocity ratio was not 

affected by altering the distance between the centres, it is to be noted 

that in elliptical gearing the limits between which the velocity ratio 

varies, will be affected by such alteration. For the focal distanco CA 

is invariable, while the major axis WV is always equal to CD; so 

that a change in tho length of the line of centres changes the cccen- 

CV 
tricity of the pitch ellipse and tho value of --rr- ■ 

If then it be essential that the limits of variation should bo exactly 
maintained, the involute form of tooth possesses no advantage over 
that previously described ; and it is hardly necessary to add that if 
the free foci of a pair of elliptical wheels which arc provided with 
teeth, be connected by a link, the distance between the fixed foci must 
be kept constant, on whatever sj'stem tho teeth are laid out. If the 
involute system be adopted, care must be taken lest the base ellipses 
be 80 small as to produce excessive obliquity of action. In regard to 
this. Prof. Rankine, to whom is due tho credit of first discussing this 
form of tooth for elliptical glaring, observes that tho common tan- 
gent should cut the fronts of at least two teeth between the base and 
the pitch ellipse ; which, although it may not be necessary in all cases 
in order to eosnre the transmission of rotation, is unquestionably a 
safe practical rule. 
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351. Conatzuctionof TeethofXiobed Wheeli. — As above intimated, tlio 
method of operation first described is perfectly general, and may be 
employed with pitch curves of any form. The centres of the circular 
ores of which the contour is to bo made up, may bo found by assum- 
ing a number of points, at which the curvature begins sensibly to 
change, and drawing normals through these points (graphic processes 
for which are described in the Appendii) ; the intersections of the 
normals being the required centres. 

But if the pitch curves bo carefully drawn, it will bo found that for 
all practical purposes, these centres can bo located with sufBcient 
accuracy by trial and error ; and at best the laying out of teoth for 
such wheela requires much time, care, and patience. 

If the same describing circle be used throughout, its diameter 
should be such ns to give radial flanks to the teeth in that part of the 
pitch iino where the curvature is greatest ; should other parts be very 
much flatter the teeth may in consequence spread too rapidly at tho 
root or in the flank. This may bo remedied by using different do- 
scribing circles for tho teeth in those parts, care being taken that tho 
same one be always used for tho conjugate face and flank. 

352. Praotioal Idmit to tiia OUiq^ty.— In any form of gearing it 
would be very desirable to have the line of action perpendicular to 




the lino of centres, since then there would be no component of side 
pressure. 

In speaking of the teeth of circular wheels, the obliquity was de- 
fined as the angle mode by the common normal of the acting curves 
with the common tangent to the pitch circles. Tbie, however, was 
■ because this tangent is then a perpendicular to the line of centres ; 
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and in general the obliquity is the iRclination of the lino o£ uction lo 
Euch a perpendicular, which Intter mtiy or may not coincide with the 
common tangent to tlio pitch currcs. This it seldom does in the 
class of wheels now under consideration, and in consequence a mucli 
greater obliquity than would bo admJBsiblc in circular gearing is often 
unavoidable. 

Thus in Fig. 214, VW, XT are arcs of the pitch curves, in con- 
tact at r, on the line of centres CD, to which PO is perpendicular. 
The lower wheel driving, as shown by the arrow, let E be the point 
of tooth-contact, the Hue of action through which, PEN, has the 
greatest inclination to PT, the common tangent to the pitch carves. 

It will, then be apparent 
that when the angle TPO, 
which this tangent makes 
with the perpendicular PO 
is greatest, the total obliquity 
NPO will be n maximum. 

The results of experience 
show that the angle TPO fio. ais. 

should not, if it be practicable to avoid it, exceed from 25° to 30". 
In other words, the contours of the non-circulnr pitch curves BhouM 
bo such that the angle between the tangent and the radius vector 
shall at no point be less than 60° or 05°. Nor should the angle NPT 
exceed from 15° to 20" ; thus limiting the range of the maximum 
total obliquity, NPO, to from 40° to 50°; though if the object bo 
rather the modiScation of motion than the performance of heavy 
work, higher values may in extreme cases be used. 

353. This limit, it will be perceived, has not been regarded in Fig. 
315, which shows the appearance of the dissimilar pitch curves of Fig. 
75, when furnished with teeth. 

In Fig. 216, we have a pair of similar but un symmetrical uni- 
lobes, the pitch lines being elliptical belmv the horizontal centre 
line, and of tho logarithmic spiral form above, as in Fig. 72, 

The lower halves of the 
dissimilar pair shown in 
Fig. 217 are alike, the log- 
arithmic spiral being the 
pitch curve ; while above 
the line of centres, that 
spiral is used for a part of 
^''- 'IS. the contour, the remainder 

being elliptical, as in Fig. 74. But the wheels here represented pre- 
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Bent the pecaliarity that tho limiU of variatiou in the Telocity ratio, 
which suddenly change when the wheels reach the position given in 
the figure, are not the 
same for the two halves 
of the revolution. 

A still greater and 
more abrupt transition 
is produced by the pair 
lepreaeOted in Fig. 318, 
of which the pitch 
curves are similar and 
equal logarithmic 
spirals. It is tolerably 
evident that in this caso 
the absolute velocity 
must bo small in order 
to avoid violent sliocks 
at the instants of tho 
change : yet wheels very 
similar to these have 
been used — as for instance in the moulding machine of Gallaa and 
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Anfderhcidi 

364. Nou-Cironlar Fin 
Gearing.— Tho labor of 
laying out tho teeth of 
a pair of dissimilar 
wheels may be abridged, 
and tho difficulty of 
cutting thorn in part 
avoided, by malting one 
of them afLer the man- 
ner of a pin-wheel, Tho 
principle of the process 
(which may also be ap- 
plied to the ellipses or 
to any similar as well as 
to dissimiliir lobod 
wheels) is precisely tho Fio. sis. 

same as in the case of circular gearing. Tiiat is to say, tho pitch 
curve of the follower is uned as the describing line, by rolling which 




•For description, SCO "JtfccAantM" of Pcbniary 11 
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upon the piteli cntro of the driver are generated the elementary 

teeth for the latter ; and the 

working outlines ore at a 

constant nonnal distance 

within these, equal to the 

radius of tho pin, aa shown 

in Fig. 219. 

Id regard to the uze of the 
pins, and their distance from 
each other, it ia sufficient to 
say that, as tho contonr of 
each wheel is regarded as 
made np of approximating 
circular arcs, the whole op- 
eration is reduced to the i^ 
miliar one of constructing epi- 
cycloids and their parallels ; 
ao that tho limits in relation 
to the pitch and the diameter 
of the pins aro readily de- 
duced for each particular caso 
liy application of the reason- 
ing given in tho discussion 
of circular gearing of this 

description. Though it may rut. sw. 

be well to repeat that tho teeth in all cases should be as small and as 
numerous as they con be made consistently with securing the neces- 
sary strength. 
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1. Teg Teetii of Bevel Wseelb. — Gcncnl Principles of their Correct Forma- 
tion by means of a Describing Cone. Tredgold's Approximste Method. De- 
tails of correct Process. Results of tho two Methods Compared, tor Epicy- 
cloidal Teeth. Inside Bevel Gewing. Tho Involute System. Action of 
Bevel and Spur Wheels compared. Teeth of Conical Lobed Wheels. Methods 
of Cutting the Teelh, Corliss's Bevel Gear Cutter. Tiristed Bevel Wheels. 

9, The Teeth of Skew WacEia. — Theory oC Willis cmd Rankine. Describing 
Hyperboloid. Approximate Methods. Direct Constmetion of Teeth thus Gen- 
erated. Fallacy of this Theory. Such Teeth JmproeticBblc. A New Theory. 
Olivier's Involutes in Different Planes. The Fronts of the Teeth Single 
Curved, They Vanish at the Gorge. The Length of the Tooth Limited. 
Backs of Teeth Warped. The Conjugnte Teeth Unlike. Action Beveiscd on 
Crossing the Gorge. Twisted Skew Wheels. 

8. The Teeth op Screw Wheels, — Common Worm and Wheel, Construction 
Referred to that of Rack and Pinion. Distinctive Features of the Action. 
Close-flttingTangent Screw. Practical Proportions, San g's Theory Embodied. 
Multiple-threaded Screw WTieels, Screw and Rack. Obliqne Screw Gear- 
ing. Construction of Teeth from Oblique Rack and Pinion. Peculinrmodi- 
flcation of the Action. Close- fitting Oblique Worm. Oblique Screw and Rack. 
Construction for Lewt Amount of Sliding. Resemblance to Skew GeaiiD^. 
Hour-glass Worm Gear. General Arrangement. Foim of the Htch Surface of 
the Worm. Forms of the Threads. Action Confined to one Plane. Forms 
of the Wheel.teeth. Multiple- threaded Houi^glass Worm with Face-gear 
Wheel. Rollers Substituted for Teeth upon tho Wheel. 

4. The Teetr of Face Wheels,— Equal Wheels with Cylindrical Pins. Equal 
Wheels with Axes Perpendicular to each other. Unequal Wheels Similarly 
Situated. Unequal Wheels with Axes in Different Planes. Miscellaneous 
Arrangements of Face Wheels. Combination of Face and Screw Gearing. 
Spherical Screw and Wheel. 

355. In Treating of SporWIieelB it has been conTonicnt, Eince all 
the traiisTcrsc Ecctions are alike, to conBider all the motions as taking 
place in one plane, and thus to deal with lines instead of surfaces. But 
we mnst not lose sight of the fact that tho pitch and describing curves, 
and also the tooth-outlines, are but the bases of enrfaces with elements 
perpendicular to tho paper, and acting in right-line contact. Thus 
in the epicycloidal system, for instance, wc must imagine a describing 
cylinder rolling upon the pitch cyliDdcrs, the common clement being 
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the iuBtautaneoiis axis, alMutvhich the describing line is revolving 

at any given phase of the action. Nov tlic teeth thus generated 

must touch each other along a 

riglit line." and this principle 

is capable of a more extended 

application. The very slight 

modification by which spnr 

wheels arc transformed into 

bevel wheels is at once ^ggested 

by regarding the pitch cylinder 

aethelimitingformof the cone, 

in which the vertex is infinitely 

remote; and this leads directly 

to the analogous generation of 

the tooth surface by the rolling 

of a describing cone in contact 

with the pitch cones. Tio. an. 

This ia illustrated in Fig. 220 j supposing the arcs AP, AB, to 
be equal, then while the smaller cone rolls upon the larger, the ele- 
ment CP will generate the surface CPB ; to which the plane CPA is 
normal, since at the phase here represented, CA is the instantaneous 
axis. This is the essential property, and is independent of the forms 
of the bases of the conos ; but if as hero shown these be circular, the 
extremity P of the generating radins will trace a curve, BP, lying on 
the surface of a sphere, and called, since it is described by the rolling 
of one circle upon another (althongh the two arc not in the same 
plane), a spherical epicycloid ; which may be considered as the direc- 
trix of the conical surface CPB. 

In like manner, by the rolling of one cone inside of another, both 
having circular bases, a spherical Itypocycloid may be described. And 
whatever the bases of the cones, it is evident that a surface is gener- 
ated in this case also, to which the plane determined by the describing 
line and the element of contact at any instant, will be normal. 

It is thus readily seen that, the describing cone being tangent ex- 
ternally to one pitch cone and internally to the other, these two sur- 
faces will bo swept up aimultanoously as fho rotation progrosBos, and 
win at every instant hnve a common normal plane, cutting the plane 
of the fixed axes of rotation always in the common element of the 
pitch cones : they arc, therefore, correct forma of tooth-surfaces, and 
will maintain the original velocity ratio, be the same constant or 
variable. 

35ft Kedgold'a Approximation. — Before considering in detail the 
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practical operatioD of laying oat tho teeth in accordance with th« 
exact theory as above Bet forth, it is proper to describe the method 
more commonly employed, which inTolyes possibly a little less 
labor, and gives results, not 
rigidly accurate, but suffi- 
ciently so for many purposes 
under ordinary conditions. 
I The principle of this proc- 
ess, w}iich, it should be ob- 
served, is applicable only in 
. the case of circular wheels, is 
shown in Fig. 221. Let CA, 
CB, in the plane of the paper, 
be the axes, and CP the com- 
Fio- Ki- men element, of the pitch 

cones CPE, CPF; whose bases EP, PF, are amall circles of the 
sphere shown in dotted ontline. Draw APB perpendicular to CP ; 
then AP by revolving around CA will generate the oono PAF, and 
BP, by revolving around CB, will generate the cone PBE: these 
cones are tangent to the ephei-c, and respectively normal to the pitch 
cones. 

K'ow, AB is also the trace of a plane tangent to the sphere at P, 
and tangent to both normal cones ; and, in the diagram at the right, 
the points A', P', B', are the projections of A, P, and B, upon this 
tangent plane, and the arcs OP'M, LP'N, are the developments of 
the bases FP, PE. These ares are next to be treated as though they 
were the pitch circles of spur wheels, and teeth are to be laid out 
upon them according to any of the systems previously explained, 
that of pin-gearing of course excepted. 

Suppose these tcoth to be cut out of a thin sheet of metal, and then 
wrapped back upon the normal cones ; their outlines arc then to be 
traced, and treated as the directrices of the conical tooth-surfaces, all 
of whose elements, as before explained, converge to the vertex C of 
the pitch cones. 

357. The operation of finding tho tooth-outlines upon the normal 
cone may be performed graphically, as in Figs. 232 and 223, Since 
the tooth projects beyond the pitch circle to R', the normal cone 
must be correspondingly extended to R, which determines the ex- 
treme diameter of tho blank CTR ; and the bottoms of tho spaces 
upon it« development are limited by the circle whose radius is A'S', 
to which AS is, of course, e<iual. The points R, P, and S, in re- 
volving abont AC, describe circles which in the side view appear as 
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tho right lines RT, PF, SG ; these aro seen in their true form and 
size in the end view, Fig. 2S3, which it is necessary to construct in 
order to draw the sido view. ObviouBly, the length of the arc whidi 
measaree tho breadth of the tooth at the top, at the bottom, or on 
the pitch circle, will bn the eame in the end view as in the develop- 
ment, the chord being a little less in the former. The same holds 
tme in regard to any intermediate circles which may be drawn, and 
thus the outlines of the teeth in the end view may be determined witli 
any required degree of precision ; after which they are projected to 
the side view, the tops to the linear, the bottoms to the line S'O, 
cte., in the usual manner. 

Since all the elements of the tooth run to the Tertex of the 



pitch cone, it follows that if it be limited at the smaller end by 
another normal cone, as in the figure, its outline there will be of the 
Bsme form as that of the outer end ; and the mode of drawing it is 
snfiiciently indicated without further explanation. 

35& Tho shaping of the blank by tho addition of a frustum of the 
normal cone TA R, is the readiest and best means of giving a present- 
able finish to the teeth, which would be weak at the extreme pointis, 
and project beyond each other in a Tery nnsightly manner, were the 
larger end of tjie wheel terminated by a simple transverse plane. 

And the assumption upon which this method of laying out tho 



3vGooglc 



236 EXACT C0K8TRUCTI0K OF TEETH. 

teeth restfi, is that the trace upon this normal cone, of the surface 
generat<?d bj rolling a deEcribing cone upon the pitch cone, will upon 
development become a trno epicyeloid, or at least not sensibly differ 
from it within the jimits made uso of for the teeth. Let ub firet, 
then. Bee how the exact trace of this enrfiico upon the normal cone 
may be determined. 

aS&. Conrtrndioii of th« Comet Tooth-Ontlme.— In Fig. S34, let CPF 
be the pitch cone, GAff the normal cone, indefinitely extended ; 
and let CL bo the axis of a describing cone, /Ci', which is 
tangent to the pitch cone along the element CP, and intersects 
the Dormal cone in the curve POiV' Making a projection npon a 
plane perpeiidicnlar to CA, the circle FP is seen in its true sise as 
F'TP', the cnrve of interz^ection appearing as P'RJf'S. 

Now taking CPI as the describing element, it is clear that if it 




rcTolTo about CL, the other cones remaining Sxed, it will pierce the 
normal eono, at every instant, in some point of the curve PON. 
From this curve, then, the required trace may be found as follows. 
Suppoee the pitch cone to turn as shown by the arrow, tlirough an 
angle measured by the arc P'a. The describing element CP will 
thus be caused to revolve about CL, through an angle which, the 
velocity ratio being known, can be readily ascertained ; and this will 
enable us to Sx the point i, in which at that time it will pierce the 
normal cone. And the line ba will be a portion of the required trace. 
Let the rotation progress until a reaches the position c; then since ia 
moves with the pitch cone, it will at that instant appear as ee ; and 
the angular motion of the describing element meantime being known, 
wc can find the point A upon the curve P'SN', in which it will tien 
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pierce the normal cone, and extend the trace, as ced : vliich operation, 
repeated at abort intervais, will enable ns to construct tho true form 
of the tooth-ontline with any stipulated degree of accuracy within 
the scope of graphic operations. 

By proceeding in like manner with the describing cone internally 
tangent to the pitch cone, wo may complete the tooth by finding the 
trace of tlie fiank-surfacc. 

360. BesoHs of the Two Kethoda Compared. — In Fig. 235, the full 
outline represents the tooth of a wheel laid out by the method above 
explained ; and tho dotted 
curves are tho forms of the 
ttuxB 03 constructed by Tred- 
gold's process. 

The wheel selected for this 
comparison is one of a pair 
of mitre-wheels, as those are 
technically called which are 
of equal diameters, and have 
their axes perpendicular to 
each other; the diameter of 
tho base of the pitch cone 
being 30 inches, the number 
of teeth 24. 

In the application of Tred- 
gold's process, we are at lib- 
erty to flsenme a describing 
circle which will make the 
flanks of the developed teeth 
radial, its diameter being, 
therefore, equal to tho slant 
height of the normal cone, ^'°- '*'*■ 

and this was done in laying out tho tooth hero shown. On wrapping 
the developed sheet back npon the cone, then, these radial lines will 
become elements of that Eurface ; eo that the flanks of the teeth thus 
constructed will be radial planes. 

But a straight lino can be generated by tho rolling of a circle, only 
when it rolls within another circle of double its diameter, in its own 
plane. No circular cone, then, cim generate a perfect jilano by roll- 
ing within another one. However, if the angle at the vertex of the 
describing cono he half that at the vertex of the piteh cone, tho sur- 
face swept up will curve so slightly near tho first clement of contact, 
that for all practical purposes tho flanks may be regarded as truly 
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piano sarfaces. But now, the same describing cone mnst bo nsed for 
theface-snrfacea; and, asshown in thefignrc, the discrepancy between 
the results of the two mcthodB is quite decided, and Eufficicnt to 
affect materially the constancy of the velocity ratio if the approximate 
form be adopted. 

361. Bevel Wheeli in Innde Gear.— In laying out the teeth of a hol- 
low bevel wheel, by Tredgold's process, it is apparent that the size of 
tlic describing circles must be fixed with dne regard to the limiU 
deduced for the case of annular spur gearing, in order tliat there may 
be no interference upon the development ol the normal cone. The 
spherical epicycloids and hypocycloids, it is true, differ from their 
plane namesakes in this, that they are not capable of two generations ; 
so that the peculiar feature of double tangency between the face and 
the flank of a pair of engaging teeth does not exist in inside bevel 
gearing. But it ia none the lesa evident that if the outlines of the 
teeth npon the developed sheet be such as to interfere with each other, 
the wheels constmcted from them by this process will not work. 

Prom this consideration we deduce, as a safe practical rule in se- 
lecting the describing cones when laying out the teeth by the exact 
method, that the diameters of their bases should not be greater than 
those of tlio describing circles which can bo employed in the approxi- 
mate method ; the circumferences of these buses being tangent to 
those of the pilch cones. 

A pitch cone rolling in contact with a plane disk (see Fig. 81), 
presents, upon the application of Tredgold's process, a case analogous 
to that of a rack and wheel in spur gear, and requires no special 
notice. In the use of the exact method, the details of the operation 
are substantially the same as already explained ; the vortex of the 
cone normal to the plane disk being infinitely remote, that cone be- 
comes a cylinder, hut no additional difficulticB result from the intro- 
duction of this new feature. 

362. Bevel Wheels with Invehte Teeth. — When the developed bases 
of the normal cones arc taken us pitch circles, teeth may be laid out 
upon ihem by the involute as well as by the epicycloidal system, and 
the wheels thus made will work as well as the others. The surfaces 
of their teeth are obviously approximations to those which would l>e 
generated by the rolling of a plane in contact with two base conee. 
Snch a rolling plane must, clearly, cat the plane of the fixed axes 
always in the same lino, and this line will bo the common element of 
two pitch cones whoso diameters will havo the same ratio as those of 
the base cones. And, taking this radius of tho rolling plane (whose 
motion is, during tho rotation of tho cones, one of revolution about 
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an axis perpendicular to the plane, passing through the common 
vertex), as a describing line, we may follow its movements, and liy 
finding tho points in which at given intervals it pierces the normal 
conee, detormino the exact tooth-outline with as great facility and 
precision as in tho preceding case. 

This tooth-snrface may be also generated in another manner ; sup- 
pose the pitch cone to be cut from vertex to base along an element, 
and the surface to be unrolled into a plane ; this plane will, during 
the process, be always tangent to the cone, the cut edge will sweep 
up the aurface under consideration, and, since it is of constant length, 
ite extremity will trace a curve which ma; be properly called a spher- 
ical involute. 

It is not necessaiy to go into a detailed examination of the form 
of the surface which by rolling in contact with the pitch cones wonld 
generate teeth of the forms here spoken of, since the method above 
given is much more simple. The close analogy between the plane 
and the spherical involute, however, is sufficient to make it apparent 
that such a conical surface, whose spherical directrix will have a 
corresponding analogy to the logarithmic spiral, is capable of thus de- 
scribing these identical teeth, which consequently form no exception 
to the general law. 

363. Action of Bevel and Spnr Wheels Compaied. — It ia true of bevel 
as well as of spur gearing, that the smaller and more numerous the 
teeth, the better will be the action, because there will be less of both 
eliding and obliquity. 

Now experience shows that, other things being equal, a pair of 
bevel wheels will run more smoothly, and in a general way operate 
more satisfactorily, than a pair of spnr wheels of the same numbers 
of teeth. The reason of this will be seen very clearly by reference to 
Fig. 221, if wo imagine the outer ends of the teeth to bo bounded by 
the surface of the sphere, and confine our attention to the action 
upon each other of the outlines thus formed. Tho point of contact, 
throughout the engagement of any one pair of teeth, will always lie 
in or near to the plane AB, perpendicular to CP, upon which are 
develojied the normal cones, which latter in their turn do not, within 
the limits of the height of the teeth, deviate greatly from the spheri- 
cal surface. The result of this is, that although the velocity ratio is 
determined by tho lengths of the perpendiculars PG, PJf, tho dura- 
tion of the action is very nearly the same as it would be were the 
developed toeth to work together in their own plane about the centres 
A', B'. The action of these wheels, then, in so far as it is affected 
by the numbers of the teeth, is sabstantially the same as that of epui 
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wheels of the ssme pitch, witii PA, FB, for the radii of tho pitch 
circles. Or, in genera), the action of a bevel wheel of a given num- 
ber of teeth, is in this respect equiyalent to that of a spar wheel haT- 
ing a number greater in the proportion of the slant height of the 
normal cone to the radios of its base, or of the slant height of the 
pitch cone to its altitude. 

864. Teeth of Conical Lobed WheeU— If a cono of any form bo inter- 
sected by a sphere whoae centre ia at the vertex, every point of the in- 
tersection is equally distant from that centre ; let a describing cone be 
rolled upon the first one, as in Fig. 220, then tho extremity of any one 
of the elements of the rolling cone will trace upon the sphere a curre, 
which may be considered as the directrix of tho conical surface genera- 
ted by the element itself ; and that surface will, in accordance with 
the general principle, be of the form required for the tooth, tho first 
or bfisc cono being regarded as a pitch sarfaoc ; and, without going 
into details, it ia apparent that the determination of tho spherical 
directrices may bo effected by graphic meane. 

Otherwise ; let n piano bo passed, say perpendicular to the fixed 
axis of rotation, or to the line of symmetry, if there be one, thns 
forming a base for tho pitch cone. Inasmnch as its contour may be 
practically made up of approximating circular arcs, the pitch cone 
may bo considered as made np of portions of varioTiB circular cones ; 
and these may be treated as previously explained, by either the exact 
or the approximate method. The normal cones, upon which the 
traces of the teeth are thus obtained, will not havo a common vertex; 
bnt since each is to bo dealt with separately, this is of no consequence. 

There is no instance to be cited of the actual employment of theec 
non-circular conical wheels ; which indeed havo not been described 
by any previous writer. An objection might be urged on account of 
the difficulty of making them : which, however, does not lessen the 
abstract interest attaching to them as a now class of kinematic com- 
binations. The above suffices to show that the graphic operations 
relating to them are sufficiently simple in detail, although tedious by 
reason of their number ; and it may bo questioned whether they 
would really prove more difficult to make than the skew wheels 
which are occasionally met with. 

366. Ibthoda of Cutting the Teeth.~-Sinco tho teeth taper from end 
to end, the outlines of the transverse sections are conlinaally chang- 
ing ; it is therefore, impossible to cut them with perfect accuracy by 
means of a milling cutter of tho usual form. Nevertheless, this is 
the method almost universally adopted when they are cut at all. In 
order to distribute the unavoidable errors as uniformly as may be, it 
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iB cnstomaiy to make the oatline of the cotter Agree in form vith Uie 
cross section of the tooth at the middle of its length ; its travel is 
directed along the Hoe joining the face and flank of the tooth, that 
is to say along the element of the pitch cone, flrst on one side of the 
space, and then <m the other, the thickness of the cntter being less 
than the breadth of the space. 

The effect of this ia, that at the larger end of the tooth the flank 
is too full and the face not fall enongh, while at the smaller end these 
errors are rerereed ; besides, the tooth anrfacee thns cut are not conical, 
bnt cylindrical, all the elemeotd being parallel to the lino along which 
the trarel of the cutter is directed. These sarfaces, conseqaentlv, 
will not work in true line contact, except at the one instant when the 
junctions of faces and flanks reach the plane of the axes, until they 
have " worn to a bearing " by use ; but neither then nor thereafter 
will they work correctly. 

386. CoiUm'i Sard Gmr Catting Engine.— There are, however, ways 
and means of accomplishing better results than this ; and to the in- 
genuity and enterprise of Mr. George H. Corliss, of Providence, R. I., 
ia dne the production of an engine, capable of doing the work 
with absolute theoretical precision. In this admirable' machine the 
milling cutter plays no part, bnt the teeth are platted 'ont, element 
by element. 

Without going into details, it will be understood, first, that the 
cutting point of the tool is made to travel always in a right line pass- 
ing through the vertex of the pitch cone ; it must, therefore, at each 
out plane out an element of a conical surface. Second, that the 
motions are so controlled with reference to a guide template, that s 
line drawn from the vertex through the cutting point shall always 
tonch the outline of the template, which is, then, the directrix of 
this conical surface. 

.Now, all that is necessary to the prodnction of a perfect wheel, is 
to provide this machine with a template whose outline accurately 
conforms to that of a transverse section of a tooth. This, it should 
also be stated, is practically laid out upon a larger scale than if the 
outer end of the tooth were to be drawn in the usnal manner, because 
it is placed in the engine considerably farther than the base of the 
blank from the vertex of the pitch cone ; thus reducing the propor- 
tional magnitude of any unavoidable errors in the graphic proc^ses. 

387. Twisted Bevel Whsels.— The feasibility of placing upon the 
same shafts a series of bevel wheels cut from the same cones, bnt in 
different phases of their action, is self-evident The advantages of 
sach stepped wheels would be exactly the same as in the similar ar- 
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rangement of spar gearing ; bat there arc practical drawbacks which, 
it may be admitted, would prevent their employment. Bat the pro- 
cess of twisting, by which the epnr wheels are transformed into 
Hooke's spiral wheels, may be equally well applied to conical ones ; 
and to the form of berel gearing thus produced no reasonable objection 
can be made, except the difBcalty of making it ; and this, as will 
presently appear, is not insuperable, nor bo great ae might be supposed. 
In Fig. 226, it is evident that if each plate of the Tertical pitch 
cone be twisted through the same angle, it will drive the correspond- 
ing plate of the inclined cone through an angle depending upon the 
relative diameters ; bo that if these plates bo indefinitely increased in 
number, therectilinearelements^^, 
EF, will become conical helices, as 
shown. 

The graphical construction pre- 
sents no difficulty ; we have in each 
case a uniform rotation, combined 
with a uniform advance along an 
element. Consequently since if the 
amount of twist upon one cone be 
assumed that on the other is known, 
both curves are readily drawn ; they 
move in perfect rolling contact, and 
develope upon the common tangent 
plane into the same Archimedean 
spiral. 

Just as with the spur wheels, any 
form of tooth which will work cor- 
rectly before twisting will do so aftcr- 
r^a- 3M' ward ; and if the tacos be purposely 

made not full enough to be conjugate to the engaging flanks, there 
will be at each instant but a single point of tangency, which will 
alway lie in the plane of the axes, and the wheels will run in pure 
rolling contact. 

Now, although such teeth as these cannot he made by the use of a 
milling cutter, it will be apparent that if the blank be placed in the 
CorlisB machine above described, and given a motion of uniform rota- 
tion during the advance of the cutting point, they can be planed oat 
as easily and as accurately as any others. 

The Teeth of Skew Wheels. 
308. The Frobtem of Determining the Fonni of Teeth which shall work 
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in right-line contact wfaila ^uumitting rotation about fixed axes, pre- 
sents iteelf in a new form when tboee axee lie in different planee. 

All wheels with teeth which act in Uiis manner mnst nitimately 
reduce to pitch Bnr&ces whose class deprnda spon the relative posi- 
tMnad the axes ; these vill bo tangent to eash other along a right 
line, and mora in oontact of whicli the sliding, if tber« h« any, is also 
along the common nlriMMif A third sarface of the same dws being 
placed in contact with these along tlw same line, will move in ccHitaot 
of the same nature with either or boA ; and if one pitch snrfaca 
drive the other, the motion of the third is the same whether ve 
regard it as derived from the first or the second. When the velocity 
ratio is constant, these vill be enrfaoes of revolution — cylinders, cones, ' 
or hyperboloids ; and in either case all throe rotate in contact about 
fixed axes. 

During such rotation, when the axeearo parallel, an element ofthe 
third cylinder, by its motion relatively to the pitch cylinders, simul- 
taneoasly generates the conjugate Enrfaces for the teeth of spur 
wheels. Now the cylinder is the limiting form assumed by the cone 
when the vertex is infinitely distant ; and accordingly, when the axes 
tntereect, the third cone in like manner describes the surfaces for the 
teeth of bevel wheels. 

Again, the cone is but the speciat case of the hyperboloid in which 
the generatrix approaches infinitely near to the axis, and by pursuing 
the analogy we should reach the deduction that an element of the 
third hyperboloid, if taken as a describing line, will generate the con- 
jugate tooth-surfaces for skew wheels. 

369. This conclusion is plausible, and has received the indorsement 
of high authorities. Thus, Prof. Willis says : • 

" The enrfaces adapted for teeth in the case of rolling hyperboloids 
might be obtained in a manner similar to those of rolling cones, by 
taking an intermediate describing hyperboloid ; hut it does not appear 
possible to derive from this any rules sufficiently simple for appli- 
cation," 

He adds that a sufficiently close approximation may be made by 
drawing two cones normal to the hyperboloidal fmstam selected, de- 
veloping these, and after laying out teeth, as in Tredgold's method for 
bevel wheels, wrapping them back iu their proper relative positions. 
The forms and proportions of the teeth traced upon the larger and 
the smaller cone respectively, are presumably the sane j and the tooth- 
enrface is composed of right lines joining the corresponding points of 

* Principles of Mecbanisni, p. 161. 
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their ooDtonn after the derelopmetits are restored to their original 
oonical forms, in dae relation to each other oa determined hy the gen- 
eratrix of the pitch hj- 
perboloid. 

Prof. Baakrne,* again, 
remarkfl: "Theenrfaces 
of the teeth of a akew- 
hevel wheel belong, like 
iie pitch snrfaoe, to the 
hyperboloidal class, and 
may be conceired to be 
generated by the motion 
of a straight line which, 
in each of its snccessiTe 
poeitions, coincides with 
the lioe of contact of a 
tooth with the corre- 
sponding tooth of an- 
other wheel. Those 
Boifaces may also be con- 
oeived to be traced by 
the rolling of a byper^ 
boloidal roller upon the 
hyperboloidal pitch 




And he in tarn pro- 
ceeds to describe at 
some length a proocss 
of constructing the teeth 
which, although differ- 
ing in detail from that 
above explained, giree 
nearly, and in some 
oaeee precisely, the same 
results ; both are, then, 
to be regarded as ap- 
proximations more or 
leas close. 

370. Siract Proooi of 
Fio, m. Coutmotion.— But, as- 

suming that the surfaces generated by the use of an auxiliary hyper- 
* Muhinerr ud HiU-Work, p. IM. 
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boloid are correct^ it is nearly, if not qaite, as easy to constract them 
directly as in the exact method for bevel wheela ; snppoBiDg the pitoh 
aarfsce and the generating Burface to rotate in contact, the axes being 
fixed, we have fiimply to follow the moyements of the describing lino, 
and find the points in which it pierces the normal cones at TarioQS 
phases of the action. 

In Fig. 337, V, Y are the rertices of the cones normal to the verti- 
cal pitch Bitrface, and the inclined describing hyperboloid, touching 
the other internally, is shown in position for generating the flank of 
the tooth. 

For convenience, the velocity ratio of these two hyperboloids is 
taken as 3 to 1 ; hence a rotation of the vertical surface through the 
angle SYP, will cause the other to turn through the angle BOO 
twice as great. The describing lino, which was originally at AB, will 
then have the position RO, piercing the upper normal cono in some 
point S, which being found, occupies a known position in relation to 
the element YP ; and a point similarly situated with reference to the 
element YB, will evMently lie in the trace of the required flank upon 
that cone. By repeating this process any desired number of points in 
the curve may be located ; and applying it to the lower normal cone, 
we determine the outline of the Bmaller end of the tooth. Or by ex- 
tending the describing line, and finding where it pierces the plane 
of the gorge circle, wo may in a similar manner map out the trace 
upon that plane. 

371. Kext, the describing surface being placed in external contact 
along the same line, AB, and the normal 
cone being sufBciently extended, the face 
of the tooth is constructed in a similar 
manner, needing no illustration. The 
method of finding the point in which the 
describing line pierces Uie normal cone is 
shown in Fig. 228. V being the vertex of 
the cane, A B its base, and MN the line, 
draw through Fa line, VO, either parallel 
to or intersecting M2f; this line pierces the 
plane of the cone's base in 0, and MN 
pierces it in P. Therefore the plane deter- 
mined by MS and VO cnts the plane AB 
in the line OP, which, produced if neces- 
Bory, cuts the circumference of the base iu 
the iwint L ; now drawing VL, that element '"■ **• 

of the cone cnts the given line JfJVin jS, which is tlie required point. 
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878. ^le Teeth not BymmetiioBl. — It will be perceived that the trace 
of tiie tooth upon the normal cone ia derived from the intersection of 
that cone vith tho describing aurfaco, just as it was in constructing 
the correct teeth for bevel wheels. In that case the axes of these two 
Bnrfaces were in tho same plane, vhich divided tlio curve of intersec- 
tion symmotricatl;. But this is not bo with tho hypcrboloid, and in 
Fig. 2^7 that curve will not be symmetrical Avith reference to the ele- 
ment Vli of the normal cone. The result of this is, that the traces of 
the two flank surfaces, derived from tho parts of the curve on opposite 
sides of the point B, will not be similar. The same holds true in 
regard to the face surfaces, so that the trace of the compUle tooth vpon 
the normal cone will not be sj/mmetricat to a radius, as it is in the 
constructions of Prof. Willis and Prof. Bankine, 

This may be seen from another point of view, thus : Tho inclina- 
tions of the describing Itnc to the elements of the normal cone will 
not vary in the some manner nor in tho same degi-ee in the opposite 
directions of its motion from the position AB. The difference of fonn 
is not great for the flanks, but is more conspicuous in the faces, as 
might be expected from their greater length and more rapid changes 
of curvature. 

378. Seterminatioa of Hei^t of Tooth.— In Fig. 339, let D b:; 
the axis of a wheel, perpendioalar to the paper, LBO the base 
of the normal cone, 
■ AB the generatrix 
of the pitch surface, 
BT the intersection 
A. of the normal cone 
with the describing 
hyperboloid, from 
which is derived the 
trace BFO of the face 
D of the tooth. The ac- 
^^- **"■ tion of this face begins 

at B, and BT is the locus of contact ; hence if the angle of recess, 
BDP, bo given, we draw through P a curve similar to BG, cutting 
BT\\\ E, which will be the liighest point of the face. ConTcreely, 
if the height BF of the tooth be assumed, an arc through F about 
the eontro D cuts BT in E, and FDE or ils equal BDP will be the 
angle of action between this face and tho engaging flank of the otiier 
wheel. 

Let C be the axis of that second wheel, also perpendicular to the 
paper ; HE the generatrix (coincident with AB when the wheels are 
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in position) ; HJJ the trace, on the second normal cone, of the 
same describing hyperboloid that wafi used for the face of the flret 
wheel : and HN the trace of the Sank. Now the turning of the first 
wheel throngh the given augle, BDP, cansea the describing Burface to 
turn through a known angle ; which enables us to find the point / in 
HU, corresponding to that angular motion. Then an arc about 
centre C through this point /, cuts H^ in R, which limits the acting 
depth of the flank. Or, otherwise ; the given rotation of the ficst 
wheel will drive the second through a known angle HCS ; then a curve 
through S, similar to HN, cuts IlU'ia I; and thus the acting depth 
is found without reference to the rotatiou of the describing surface. 

The same process is to be repeated with respect to the face of the 
second wheel and the flank of the first, which completes this op- 
eration and determines the whole angle of action for each wheel. 
But tho flank-curves are to be continued beyond the points thas 
found, because, as in any other form of gearing, clearing spaces must 
be provided in each wheel, for the passage of the teeth of the other. 

374. Determination of the Form of tlie Blank When the height of 

the tooth has thus been ascertained, or assumed, the position of tho 
describing line which passes through the outer point of its face is defi- 
nitely fixed. Kow, this element of the tooth -surface, in revolving 
around the fixed axis of the wheel, generates a new hypcrboioid, and 
the blank should be made in the form of a frustum of that surface, 
limited by the cones normal to the pitch hyperboloid. For otherwise 
tho teeth will begin and end their action at a single point, instead of 
along a line : tho obvious result being that the points, especially of 
the follower's teeth, will suffer from abrasion. 

If the wheels are located in the immediate neighborhood of the 
gorgo planes, the true hyperbolic outline must be carefully followed 
in making the blank, in order to avoid this danger. But if not, the 
hyperbola becomes so flat at a short distance from the vertex, that it 
will ordiuanly suffice in practice to use a frustum of a cone tangent 
to this external hyperboloid, at the middle of the length of the tooth 
as measured along its outer element. 

875. This is illustrated in Fig. 230; the dotted curVe^J'is the 
outline of the pitch surface, to which the oonee whose Tortioes are 
Kand Y Kii normal, and ON is the outline of the external hyper- 
boloid, generated by revolving the describing line which passes 
through N the highest point of the tooth, about the vertical axis VX, 
NM being the length of the outer hyperbola to be used, let this be 
bisected at R, at which point draw a tangent to the curve ; this will 
intersect the axis at X, the vertex of the tangent cone. 
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The method ot drawing the tangent to the hyperboU ia also shown. 
Since the poEition of tho generatrix of the outer surface with respect 
to the axis is known from the antecedent cooBtructions, it will, when 
parallel to tho paper as in the diagram, take a known direction, AB, 
asymptotic to tho hyperbola ON^, The companion generatrix then 
becomes tho other asymptote AL ; now draw through R a parallel to 
AB, cutting AL in F, and on AL set off PC = AP, then ItC is the 
reqaired tangent. 

376. The forms of the 
teeth for a pair of wheels, 
laid oat by the processes 
T U above described, are shown 

in Figs. 231 and 332, the 
wheels being seen from 
the smaller end; the long 
tooth on tho right, in the 
upper part of each figure 
is continued till cat by the 
gorge plane, the shorter 
teeth on the left being lim- 
ited by an inner normal cone 
as in Fig. 330. In the 
lower part of each figure 
are shown the common ele- 
ment of the pitch sarfacea, 
the trace of one side of tho 
tooth npou the outer normal 
cone, and the parts ot the 
Flo. aw. carves of intersection used 

in tho conatraction. The lines employed in the determination of tho 
other side of the tooth ore omitted in order to prevent confusion ; 
but it is proper to state that these figures are copied from drawings 
executed with great care upon a large scale, in exact accordance with 
the methods above set forth. The conditions assumed are, that the 
projections of the axes npon a plane parallel to both, shall cross each 
other at an angle of 60°, as in Fig. 97, and that the wheels shall have 
eighteen and twenty-seven teeth respectively. 

It is to be noted that in consequence of the peculiar relation 
between the pitch and describing sur&ces, not only are the fronts and 
backs unlike, but the traces on the various normal cones are also dis- 
similar, the whole form of the tooth changing with the distance from 
the gorge plane. 



3vGooglc 



THK ANALOGICAL THEOST WROSQ. »49 

377. Tallaey of the Freoeding ConitnictioB. — The correctness of the 
Above method of generating the conjugate tooth-surfacea for diew 




wheels has hitherto passed aDcfaallenged ; a &ct perhaps not to be 

wondered at, so plansiblo 

is the analogical reasoning 

by which the deduction is 

reached. 

Eitheroneisnnqaestion- 
ably correct in relation to 
the describing hyper bo- 
loid. Let the npper and 
lower bases of the latter be 
two discs fixed upon one 
axis, and in these let a 
single wire be secured, to 
represent the describing 
line. If this axis be prop- 
erly placed in relation to 

either pitch surface, it will Pio. an. 

be correctly driren by the corresponding tooth-surface acting agamst 
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the wire, after the manner of a pin-wheel in epar gearing. And by 
hypothesis the engaging surfaces have at eveiy instaut in common 
this describing line, by which they were simaltaneoiiBly swept up 
during the action. 

So far, well ; bnt one thing more is necessary — this common line 
must bo a line of taugency ; and it appears to have been assumed that 
th is is the case, probably becauee up to this point the analogy is perfect. 
Every link in the chain has stood the tost ; now let us examine the book. 
378. It is necessary, first, to gain a cl^ar idea of what occurs when 
one hyperboloid rolls around another which is stationary ; a qnestitHi 
not previously considered. 

If the two surfaces shown 
in Fig. 233 turn as shown by 
the arrows (tho axes, being 
for the moment r^arded as 
fixed), let AL, AI be tho 
linear motions of the points 
which fall together at ^ ; 
these will have the same com- 
ponent, ^iT, perpendicular to 
X the common element, AB, 
^ and/£repreecnUthoamoant 
of sliding between the two 
hyperboloids along that de- 
ment 

Now suppose the motion 
of the inclined surface to be 
suddenly arreated, and the 
axis of the rertical one to be 
at the same instant released 
from its bearings, its rotation 
continuing. The latter must 
then revolve around the axis 
of the former in the direction 
opposite to that tn which the 
farmer was turning, and with 
the same angular Telocity. 
Tho point A of the vertical hyperboloid will then have a component 
motion, AL, due to its original rotation, and another, AH, equal and 
opposite to ^/, due to the rcTolntion. 

The resultant of these is A 0, in BA produced, and equal to IL, 
This is as it should be, evidently, since the relative sliding of the two 
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Barfoces mast remain tho Sftme ; but, moreover, the motion of every 

point in or connected vith the tntvelling h^perholoid must hare a 

oompoDent equal and parallel to ^0. The only other motion of 

which any snch point ia capahle is one of revolntion abont AB, and 

since the angular velooity must be the same for every point, it will 

saffice to find it for one. 

Tho point S has a component motion, HP, eqaal and opposite to 

AL, due to the rotation ; and another doe to the reTolution, in the 

direction of AH, but greater, in tho proportion of DH to DA. The 

resultant is J)T, the tangent to the helix which the point ^ is at tho 

instant describing. Therefore OT, perpendicular to AB, is the linear 

Telocity of the rotation of this point about the oommon element of the 

OT 
two surfaces, and -j^ is the angular velocity for every point in the 

rolling hyperboloid. 

870. Precisely tho eame result has already been reached in a difler- 
«]t manner, as will be seen by reference to Fig. 26, and the accompa- 
nying text. Tlie nature of the action is moat explicitly stated by 
Ptof. Bankine, thus* : "It oneof thosebodiesisfixed, and tho otlier 
made to roll upon it, they oontinno to touch each other in a stmight 
line, which is the instantaneoua axis of tho rolling body, and the rota- 
tion about that instantaneous axis is accompanied by a sliding motion 
along the same axis so oa to give, as the resultant compound motion, 
• helical motion abont the instantaneoua axis." 

If, then, we take any element of the rolling hyperboloid as a describ- 
ing line, it is at any instant in the act of generatinga hclicoid, which 
will be tangent all along this line to the tooth-surface generated by a 
oontinnation of the rolling. Therefore the plane tangent to the latter 
■Dr&ofl at any point, is determined by the describing lino itself, and 
the tangent to the helix at that point constructed as above. 

380. Now in generating the conjugate tooth-surfaces for a pair of 
wheels, the describing hyperboloid rolls upon the outside of one pitoh 
rarface, and apon the inside of the other, as in Fig. 234. Tho direc- 
tion of the rotation about the Instantaneoas axis is of connie the same 
in both cases, but that of the sliding is not ; in the rolling apon tho 
inclined pitch surface the sliding is represented by AO, while in the 
rolling within the vertical surface it is represented by AP, in the op- 
posite direction. 

In Fig. 335 let the vertical line AB represent the common element 
of tiie pitch surfaces or instantaneous axis, and OE the describing 

• HMhIiwrr and MiUwork, p. 71. 
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line, the ratation being indicated by the arrom. The tangent to the 
helix described at the instant by the point P will lie in the plane tan- 
gent to the cylinder npon which that helix lies, and la the horizontal 
projection will hare the direction P'l' perpendtcalar to P'A', Liet 
the motion parallel to AB be upward, then PI will be the Tertical 
projection of this tangent. Let MTi" be a horizontal plane ; it cnts 
PI at L, and OS at 0, giving O'X' as the trace upon MIf of the 




plane tangent to the helicoid at P. If, on the other hand, P have a 
downward motion parallel to AB, P'l' will be horiaontal and i'fl'the 
vertical projection of the tangent to tlie helis, which pierces Mlf at 
It, giving O'R' OB the trace of this tangent plane, whicli cnts the first 
one in the line OB. A vertical plane through the moving line will 
evidently also contain the tangents to the helices dcEcribed by the 
point B of that line, which is at the least distance from AB. At this 
pbint, then, and at no other, will the two helicoids have a common 
tangent plane. 

381. Consequently the hook breaks, the chain is useless, and these 
teeth will not work at all. The common line of the engaging face 
and flank is a line not of tangency, bat of intersection, and these sur- 
faces, simaltaneously swept into existence by tlie auxiliary hyperboloid, 
are instantaneously swept out again by each other. That this would 
occur in the special case in which the pitch byperboloids retain their 
limiting forms, the one being a cone and the other s plane disc or 
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rattier anunlna, as in Fig. 101, was pointed out b; the author in a 
paper published Boue ywaa since ; * bat not at tlie time of that writing, 
nor until the present, was it perceived that the analogy tails in gen- 
eral, and that this whole method of constructing teeth for akevf wheels 
is radically wrong. 

362. A Fraotioftbla Ibthod.— A different line of procednre most^ 
therefore, be eoaght; and a basis of operations which will lead to 
reasonable results is found in a peculiar property of the iuYolnte, first 
pointed ont by M. Th6odore Olivier. 

In Fig. 236, AB is the common tangent of the two circles whose 
centres are C and D, and ia, therefore, the locua of contact of the 
involutes O'F, Pff, shown in contact at F. Let the first circle be 
now revolved on the line AB, 
as on a hinge, until its centre 
reaches the position C, the 
circle then appearing as an 
ellipse, and the tooth taking 
the position OP. The axes 
will then lie in different 
planes, but it is evident that 
OP will still drive PJT exactly 
as before, AB being the locus 
of contact, since it is the inter- 
section of the planes of the hose 
circles, whatever their inclina- 
tion to each other. 

Therefore the action of the 
fronts of the teeth is not af- 
fected by the change in the 
position of the originally par- 
allel axes ; but with regard to 
the backs the cose is quite differenL Their locus of contact, when the 
circles were in the same plane, was the other common tangent SF, 
which cuts AB at 0, and it will readily be seen that the two points of 
the backs of the teeth which would meet at in the first place, will 
do BO still, but no other points of those curves will come into contact 
at all. Consequently, regarding the wheels as of uo sensible thick- 
ness, we perceive that either of them can drive continuously in only 
one direction. 

383. Of this combination Prof. Willis remarks, f 

* Sctontlflc American Supplement, Nos. 174, 170 and ira. 

t Filnoiplefl of Mechanism, p. ISS, 
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' "Inrolnte wheels, therefore, maybe employed to commnnicate a 
constant Telocity ratio between axes that are inclined at any angle to 
each other, bnt which do not meet. Bat the demonstration sapposee 
the wheels to be very thin, since they coincide with the pUiua that 
intersect, and the inrariable points of contact an sttnated in this 
line of intersection. The edge of one of the wheels mnst be in prac- 
tice rounded so that it may touch the other teeth in a point only." 

This, however, is not the only expedient for eecaring sabsUnce or 
body for the teeth, although it is strictly true if both the curree are 
inTolutes. But, retaining one of them, it is possible so to modify the 
other, when sensible thickness is given to the wheels, that the locos 
of contact shall not coincide with the intersection of the two planes, 
and to form teeth which shall work together in contact along a right 
line. 

381. In Fig. :S37, let AB, the common tangent to the bases of the 




two cones, be parallel to the common perpendicnlar of their axM^ 
whose extremities, Fand W, are the Tortioes. In the tangent plane 
thus determined, draw SF parallel to AB ; it will be tangent to the 
two circles cut from the cones by planes parallel to their bases, and 
dividing proportionally both the axes and the elements. 

The InvoluteB PO, Pff, of the bases, will work together as in Fig. 
236 ; ao too will those of the other sections, shown in contact at B. 
ThsEe cun'es may be considered as traced, each in its own plane, by 
marking points at P and R, drawn along by two cords, AB and EJ", 
while the cones turn as indicated by the arrows ; in which motion 
the linear velocities of the marking points ore directly proportionid 
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to tbo radii of the bases of either frashmi, and these to their distances 
from the vertox, measured either on the axis or on an element. 

Draw PR and produce it to oat FIT in 0; then if P move to & 
nev position /or L, thecorrespondiDgpositionof ^ will be Jf or iV, 
such that 

PI _ PJf__ 4Yi^ BW __ PO 
KM " ~BJf~ EV~ FW~ BO' 

that is to Bay, the point O and the two marking points will always 
lie in one straight line. 

386. The Tooth-sniftoe a Efio^le-cnrvsd One. — Consequently any 
nnmber of tracing points may be placed between P and 0, each in 
like manner generating a pair of inTolntes which will work together 
OS in the preceding figure ; tbo point itself deacribes two circles, 
which may be regarded as the involutes of their centres Fand W. 
And the Btraigbt lines joining the corresponding points of the inro- 
Intes belonging to either cone coDBtitate a surface ; which may also 
be generated by sliding a right line upon any three of these involutes 
&a directrices. 

In the latter mode of generation, every point of the right line is at 
any instant moving in tbe same direction, becanee the tangents to all 
the involutes are parallel : but the upper end ia moving faster than 
the lower end. Therefore, the consecutive elements intersect each 
other two and two, and the surface is not a warped one, but single 
curved, and the plane tangent to it at any point is tangent to it all 
along a right line. 

But it does not follow, nor is it true, that tbe two surfaces thus 
simultaneously generated by the line PO will be tangent to each 
other. The plane tangent to either at any point is determined by 
the rectilinear element, and the tangent to the involute, which pass 
through that point. But the two involutes generated as above lie in 
different planes, their tangents have different directions, and in con- 
sequence the plane tangent to one surface is not tangent to the other, 
Betaining one of them, however, it is possible to construct another 
which shall be tangent to it in each of the different positions, by a 
process analogous to that of deriving a conjugate tooth from a given 
form. 

388. Adaptation to Hyperbololdal Wheels.— The application of this 
in the case of hyperboloidal wheels will be understood by reference to 
Fig. 233 ; if through C and D two lines be drawn parallel to the 
common element AB, these lines, by revolving about the vertical and 
inclined axes respectively, vrill generate two cones situated relatively 
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to each other aa in Fig. 237, and the tooth-nirfaoefi for the wheeb 
ma; he formed as above explained. Those for the first vheel, being 
composed of true inTolntes, may be constructed without reference to 
the second, as shown in Fig. 238, which is drawn vithont regard to 
practical conditions or proportions, for the purpose of exhibiting dis> 
tinctly some pecnliarities which most bo taken into account in laying 
out each teeth for actual use. 
Let KIM be the upper base and EOF the gorge circle of the h^'per- 




Fm-aSandSiS. 

boloid, whose generatrix, OM, is parallel to the rertJcal plane, KS, con- 
taining the axis C. Throagh Jf draw a perpendicular to OM, pierc- 
ing this plane at A' ; then tiie circle about C throngh A' will be tbo 
base of the cone. On ^'^ produced take any point P, and let PO 
be the position of the generatrix of the tooth-snrfaoe at the beginning 
of the action. The wheel turning as shown by the arrow, let the 
action continue until a marking point atP reaches^', tracing the 
involute, PA, whose poaiUon at the end is P'A'. Any other point & 
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on PO will moantime trgce another iuTolnte, RB, whose final position 
is R'B', while will trace the arc 00' ; and the final position of the 
generatrix is OB'A'. When P faas advaooed to M, Jt will have 
reached A', and CM is, it will be noted, tangent to all the involntea 
traced by points upon PO. 

367. Tha Teeth Taniih at the Owge PUoe.— In Fig. 239, MO 
IB the generatrix, and SVFX the meridian outline, of the pitch hy- 
perboloid. 

Now, considering first the part which lies above the gorge plane 
SF, we perceive in Fig. 238 that the outer points of tfao teeth, as P, 
S, lie in the line PO, whose least distance from the axis is CG, and 
O is below the plane EP. Similarly, the lowest points, A', B', lie in 
a line, A'O, of which the point, R, nearest to the axis, lies above that 
plane. These two lines generate two other hyperboloids, whose 
meridian outlines in Fig. 239 are respectively TWFtmA MHF. 

The teeth then vanish at the gorge circle, bat if the generatrix be 
continued below it, they will reappear j and their highest and lowest 
points will also lie upon an exterior and an interior hyperboloid. It 
is here to be noted, that it ia not necessary thus to prolong the same 
generatrix ; but if it be done, as in these diagrams, the interior hy- 
perbola, FQZ, will be a continuation of the exterior one, TM'F, and 
FY an extension of MHF. In this case it is also necessary to make 
the angle POM in Fig. 238 equal to the angle MO A', if it be required 
that the teeth of the upper and lower portions shall be symmetrically 
diqtoBed, EO that for example Q'J" may be equal, similar, and opposite 
to P'A'. Such symmetry, though not essential, is obviously desira- 
ble if the wheels are to be used in double pairs (161) ; but the 
angles just mentioned need not be made equal ; and if not, the result 
will be that in Pig. 229, although TWF and FOZViW be respect- 
ively similar to FY and FHM, they will bo parts of different hyper- 
bolae. 

3g6. Umit to the Prolongation of the Tooth. — It is to be understood 
that in Fig. 238, as in previous cases, the vertical plane containing 
the axis C is parallel to the axis of tho engaging wheel, the point 
lying upon the common perpendicular. If then the angle MOA' bo 
assumed, the point .^' in which the generatrix of tho tooth-surface 
pierces that plane limits the distance of the upper base from tho gorge 
circle. For the transverse plane through that point cuts from the 
fundamental cone a circle to which PMA' is tangent, so that A' is the 
root of tho involute traced by tho marking point in that plane ; and a 
marking point in any higher plane, in the prolongation of OP, would 
advance beyond the point of tangency between its path and the corre- 
17 



3vGooglc 



268 COKSTBUCTION OF BACK OF TOOTH. 

Bponding section of the cone, and thus begin to trace the revene 
branch of the involate of that circle, vhich is clearly inadmissible. 
CoDTersely, if the distance from the gorge be assumed, the point A 
is thereby determined, which in turn fixes the greatest possible valoe 
of the angle A'OM. 

We haTo thns far referred only to the lowest acling points of the 
teeth which lie npon the interior hyperboloid in Fig. 239. But it 
may be necessary to cut more deeply into the blank in order to pro- 
vide clearing spaces for the passage of the teeth of the engaging wheel. 
Tlie involutes are then to be continued as far a» required below the 
last acting points ; should the root of the inToluta havo been already 
reached in any traneTerse plane, as at A' in Fig. 338, the continnation 
in that plane will be a radial line. 

389. Conitruction of the Back of the Tooth. — The complete working 
teeth must bo provided with backs as well as fronts ; and we have now 
to consider the results of this operation. In Fig. S40 we have a 




Fia. Ua. 
single tooth npon a larger scale, tho curves A'P", B'R', correspond- 
ing to those similarly lettered in Fig. 338. For our present purpose 
wc may disregard tho clearing space, and suppose the depths deter- 
mined by tho points^', B', tohoEuflicicnt. Considering ..i'/", then, as 
the front of the tooth, its back is to be a similar involute in the same 
plane, and for illustration we will aseumo the pitch to bo such as to 
make the tooth pointed, as shown ; then tho radius through P' will 
bisect tho arc A'D, which measures tho thickness of tho tooth on the 
circle through A'. 

Make tho angle OCG equal to the angle A'CD ; then the arc OG is 
tho thickness of tho tooth at the gorge circle, and tho lowest (acting) 
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points ot the backs will lie upon the right line OD. Thus, a circle 
tiirongh S', about C, cuts OD in H, and S'E is the thiekneBa of the 
tooth in the plane containing the inTolate B'R. The radius which 
bisects S'S, cats B'Jf at K, through which point passes the reverse 
inTolute, SK, or back of the tooth in that plane ; in alike manner we 
detenaine the section HLF of the complete tooth by a plane still 
nearer the gorge, and eo on indednitely. 

390. The Extennon of the Tooth Praotioally Limited la Both Sireo- 
tioiUL — It will be observed that the points of these sections become 
more and more obtuse, and the depths less and less, as we approach 
the gorge plane. And in that plane, bisecting OG by the radius CJt 
the front of the tooth is the ara OJ, and its back is the arc GJ ; these 
being, as previously suggested, the involutea of the centre, C. 

If then we make the section of the tooth by the plane farthest from 
the gorge pointed, we perceive that the fronts of the sections nearer 
to the gorge cannot be extended to the full heights, aa /, R', found 
as in fig. 238, since they are intersected by the backs before those 
heights are reached. And a sufficient number of these intersections, 
as L, K, being determined, a line, JLKP', is drawn through them, 
which, by revolving round the axis, C, will generate a surface which is 
evidently the correct blank for the wheel upon the above supposition. 

The meridian outline of this surface Is the curve TVF, in Fig. 239, 
which, it is to be noted, intersects the pitch hyperboloid at V. But 
OM, of Figs. 238 and 239, the generatrix of that hyperboloid, is also 
a line of the front tooth-surface. This is now cut off at V by the 
transverse plane through V, and it is clear that between this plane 
and the gorge the teeth cannot possibly engage with each other. 
Practically, then, they should terminate still farther from the gorge 
circle. 

391. Suppose now, however, that the pitch is so much increased 
that the section of which B'B^ is the front may be carried up to the 
full height and made pointed at If. The reverse involute through Jf 
will cut the cirele through S' ata point JV'; the angle OCG raii^ 
then be made equal to that measured by the arc B'y, and a straight 
line from this new position of 0, through JV, of which NQ is a por- 
tion, will contain the lowest noting points of the backs under the new 
condition, as did GD under the old one. Below B' the state ot 
things will be analogous to that which previoudy existed below P' ; 
and we may proceed to construct as before a cur\'o corresponding to 
JLKP', and to ascertain the limit beyond which the teeth cannot be 
oontinued in the direction of the gorge. 

But above B! we shall have, in the first place, a right line, B'P", 
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whiofa is, of couTBC, ft portion ot P'C of Fig. S38, the generabiz ot 
the extenot hyperboloid, TWF, of Fig. 23S, which is now the form ot 
the blank. In. the next place the tooth above If will not be pointed, 
but will have a sensible thickness at the top. Thns, the arc A'Q 
being made equal in circular measure to ^'J\^aod QT eimilar and 
opposite to A'P', the tooth outline on the upper plane is bounded at 
the top by the arc i'T. Other planes perpendicular to the axis may 
bo passed at any convenient intervals, and the arc limiting the section 
of tho tooth at tho top being found in like manner for each, the line 
B'Tia determined, which is the cuter edge of the back of the tooth, 
and lies, of course, upon the hyperboloid generated by li'P'. It is 
not a straight line, but in meet, if not all, practical cuses, its curvature 
within the limits employed will be very slight. 

8M. Hatine and Action of the Back of the Tooth. — Evidently, when 
wo thus assume any plane as the lower base of the frustum to be used 
for a wheel, we need not make the section of the tooth by that plane 
pointed ; for instance, we might havo made B'N greater, so that the 
lower, as well as the upper, section would havo be^n blunted. This, 
however, would not in the least affect the mode of proceediHg, nor the 
nature of the surface which forms the back of the tooth. This sur^ 
face can not be generated as was that forming the front, as will be 
seen from the consideration that the tangents to the involutes at />, 
E, and F, in Fig. 210, are not parallel. Therefore it is not of sin^ 
onrvature ; it is not of double curvature, for it contains the right line 
8I> ; it is, then, a warped surtaoe, and generated by sliding the right 
line upon any three of the involutes as directrices. 

K(m: does it work in right-line contact with the engaging tooth of 
the other wheel. Snpposiug the latter tor the moment to be of the 
same nature, it will he seen, by reference to Fig. S36, that the only 
point of contact between the involutes of any two transverse sections 
of the fundamental cones which hare a common tangent (which may 
be called conjugate sectiouB), is found by revolving either of those 
(urcles about that line until it lies in the plane of the other, and then 
drawing the line of centres, which will cut the tangent at the point 
in question. 

Were the wheels made np of laminae, each acting upon its conjugate 
only in this manner, we should have a series of such contacts, the first 
occurring in tho planes nearest the gorge, tho last in those moet 
remote ; the teeth touching each other in a single point, ^hich would 
travel endlong, in a line parallel and near to the common element of 
the pitch hyperboloids ; very much as in the case ot twisted spur 
or bevel wheels. 
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39S. PMDliar Aotlon of the BuikM of ths TMth. — This, however, is 
not the oaee, as the aapposed Iftmiiue are not: capable of such mdepeDd< 
ent action. Let a coajagate pair at taxy instant toaah each other as 
above ; then at the next instant, the conBeontive point of one secdoa 
will oome into contact with the engaging tooth at a point not situated 
in the conjugate plane but in a plane beyond. But sinco the abovo 
described contacts between conjogate planes occor at snccessive 
instants, we hare in effect that snccesBiTe phases, of the action on 
simultaneonsly represented, the resnlt being that the two teeth at any 
given instant toaoh each other along a curved line of limited length ; 
each point of which during the action traTels along the tooth from 
end to end in the manner preTioosiy explained. 

3dl Conitnution of the Back of th* Coqjiigato Iooth.~irnder these 
circa mstancee, it the hack of the tooth of one wheel be mode np of 
the reverse involutes, as at first supposed, it is not demonstrable that 
the back of the engaging tooth should be, but its proper form may b« 
determined as follows : pass any plsne perpendicular to the axis of 
the second wheel, and upon it draw the outline of the section cat by 
it from the oasnmed tooth of the first. Botate this plane through a 
small angle, and turn the first wheel through tbe corresponding 
angle, determined by the given velocity ratio. The outline of the naw 
section of the given tooth is now to bo traced upon the plane, and tbe 
■ process repeated until the section of the conjugate tooth, which, ot 
course, ie the envelope ot the various carves thus traced u [ion the perpen- 
dicular plane, is mapped out with the desired degree of accuracy. A 
new transverse plane is now to be passed, and the same series of opera- 
tions again performed ; and this once more repeated, gives us finally 
three directrices, upon which a right line being made to slide wiU 
generate the hack of the required conjugate tooth. 

39fi. Constmetion of the Tront of tha Coqngate Tooih.-~The front 
also of this conjugate tooth, as stated in (366), will be different from 
that of the first wheel, whoso generation was illastrated in Fig. S38. 
Referring to that di^^ram, it is seen that in every position of tiie gen- 
eratrix, the tangents to all the involutes are parallel to OM ; and they 
are all parallel to the gorge plane. Therefore OM is tbe trace upon 
the gorge i^ane of the plane tangent to the tooth-surfaoe at any 
phase of the action ; the latter plane turning upon OM as upon o 
binge, during the rotation of the wheel. And in each of its positions 
it will cot a right line from any transverse plane of the second wheel, 
which, meantime rotating about it« own axis, will thus have traoed 
upon it a series of lines, to which the front outline of the section of 
the conjugate tooth by that plane mnst be tangent 
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Thus, in Fig. 341 O'C is the vertioal axis of the first wheel, coire- 
sponding to V of Fig. S38, O'P' correaponds to OM of the same 
digram, O'Jy w the axis of the aecood wheel, and the right-hand 
portion of this figure la a projection npon a plane perpendicular to 
the inclined axis ; in which PAB is the path of a marking-point which 
generates an involute pertaining to the first wheel, this path oorre- 
8pondingtoPif.4'of Fig. 238. The arrow indicating the directiouof 
the rotation, P is already the lowest poesihle point of the acting face 
of the tooth of the second wheel, and PM is the position of the plane 
tangent to the tooth of the other at this phase. When P has mored 
to A this plane will have the position AM, and the radius DP will be 
found at DE, the are PE being equal to PA. So when P reaches B, 
the plane will appear as BM, and DF will be the new position of DP, 
the aro PJ'being equal to PB, Thus the ontlineof the tooth being 
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tangent to the trace of the plane in each of its successiTe positiouB, 
we are enabled to map out its form as shown at FB. 

Evidently this cnrve is not a true involute, which could be prodaced 
only on the supposition that the tangent plane should always be par- 
allel to AM ; bat in most practical cases the mgle PMB will be small, 
and the deviation of the tooth-outlines from the involute form will bo 
comparatively slight. 

306. Difibrent Aotiona on Oppodte Sides of th« Gorge. — A singular fact 
in relation to the teeth thus constructed is that on opposite sides of the 
gorge plane the fronts and backs ore transposed, as will be seen by refer- 
ence to Fig. 238 ; so that if a double pair of snoh wheels be employed, 
turning in a given direction, the work of one pair will be done by the 
single curved surfaces of the teeth, that of the other pair by the 
warped surfaces, the distribution being reversed if the directions of 
the rotations be changed. 
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Duo attention Bhould be paid to this point if a single pair only is to 
be nsed, and nnlees the arrsngement of other parts of the machine, 
prerents, the wheels should be placed on that side uf the .gorge plane 
which will secure the advantage of having the acting surfaces ot the 
teeth touch each other throughout their length. 

397. Practically, then, this constmction enables oa to make a pair 
of skew wheels which in one direction of the drirer's rotation will 
work in right-line contact. The location of the upper bases of the 
hyperboLoidal frusta being arbitrary, tbey should be placed as far as 
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possible from the gorge planes, in order to reduce the transverse 
obliquity to tho lowest limit. 

The blanks should, of course, be terminated by coneenormal to the 
pitch surfaces, as previously explained ; the traces of the teeth upon 
these cones are most readily found by passing a series of transverse 
planes, and drawing in each the outlines of the tooth ; which will 
intersect the circles cut from the cones in points of the required 
curves. 
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The Hppearanoe of the complete wheel as thus laid ont is shown in 
Fig. ^i, which repreeente the larger of a pair having respectiTel; 48 
and 32 teeth, the angle between the projectioiu of the axee being 60." 
On the right ia shown the developioeQt of the tooth-ontline on the 
oatCF normal cone of the larger wheel, the corresponding developmEUt 
for the smaller one being given on the left. These outlines, it will 
be obserred, are by no means symmetrieal, owing to the traneverse 
obliquity of the teeth, althongh in one wheel the seotions by planea 
perpendicular to the axis ma; be eymmetrical with respect to the cen- 
tral radii. 

398. It will be apparent on reflection that the analogy between 
conical and hyperboloidal wheels, in order to be perfect, requires that 
the teeth of the latter should vanish at the gorge, as do those of tho 
former at the vertex. It is true that models have been made, as, for 
instance, those by Schroeder of Darmstadt, in which teeth of sensible 
magnitude are given to wheels whose mid-planes coincide with the 
gorge circles of hyperboloids, whose elements are represented by 
wires passing through the teeth ; it is also true that these wheels 
work, transmitting the rotation with perfect constancy of Telocity 
ratio. 

But it does not follow that these are true skew teeth, nor that they 
work in right-line contact at all on either side. These wlieels, aa 
made, ore thin ; and, as will be seen presently, screw teeth formed 
upon pitch cylinders tangent to these hyperboloids at the gorge 
circles will curve so little in the small portion used, that it would be 
difficult by mere inspection to detect tho curvature or to ascertain 
whether contact existed in more than one point. And in fact such 
teeth are very often, if not always, actually made by means of a mill- 
ing cutter travellingin the direction of the tangent to the helix at the 
mid-plane of the wheel, without rotating the blank during the 
operation. 

But these wheels cannot be made of any considerable length in the 
direction of the axis, and the suspicion of their identity with those in 
the models above mentioned has yet to be removed by the production 
of a pair in which straight-line teoth extend past the gorge circlea 
from end to end of long hyperboloids. 

399. Skew-bcvcl wheels arc not often met with in practice. The 
usual expedient, when two axes He in different planes, is to introduce 
a counter-shaft, whoso uxia intersects both tho others, and to uao two 
pairs of bevel wheels. And when they are at a great distance from 
each other this may he unavoidable ; but if they be not, there can be 
uo question that the loss of power due to the imperfect rolling of tho 
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piteh BnrtBceB, and the transrene obliqait^ of the teeth, with a pair 
of properly oonstraoted skew wheels woald ia many cases be leas than 
that inonrred when the arrangement abore mentioned is adopted ; to 
say nothing of the superiority of the single pair in respect to neatneea, 
lightness, and compaotneas. 

400. Twitted fflnv Wheeli. — If we suppose a pair of tangent byper- 
boloids to be made up of a series of tranirerae laminte, it is clear that 
by twisting them uniformly, as in 
Fig. 243, the rectilinear elements 
will be changed into iiyperboloidal 
helices, while the surfaces still touch 
each other along a right line as 

before. And had teeth been added ._ 

previously to the twisting, then, ta 
was the case with the spur and the 
bevel wheels, these teeth would coii- 
tinne to act with the proper velocity 
ratio. 

This at first glance appears a useless 
addition to an already ample degree 
of complexity, but upon closer exam- 
ination it will be seen that such twisted 
teeth can actually be made more easily 
than straight ones. The hyperbfr- 
loidal helix can be traced by suppos- 
ing a marking point to travel uni- 
formly along an element, whilo the 
BOrfoce turns uniformly upon its axis. 
And if the teeth begin and end their 
contact upon that line, as in Dr. 
Hooke's spiral wheels, this will be the *""*■ ***■ 

only line of their surfaces whose form is of essential importance. 

Practically, therefore, it is requisite merely to arrange proper mech- 
anism for simultoneouBly moving a milling cutter along the line of an 
element of the pitoh surface, and rotating the blank upon its axis, 
both motions to be uniform." 

The same mode of proceeding holds good when, as in Fig. 101, the 
hyperboloids retain the limiting forms of a cone and a plane, for if 
we imagine the disc to be mado up of as many concentric rings as 
tbero are laminie in the cone, each one will be driven round by the 
twisting of the latter, so that the original line of tangency on the 
* Scientific AiDerkon Supplement, No. 1T8. 
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plune will be distorted into a carve of a Hpiral fonn, whioh may niso 
he traced as above described by the nnifonn motion of a marking 
point along the right line ot contact, while the disc rotates nnitonnW 
aboot its axis. 

The teeth thns formed, it ia evident, will have but a single point of 
contact, which will travel along the common element of the pitch 
surfaces, jnst as in the case of other twisted wheels ; but this is suffi- 
cient to make the action coutinuouH, if the amount of twist in the 
length of the tooth bo a little greater than the pitch ; and the action 
will be peculiarly smooth, aince the amonnt of sliding fnction will be 
no greater than that between the pitch surfaces. 

The Teeth of Screw Wfteela. 
401. The most oommoa example of Screw Gearing ie the arrangement 
familiarly known as the Endless Screw, or Worm and Wheel. In this 
cose the axes are situated in planes which are perpendicular to each 
other, and the nature of the action will be readily seen by inspection 
of Fig. 344. being the centre of a pitch circle, and TT the pitch 
line of a rack, let 
t«eth be oonstructed 
of any of the forma 
— proper for spur 

gearing. In Qie 
plane of the paper 
draw any lino I)D 
parallel to TT, and 
taking it as an axis, 
let the outline of 
the rack be made 
the meridian sec- 
F». ML tion of a screw 

whose pitch is equal to that of the rack teeth. This screw is still a 
rack, and if moved endlong will turn the wheel ; but if instead of this 
the screw itself be turned, the effect will be precisely the same. For, 
supposing the wheel to bo very thin, its tooth is confined between the 
threads of the screw, all of whose meridian sections are alike, but each 
successive one is in advance of tho preceding, so that when the screw 
has made one revolution, tho wheel-tooth must liave been driven 
through an angle measured by the pitch arc. In short, the screw ia a 
rack which advances by rotation ; and this is tho fnndamental princi- 
ple of all screw gearing, with the exception of one combination, which 
will be described hereafter. 
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402. SiltinettTBPeoiiliuitiM of the Action. — The line TT, by rerolT- 
ing about the axis DD, generatee the pitcb cylinder of the Bcrew, 
which is tangent to that of the wheel at the point A. 

Three characteristic features distinguish the action from that of 
twisted gearing, viz. : 

1. The Telocity ratio is independent of the relative diameters of the 
pitch cylinders, and depends wholly upon the screw pitcb. 

3. The directional relation depends upon the direction of the twist ; 
the screw, turning in a given direction, will drive the wheel one way 
if right-handed, the other w^ if left-handed. 

3. The rotatioD of the wheel is caused solely hy the end thrust of 
the screw. 

403. Wheelf with Similar Tranmne Switiou. — In giving sensible 
thickness to the whe^l, wo may proceed as follows : the elements of 
the two pitoh cylinders wh ich pass through A determine the common 
tangent plane represented by 3£N, in Fig. 245. The screw helix 
through A will derelope upon this plane into a right line, whioh, when 
the plane is wrapped upon the 

pitch cylinder of the wheel, will 
become another helix lying on 
that surface ; these two helicee 
will be either both right-handed 
or both left-handed. Through 
each point in the outline of the 
wheel-tooth, already laid oat, 
draw a helix of the same pitch ; 
we shall thus have a wheel pre- 
cisely like one of the twisted pair 
shown in Fig. 109, all the trans- '"■ "*■ 

Terse sections being similar. The thickness of this wheel is to be de- 
termined only by coDsiderations relating to the pressure to be trans- 
mitted and the strength of the material; it has no bearing upon the 
kinematic action, since at any instant each tooth touches the engaging 
Borew-thread only in a aingle )>oiat in the original transverse plane 
through the axis of the screw. Therefore, this form of wheel is open 
to the objection that the wear will bo comparatively rapid, being con- 
fined to one line upon each thread und each tooth. 

404. Clow-fitting Tangent Boievi. — A worm wheel to which this 
objection does not apply can be practically made in this manner : an 
exact copy of the screw in steel is notched and hardened so as to be- 
como a cutting tool, which is used to finish the teeth, usually roughly 
cat upon the blank with an ordinary milling cutter. The cutting 
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■orew IS often made to drire the worm wheel dnring this operation ; 
bat IV better plan is to liave the wheel-blank driven at the prope* 
speed by independent means. 

When this method is adopted it is necessary, after taking one cat, 
to press the axes nearer tt^Cher, and then take a lighter finishing cat. 
Therefore an involnte wheel-tooth, worluog with a straigbt-sided slo- 
ping rack tooth, is to he preferred, because thiscfaange in the position 
of the axis docs not affect the velocity ratio. 

In this manner a perfect worm wheel is practically made with great 
facility. The accurate delineation of it is more difiScnlt and tedioos, 
but it oonbe made by a process illnstrated on the right in I^g. 244, 
where is shown a section by a pltme through the axis of the wheel per- 
pendicnlar to that of the worm. LL is the mid-plane of the wheel, 
in which the teeth were first laid out, as above explained. 

409. It now we pass any plane as JV parallel to LL,\t will cutfrom 
the screw a carved line ; this being taken as a rack tooth, the form of 
the wheel tooth which will work with it may be detormined by the 
process of Fig. 163, and this will be the outline of the wheel tooth in 
that plane. Another parallel plane at M will give a different sectitm 
of the screw, from which we derive, as before, the conjugate form of 
the wheel tooth, and this may be repeated as many times as is deemed 



The blank for the wheel is usually of the form shown ; the line OR 
describes a cone, from which the parallel planes, M and N, cut circles, 
and the intersections of these circles with the outlines of the wheel- 
tooth in these planes will be points in the vinble contour of the tooth. 

408. Superior Aotioit of the Qoift-fitting Serew. — Not only are all 
meridian sections of the screw alike, bnt all sections by planes parallel 
to and equidistant from its axis are alike. The whole screw being a 
rack which advances by rotation, it is clear that at each instant thero 
will be points of contact not only in the plane LL, but in other con- 
aecntive planes as N, M,etc. Thesepoints constitute a lineof conteot 
which, though not a true helix, will evidently be a line of double cur- 
vature of kindred nature, and during the rotation it will travel along 
the wheel-tooth from the point toward the root. Between each tooth 
and its thread, then, wo have contact along a line, and the wear ia 
distributed over a surface. 

407. PraotioalProportunt. — Abstractly considered, both the diameter 
of the worm and the number of teeth in the wheel ore optional. Bnt 
it ia found that in practice the results are not satisfactory if the wheel 
has less than from twenty-five to thirty teeth ; with a straight-sided 
rack and involnte wheel-tooth, the obliquity being 15°, thirtj-Aix teeth 
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vill gire a total angle of action greater than twice che pitch, with tho 
arc of recess one and a half times as great as that of approach, which 
is all that could be desired. This is, of cnnrse, for a single-threaded 
worm ; in regard to its diameter, a simple and a good practical rule 
is to makethe radius of the blank about twice the pitch. If the wheel 
be a simple twisted.one with all iU transrerse sections alike, its blank 
will be a cylinder, whose thickness should be from two and a half to 
three times the pitch; if it be cut by the screw, and of tho form 
shown in Fig. Mi, the angle KOP may be made from 60° to 90°, the 
thickness being as just given. 

408. Fhynoal Smbodinent of Sang'i Theotj. — The employment of 
the screw to cut its own wheel at once suggests the formation, in the 
same manner, of guide templates suitable for use in connection with 
the pantagraphic cntter engine of Pmtt & Whitney. In catting such 
a tsmplate the screw practically and automatically executes the process 
of finding the form of a tooth conjugate to that of a giren rack, as 
illustrated in Fig. 162. 

Now if, 08 in Fig. 2ii, we use a straight^sided sloping rack tooth, 
the result will be the formation of a series of involute templates ; if 
cycloidal arcs be substituted for straight lines, as in Fig. 120, wo shall 
have a set of templates for epicycloidal teeth with a constant describ- 
ing circle. But the outline of the screw-thread may bo made of any 
other reasonable form ; and according to gang's Theory (283), if it be 
bounded by aoj four similar and eqaal corves in alternate reversion, 
the series of templates produced will be interchangeable, and thus 
by means of the pantagraphic engine, the cuttera for wheels upon any 
desired basis or system may be readily and accurately duplicated. 

409. ][iiltiple-thx«ad«d Screw WhMk. — Thus far wc have supposed 
the screw to be single-threaded, with a pitch equal to that of the fun- 
damental rack tooth, 

Now the helical pitch may be doubled, 
as shown in Fig. 346 ; this will double 
the angular velocity of the wheel, but 
if no other change be made, the alternate 
teeth only will come into action. This 
difficulty is obviated by making the screw 
double-threaded, as in Fig. 247 ; which 
at the same time reduces by one half the 
pressure upon each tooth. 

In like manner we may make the heli- 
cal pitch three, four, or any whole num- ''"' ***■ 
ber of tiroes as great as the tooth-pitoh, increasing the number of 
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threads accordingly, and taking care to make the diameter great 

enongh to avoid exceaeire obliquity of action. 
And in this way we may give to the screw as many threads as there 

are teeth upon the wheel, or even more ; the combination then having 

bat slight Teflemblanoe to the Bingle-threaded endless screw, as will be 
seen by referring to Fig. 110, which repre- 
sents a ptur of screw wheels properly so 
called. 

When the nnmbeiB of the threads and 
teeth are equal. Prof. Willis states that the 
two wheels may be mode exactly alike j * 
this we imagine to be a mere slip of the 
pen, since that eminent writer was the 
first to point out the true construction, 
which requires the section of the screw 
thread to be a raci tooth, although it need 
pia. etr. not be disputed that the difference would 

not be conspicuous, nor that if tbey were exactly alike they would 

engage and transmit rotation, but with a slight fluctuation in the 

velocity ratio. 

410. Screw and Back. — There is no limit to the increase in the nnm- 
ber of teeth upon the worm wheel, end if it be made infinite, the 
wheel becomes a rack, which it cut by the screw itself, will be iden- 
tical with a portion of an ordinary nut. 

Now the exterior surface of the screw and the interior surface of the 
nut arc precisely the same ; and this affords an illustration of the 
extreme case in deriving the conjugate to a given rack tooth, men- 
tioned in (282), for if we split the nut and screw longitudinally 
through the axis, the meridian sections will correspond to the two 
conjugate racks shown in Fig. 163, being exactly converse to each 
other. 

Oblique Screw Gearing. 

411. Tia axis of the screw thus far has been supposed to lie in the 
plane of rotation of the wheel. This, however, is not essential, for 
even if it cross that plane obliquely, rotation can still be transmitted 
with a constant velocity ratio, by the end thmst of the screw. 

And in this new relative position of the axes, as before, the screw 
may have two, three, or any number of threads, and thns we pass 
from a simple endless screw to the disguised forms of oblique screw 
wheels. 

* Princfples of Meoh&niBm, p. 168. 
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The fQndameDtftl principle lemainsancbanged, bowerer ; the screw 
isBtill a rack which advanceE hyiotation, and the first step in thecon' 
strnction is to determine the form of its conjugate tooth vith refer- 
ence to the new conditions. 

412. The Oblique Back and Wheel — That this is the case, may be 
perhaps most readily seen by first considering the things which may 
be accomplished by the rack and wheel alone. 

Ordinarily, as is well known, the rack travels \n the plane of rota- 
tion of the wheel. Bnt this, again, is not a matter of necessity ; 
withoQt the slightest change in the forms of the teeth, it may be made 
to travel obliqnely across that plane, the velocity ratio remaining ab- 
Bolately constant, although ita 
value will be changed. 

This is illastrated by Fig. 
248 ; if we suppose a rack to be 
made by cutting teeth across a 
broad rectangnlar plate, JfJtT, 
indicated by the dotted lines, it 
will at once be seen that it can- 
not only move from right to 
left, cansing the wheel to tnm 
as nsaal, but is also free to slide] 
in the direction of the axis, and 
that it may receive both motions 
at once. 

If now a strip be cut diagon- 
ally from this broad rack, and 
made to travel by gaide rollers, 
ss shown, or by any other means, 
in the direction of that diag- 
onal, the effect is precisely the fio- m8. 
game. The action between the teeth is anchanged ; but assigning 
a definite linear velocity to the rack in the now direction, that motion 
may be resolved into two components, one lying in the plane of ro- 
tation, the other perpendicular to it. The latter does not affect the 
wheel, bnt the former does, and causes it to rotate ; and the linear 
velocity of the pitch circnmference is equal in magnitude to this effec- ■ 
tire component. 

It will readily be seen that another rack may be cut upon the back 
of this one, with teeth perpendicular to its sidea, which may engage 
with another wheel in the ordinary manner ; and thus wo have a new 
means of transmitting a limited rotation with a constant velocity 



3vGooglc 



272 OBUQUB SCBEW QBARIITO. 

ratio Iwtween two axes in different planee, by the nse of common 
spur gearing only. 

41& The reeolation abore mwdoned is Fepresented in Fig. 248 ; 
the obliquity of the rack's travel, when assigned, gives the direction 
of the resnltant, and if the component in the piano of rotation be 
made eqaal to the pitch arc, the magnitude of the resultant deteT- 
mines the distance through which the rack will advance while the 
wheel turns through the pitch angle. 

Let -as assume this distance as the helical pitch in constructing 
fiom the rack an oblique aiogle-threaded worm, as Bhowu in Fig. 249, 



A being ite pitch cylinder, B that of the wheel, P their point of tan- 
gency. Let P be also the present point of contact between a thread 
and a tooth, as shown at /", below; when cut by tho plane LM, normal 
to ike axU of the whtel, let the section of the thread have the form of 
tho rack tooth in the preceding figure, and that of the wheel-tooth be 
conjugate to it as before. 

As the screw rotates there will always be a section of its thread sim- 
ilar to this, similarly situated with regard to its axis. This will 
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trarel along with Doiform speed, aa indicated by the etraight arrov, 
advancing in one rotation to tbo new position, 0. 

Now in order that the velocity ratio may remain strictly constant, 
this travelling aection of the thread must be always acting against a 
tooth ontline of the same form. Conseqnently, in every transwrte 
teclion of the wheel, the teeth will be bounded by similar curvet, 
although, as will subsequently appear, they will not necessarily be of 
uniform height. 

4H We have now to conaidor the twist of the wheel itself, which 
depends upon the same principles as in the common arrangement. 
Thos, suppose the thread and tho tooth in contact at P, to be grad- 
ually reduced in size; they will ultimately become two helical lines, 
lying one upon each pitch cylinder, still tangent to each other, and 
therefore derelopiag apon the common tangent plane into the same 
etraight line. Thus, if the pitch of the Bcrew-helix be given, that of 
the other is found as in Fig. 245, and is the same for all the helices 
ot the teeth of the wheel, which, if cut from a cylindrical blank, will 
be a simple twisted one, as in Fig, 110, with all its transverse sections 
alike. 

419. Caiefnl connderation of the action will show that tho surfaces 
generated as above explained are precisely such as the screw would 
cut for itself under the assumed conditions, and thus confirm the 
previous statement (401) that the proper forms of the tooth in this, 
as veil as in the common arrangement of screw gearing with axes in 
planes mutually perpendicular, are to bo determined by the principles 
which apply to the cose of a wheel working with a rack, and not with 
another wheel of any finite radius whatsoever j notwithstanding the 
fact that tho latter construction is the one given by Prof. Rankine.* 
We would not be underetood to assert that two oblique screw-wheels 
will absolutely refuse either to engage or to work with each other 
because otberwige fashioned, but that the method of construction 
here set forth is the only one by which perfect theoretical precision 
can bo attained. 

416. Fecoliar Featorea of the Action. — The teeth of the wheel in 
Fig. 249 are sections by successive transverse planes through R, P, 0; 
their conjugates, R', F', 0', being cut from the screw by tho same 
pknes. 

Wo now observe that one rotation of the worm will drive the wheel 
through moFo than the original pitch angle, although tho helical 
pitch is equal to the diagonal pitoh of tho rack in tho preceding 

• Machinury ana Mill-Work, p. leD. 
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figure. In that case, tho rack-tooth was always acting againat a rar- 
face wfaoee elements were right lines ]>erpeudicular to the plane of 
rotation. But tho worm acts against helices which cross the plane of 
rotation obliquely, and with different degrees of obliquity, for they all 
hare the same pitch, bat lie at different distances from the axis. 
Siucc, however, tho velocity ratio is constant, we may confine onr 
attention to tho helices upon tho pitch cylinders, and study their 
action as represented in tho development of these sarfaoes upon the 
common tangent plane. 

Thus, in Fig. 249, having drawn PK, perpendicular to PO and 
equal to the circumference of the pitch cylinder A, OK is the devel- 
oped helix through 0, and PE is the length of the new pitch arc for 
the wheel. If then a complete wheel is to be made, the proportions 
must be such that PE\a an aliquot part of the pitch circumference. 

417. And all this accords pi-ecisely with the fundamental principles 
relating to the composition and resolution of motions. In Fig. 250 
let DD and CO be the elements of the pitch cylinders of the worm 
and the wheel respectively, inter- 
Bocting at P ; PO the pitch of tho 
worm, PK perpendicular to PO, 
and equal to its pitch circumfer- 
ence, and OK the developed helix, 
all as in tho preceding figure ; then 
PM parallel to OK is the developed 
helix through P, which point wo 
will assume as before to be the pres- 
ent point of contact between a 
tooth and a thread. By tho tam- 
ing of tho worm, tho point P 
virtually advances uniformly in the 
direction PD, going in one revoln- 
tion to tho new position 0, while 
meantime the coincident point P 
of tho wheel must move in tho di- 
rection PE. Regarding PM as a 
helix of the wheel, and supposing tho screw to ho pushed endlong in 
Iho manner of a rack, wo observe that PO may bo resolved into the 
components PM, PE. Of these, tho first is simply tho sliding compo- 
nent and ineffective ; but PE is tho one which must represent the rota- 
tion of the wheel, due to tho supposed rectilinear motion of tho screw. 
When, however, we suppose the worm to have a motion of rotation 
only, in tho direction shown by the arrow in Fig. 849, let PK rt^pre- 
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sent the linear motion of its driviDg point P, which acts against the 
helix PM of the wheel. The normal and tangential components .of 
PK are roapectively P& perpendicular to PM, and Pi/" coincident 
with it. The resultant motion of the point P of the wheel most bo 
in tbedirectioni'J^, perpendicular to CC, andofsach magnitude, Pf, 
as to hare the same normal component, PO. 

The same method might have been used in relation to the recti- 
linear motion PO of the screw when used as a rack, and with concor^ 
dant results, since PG is the normal component of that motion also. 

418. In all the foregoing the diameter of the pitch cylinder of the 
worm was assumed at pleasure, which it may be, subject to the condi- 
tion above pointed out, that PE must be an aliquot part of the pitch 
circumference of the wheel. 

It is perfectly possible, then, that a double as well as a single thread 
might be made upon a pitch cylinder of given size. Supposing this 
to be desired, and also that the subdivision of the given wheel should 
remain unchanged, it is then evident that in Ji'ig. 250 we must double 
P£, the pitch arc, and not PO, the helical pitch of the screw, which 
will now become PjV, determined by producing KF to cut DD in JV". 
We thus determine new helices, £'iV, PL, with reference to which the 
motion PKii to be resolved as before, Pifbeingthe normal or effect- 
ive, Pf the tangential or eliding component. 

419. The diagram, Fig. 250, is drawn without regard to practical 
proportions, the conditions being selected with a view to illustrating 
one particular in which oblique screw gearing may, in some cases, 
differ from the ordinary arrangement. We have seen that when the 
axes lie in planes perpendicular to each other, the helices on the worm 
and the wheel, whatever the number of threads and teeth, nro either 
both right-handed or both left-handed (403). 

Now in Fig. 260, both KO and ^Wwill form right-handed helices 
upon the pitch cylinder of the screw ; but on wrapping the tangent 
plane down upon the wheel, ^JVwill become a right-handed, XO a 
left-handed, helix. Evidently there is an intermediate position in 
which the developed worm-helix will bo parallel to CC, and will, 
therefore become a rectilinear element of tho wheel's pitch cylinder, 
la that case the screw will work with a common spur-wheel ; and tho 
proportions which must obtain in order to secure this result are shown 
in Fig. 251. If tho pitch arc, PE, and the obliquity, CPD, are both 
assigned, tho pitch and circumference of the screw are determined 
by drawing throngh E a perpendicalar to PE, cutting DD at 0, and 
PJTperpendicnlar to DD at K. If the pitch arc, PE, and tho circum- 
ference PK are assigned, we first describe an arc about P with radius 
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PE; draw KE tangent to it, end also PD perpendicular to PK* 
Then KE prodnced cuts PD in 0, detennining the pitch PO and 
a the obliquity OPE. 

420. CloM-flttiiig Oblique Tangent-wrew.— Tho 
oblique worm may be naed to cat its own wheel, 
just as in the common arrangement ; and the 
wheel itself, instead of being cut from a plain 
cylindrical blank, may, for the sake of a neater 
appearance, conform somewhat to the curvature 
of the screw, and be terminated by conical &-nBta 
instead of transrerse planes. The form of the 
blank is fixed by very simple considerations ; 
regarding the screw as a thread wrapped around 
a cylindrical core, we perceiTo that the tope of 
the wheel-teeth must just go clear of that core 
daring the rotation. Now imagine the whole screw to revolve about 
the axis of the wheel; then the element of the core which lies nearest 
to that axis will generate a hyperboloid, and if the blank for the 
wheel be turned to this exact size, the tops of the teeth will jnst 
touch the core. It should therefore be made a little smaller. 

It will be seen that the screw still travelsobliqnety across the plane of 
rotation, bo that the tntnaverse sections of tho teeth are all of the same 
form, contact existing between each thread and its tooth at a single 
point only ; whence the only advantage gained by the adoption of this 
form of blank lies in the fact that the teeth become higher as they 
recede from the miil-ptane, and, therefore, continue longer in action. 
421. Oblique Screw and Back. — Further, it will bo seen that the di- 
ameter of the obliquo worm-wheel may be increased at pleasure antil 
it eventually loses its curvature, and assumes the form of a rack. 
Under these eireumatancea Prof. Eankine's instructions,* if wo inter- 
pret them correctly, are to the effect that the normal section of the 
worm-thread should bo that of the tooth of a wheel working with a 
rack, the tooth-outline of the latter to bo adopted as the normal sec- 
tion of tho rack to work with this worm ; and he gives specific direc-' 
tiona for finding the radius of that wheel in any given case. 

Without disputing that the thread and tooth thus formed will 
work, we would remark that it ia not the only nor yet the beat 
manner of forming them. The tooth-surfaces of the rack must be 
made up of parallel rectilinear elements, and since in the case cf a 
rack and wheel tho teeth have but a single point of contact, the 



> Machluer; and Mill-Work, p. SOO. 
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tooth-sarface of the rack will, in Prof. Bankine's constrnction, touch 
each other in that point only. Which would hold true at the limit 
when the obliquity vanishes ; whereas it is perfectly patent that the 
rack may then be a part of a nut, and ita whole eurfoce in contact 
with that of the screw-thread, whatever the form of the latter. This 
superficial contact is not attainable when the rack travels obliquely, 
it is true ; but line-contact between the acting surfaces may bo secured 
with a screw-thread of any reasonable form, as will appear from the 
following considerations. 

422. Taking a common triangular- threaded screw in illustration, 
we have, in Fig. 252, a meridian section on the left, and an outside 
view on the right, the axis being parallel to the paper. The apparent 
contour of the completed screw 

is the trace of its projecting 
cylinder, whose elements are 
perpendicular to the paper, and 
tangent to the surface. If then 
a rack be made, as shown in 
aection below, its teeth bounded ^'^ *°*' 

by the same outlines and their elements also perpendicular to the 
paper, these teeth will always touch the screw along the line of its 
visible contour, whether the rack he made to travel endlong by turn- 
ing the screw, or to slide transversely, or both. And if tlieso actions 
occur simultaneously, we have the oblique motion desired. 

Line-contact is thus obtained, and the normal section of the rack- 
tooth is determined by merely drawing the screw, in its simplest 
position. But this is not the only form which will effect the same 
resnlt ; for in whatever direction we chose to look at the screw, if the 
space between the threads be visible at all, the lino of apparent con- 
tour will give the normal section of a tooth for a rack which will 
work in line-contact with it, cither longitudinally or obliquely. 

423. Among so many forms, the selection of the best may bo safely 
left to the screw itself, which will assert its preference if given the 
opportunity. This may be afforded by allowing it to cut its own 
rack, the latter being moved by independent means in the required 
direction, and at the eamo speed as that which it \a eventually to re- 
ceive from the screw. 

It is clear that the amount of metal removed will be the least possi- 
ble J whence the deduction that the normal section of the rack-tooth 
will be the visible contour of the space between the screw-threads 
when viewed from the direction which will give the greatest apparent 
breadth to that space. 
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What tliat precise direction is, may depend Bomevbab upon the 
meridian section of the acrew, but probably will not Yary appreciably 
from that of the tangent to the helix of mean obliquity. 

It will be Been by reference to Kg. 251, that if the pitch, diameter, 
and inclination of the screw to the line of travel be properly propor- 
tioned, the rack may be made of the nsnal form, that is, with the 
teeth cut transrersely across ita face. But wbaterer the arrangement, 
proportions, or form, the kinematic action consists of sliding contact 
pore and simple ; there is not, as has been sometimes erroneously 
stated, the slightest admixture of rolling contact, or of anything even 
distantly resembling it. 

424. To Secure the I«aat 
Amount of Sliding. — Although 
^ the velocity ratio depends apon 
the pitch and not upon the 
size of the acrew, yet it is eTi- 
dent that for a given pair of 
axes, and a given velocity ratio, 
there must be some definite ratio 
between the diameters of the 
pitch cylinders, which will in- 
volve less sliding than anyother. 
What this proportion is, may 
be thus deduced. If npon the 
given axes we construct a pair 
of rolling hyperboloids with 
the assigned velocity ratio, these 
surfaces will work in contact 
with no sliding other than that 
along the common element. 
This element passes through 
the common point of the gorge 
circles, and lies in a plane tan- 
gent at that point not only to both hjrpcrboloids, but to their inscribed 
tangent cylinders of which the gorge circles are the bases. 

Now, if these be taken as the pitch cylinders of the screw wheels, 
and the common clement as the developed helix, the amount of slid- 
ing will be the same as that between the two hyperboloids when rota- 
tating with the given velocity ratio. 

And this amount is then a minimum. In Fig. 353, let FT repre- 
sent the motion of the point P of the inclined surface ; if the ver- 
tical one be driven by it, we find in the usual manner the motion of 
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the coincident point to be PL, and that the sliding is represented by 
NMoa the lino of contact. P/ remaining unchanged, let the verti- 
cal hyperboloid bo compelled to rCTolve, by indopendcut means, faster 
than tho other should drivo it ; and let PK be tho new Telocity of 
its point P. The sliding component along PB now becomes PO, 
which is greater than PN; and there will be also a sliding perpen- 
dicolar to the comiDon element, represented by ff/T. A similar 
result would follow, were PI to be increased while PL remained tho 
same ; whence it appears that tho sliding is least when the velocity 
ratio is that for which tho byperboloids were constructed ; and this 
holds true of the tangent cylinders, tho obliquity of the hclicea being 
determined as above. 

425. The sliding action represented by QH cannot actually occur 
when teeth are used ; but the linear motions PI and PK can still be 
retained in the oase of screw geariug, as shown in Fig. 354^ by mak- 
ing tho developed helix PB parallel to KI; all tho sliding mnst 
necessarily bo iu this direction, and its amount OM is, of course, 
greater than before. This proceeding, it will be observed, is merely 
tho converse of that explained in connection with Fig. 350, the results 
being exactly concordant. 

If tho axes lie in planes perpendicular to each other, the hyperbo- 
loids have two common elements, cither of which may be taken as the 
developed helix, according to tho directional relation desired ; both 
wheels will be right-handed in one case, and left-handed in the other. 

426. Eesemblance to Skew Wheds. — The appearance of screw gear- 
ing thus constructed is quite unlike that of the familiar worm and 
wheel. In that combination the wheel cannot move the screw, nor 
is it usually desirable that it should, since in most cases the latter is 
required not only to turn the wheel, hut to hold it in any given posi- 
tion. Cut in the arrangement now under consideration either wheel 
may ho used as tho driver ; it is qnite apparent that a single-threaded 
worm made in the manner above described could not work unless it 
were of great length and its axis nearly parallel to that of the wheel, 
but that this constmctiou is adapted only for the teeth of screw wheeU 
toork properly so called ; and equally evident that for this it is tho 
best 

Tho mid-planea of these wheels are the gorge circles of the tangent 
hyperboloids ; tho pitch helices are tangent to tho elements of those 
surfaces ; and from the considerations presented in (420), it will be 
seen that both blanks may be made of hyperboloidal outline. From 
all which, there results a resemblance between these and skew wheels 
safSciently close to be misleading. 
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ThiB resemblsQce, however, ia superficial ; the teeth are made up 
of cylindrical helices, touch each other in a single point only, can be 
extended only to a short distance either way without ceasing to 
engage, and tlieir acting sections are respectively those of a spur wbe«l 
and a rack. 

And the one whose section corresponds to that of the rack-tooth 
tnay be made of any length, and if desired may be used as a rack, 
driving tbo other wheel not by rotation, but by moving longitudinally, 
whatever the inclination of the axes or the number of threads. 

HindJey^s Screw, or Hour-glass Worm. 
427. A Worm may be so iluqwd as to conform to the curvatnre of 
the wheel, assuming a figure 
somewhat like that of an honr- 
glasa ; in Fig. 355, the complete 
■ worm is nipresented on the left, 
and on the right is given a sec- 
tion through its axis by a plane 
perpendicular to that of the 
wheel. The surface of the 
thread is of a complicated and 
peculiar nature, but practically 
it is very easily made, thus : a 
tool, with a cutting point of the 
contour of the wheel's tooth, is 
Fio. su. ■ so clamped to a disc that its 

upper surface lies in the meridian plane of the worm, and both the 
disc and the worm blank are driven by intermediate gearing at their 
proper relative velocities. 

In this manner the screw was made by Hindley, who first intro- 
duced it. For some reason it has never come into general use, 
although iu Bmoothnesa and etcadiness of action it would appear to 
1*0 superior to the common form of tangent-screw. 

The worm itself may now be formed into a cutter, and made to 
finish its own wheel in the usual manner ; which is the method 
adopted by Messrs. Clem & Morse of Philadelphia, Penn., who have 
recently constructed a very elegant engine specially designed for cut- 
ting this description of screw gearing. 

438. The outline of the pitch surface of this worm ia an arc of the 
pitch circle of the wheel. Upon this auface the helix EFP, in Fig. 
25(>, is traced by a point which moves about the centre (7 through the 
arc EP, while the worm makes one revolution, both motions being 
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velocity. The longitudinal advftuco, UV, is not equal to 
EP ; it is not onlfonn, nor is it the same for snccessive convolutiona. 
The projection of this helix upon a piano, OC, pcrpendienlar to DD, 
as shown at the right, is of a spiral form, resembling that of the hy- 
perboloidal helix in Fig. 243; to which this curve is very similar. 
Other points in tho outline of the tooth, either within or withont the 
pitch circle, also do 
scribe curres of the 
aamo nature, lying 
upon snrfaccs whose 
meridian outlines are 
circular arcs ; these 
u r T B are easily 
drawn, and their 
envelope ia the visi- 
ble contour of the 

Tbc form of the 
threads is, abstractly, 
arbitrary ; their me- 
ridian sections are Fis. isb. 
exactly converse to those of tlic wheel-teeth, the spaces between 
which, OS seen in Fig. 255, they fit and fill ontirDly, throughout the 
action. Thus there is no relative motion in the manner of a rack or 
otherwise, but tho worm is locked into tho wheel, and can move only 
by revolving about one axis or the other. A good and simplo practi- 
cal form for the teetli of tho wheel ie that given in Fig. 255, the sides 
being straight slofiing lines, efjually inclined to tho radiaa of symme- 
try ; the amount of inclination is fixed by the consideration that, in 
the extreme position of the action, the outer side should lie in a line, 
AB, perpendicular to DD, in order that the worm may be readily 
disengaged from the wheel. 

429. The Action Confined to the Mid-plane of the Wheel—The ad- 
vantage of tho honr-glaes worm lies in the fact just stated, that the 
whole side of every thread, in the meridian plane, is always in con- 
tact with the adjacent tooth. 

It baa been asserted that the teeth of tho wheel, when cut by the 
worm, touch tho threads of tho latter at all points;* or, in other 
words, that tho whole aurfacos are in contact. 

Either one of two considerations is sufficient to show that thia is 

" " Hechanics " for January 14, 1882. 
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impossible. Let any side plane be passed, parallel to the axis of the 
worm and perpendicular to that of the vheel ; then, in the first place, 
tho Bectiona of the succeBsire threads will not be similar ; and, in the 
second placo, the section of the pitch enrtaco of the worm will not be 
a circle, whereas the teeth of the wheel traTel in circular pathsL 
Therefore, sach snperficial contact is attainable only when the radii 
of these paths become infinite, in which event the pitch surface of 
tho worm becomes a cylinder, tho worm itself a common screw, and 
the wheel a portion of a nut ; but, in general, the action is confined 
to the central plane of tho wheel. 

480. The Fitoh Sorfaoe of tike Wheel may to some extent conform to 
the cnrratnre of the worm, aa shown in section in the right-hand 
part of Fig. 256. Any side plane, LM, parallel to the mid-phine, NR, 
cnte tho base, IH, of the worm's pitch surface in a point L, which 
when revolved about the axis of the wlieel into the gorge plane OC, 
takes the position L', thus giving a point in the contour L'P'3. 

By a similar process, reducing the radius VP of the gorge of tho 
worm, and increasing the radius CP, according to the height of the 
tooth, we may determiuo the outline of the blank. This couforma- 
ticn of tho wheel does not, it must be noted, secure any additional 
contact, or in any wny affect the action, but merely gives a neater 
finish than if tho blank were made n plain cylinder. 

431. Hie Teeth of the Wheel aro automatically shaped by the cutting 
worm with perfect ease; but the accurate delineation of the form 
thus determined is a rather complicated and tedious matter. Still, if 
necessary, it can be accomplished in the following manner. 

When the outline of the blank has been found, as above, it will bo 
seen that any tranereree plane will cut from it a circle, which will 
limit the height of the teeth. The same plane will cut from the 
threads of the screw a series of sections of varying form, each lyin^ 
a little in advance of the meridian section of the same thread. The 
sections of the wheel-teeth by the same plane must lie in the spaces 
between those of the screw-threads ; and since each revolution of the 
worm turns tho wheel one tooth ahead, it follows that each tooth- 
section muBt take in succession all the different positions thns deter- 
mined. We may, then, proceed thus : lay a piece of tracing paper 
over the drawing, and secure it by a pin fixed at the centre of the 
wheel. Upon this, trace the sections of two consecutive threads, and 
also the circular arc bounding the top of the tooth in this plane. 
Then rotate the paper about the central pin through the pitch angle, 
again trace the sections of the two adjacent threads, and so on until 
all have been traced ; the clear space within the lines thus drawn 



3vGooglc 



WOBH WHEEL WITH BOLLEBB. ' 383 

will be the required section of the tooth by the giTen plane. Abso- 
lute certainty of de6nition will require the Bcrew to be placed in sev- 
flral positions, cut in each by the same plane, and the above process to 
be repeated for each, using the Bame tracing throughout ; because the 
sectione of these peculiar screw-threads in the different phases of rota- 
tion are dissimilar. And finally, this whole operation must also be 
repeated with several different planes, the number depending upon 
the degree of accuracy aimed at : all of which we leave the reader to 
execute at leisure. 

* 432. Hnltiple-thremded Honr-glan Worm. — Though we are not aware 
that this form of worm has ever been made with two or more threads, 
there eeems to be no abstract objection to increasing the number. 
Also it is clearly possible, by making the screw pitch sufficiently 
large, to use the wheel 
as the driver : in which 
case the teeth might pre- 
ferably be made in the 
form of turned pins, set 
into the periphery of a 
cylinder as in face gear- 
ing. Evidently a greater 
number of these pins, or 
teeth, would be simul- 
taneously engaged than 
in the common form of 
screw wheels, which 
would certainly tend to 
increase the steadiness of 
the motion ; but the 
whole action is confined, 
as before, to the meridian 
plane of the worm per- 
pendicular to the axis of 
the wheel. 

433. BollerB Subrtitn- '^»- 

ted fbr Teeth. — With the purpose of reducing the sliding friction a3 
much as possible, the singular device illustrated in Fig. 357 has been 
proposed. 

The meridian section of the screw-thread is bounded by right lines 
at right angles to each other, and the worm is made long enough to 
embrace more than one quarter of the circumference of a whocl, the 
number of whoso teeth must be a multiple of four ; for this wheel is 
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sabstituted a frame oarryicg rollers, arranged in the manner shown 
in the figure. 

The object of dimintBhing the friction is certainly acoompliabed ; 
but, ou the other hand, only one thread of the worm is in ection at 
once, during the greater part of the time. And that one ha« at no 
instant more than a single driring point ; for, since the warped sur- 
face of the screw cannot be placed in right-lino contact with a surface 
of single curvatnrer, these rollers cannot be made cylindrical, as they 
have sometimes been represented ; but their contours must be slightly 
convex curves tangent to the meridian sections of the threads. 

Taking these drawbacks into consideration, it wonld appear that 
this arrangement is, from a practical point of view, more cariona 
than useful ; although it might serve a purpose in very light-running 
mechanism intended rather for the modification of motion than for 
the transmission of power. 

27(8 Teeth of Face- Wheels. 
434, Let two Wheels, exactly alike, whose teeth are cylindrical pins 
fixed in the faces of circular discs, be eo 
placed that each axis lies in a plane perpen- 
dicular to the other, at a distance from it 
equal to the diameter of the pins, as in Fig. 
258. 

Under these circumstances, the anglo 
FDE will always be equal to the angle 
HCQ, C3 long OS the pin .ff of the driver A 
is in contact with the pin O of the follower 
B : the velocity ratio is, therefore, perfectly 
constant. 

The length of the pin E must be such 
that the next pin / of the other wheel shall 
not catcli upon its end in going into gear. 
And it will also be noted that although tho 
pin /, at the instant when the nest pin K 
oi the driver begins to act upon it, may also 
touch t!ic pin E upon the bock, it cannot 
oontinno to do so. It is not possible, there- 
fore, even theoretically to secure entire free- 
Fia. 2». '^^^ from backlash. 

The maximum length of one pin having been ascertained, it is of 
course the same for all. And it is next to be observed that if the 
number bo increased this length must be diminished ; also, that there 
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will in every caao ba a limit beyond viiicli tho Dumber cannot bo in- 
croaeed without at tho Eamo tinio diminishing tho diameter, and in 
consequence tho diatunco between the axes. 

Ultimately, then, the asea will intersect at right angles, and tho 
pins will become consocutivo points in the ciroumfereneee of two 
equal circles rolling together like the bases'of the pitch cones of a 
pair of mitre-wheels. In other words, there are no pitch surfaces, 
these degenerating into lines, and the elementary teeth into points. 

436. Equal Wheela vith Azea at Bight Angles.— Tho preceding is 
the simplest form of face gearing, but it cannot be used if tho axes 
intersect, as is often necessary. When they do, however, the teeth 
of one wheel may still bo made cylindrical : 
those of the other being Bolida of rcTolution, 
whoso outlineamay bo detormincdas follows. 

In Fig. 259, let tho two wheels be of 
equal size, their axes perpendicular to each 
other. Let E be a pin of no sensible di- 
ameter, 0xod in tho wheel A, and Fa simi- 
lar ono fixed in tho wheel B, tho distanco 
between tho two being arbitrary. Let tho 
wheels turn through equal angles as indica- 
ted by tho arrows ; the pina will come into 
tho new positions G, H, and /, K, and in 
tho meantime their common perpendicular 
will continually change both in position and 
in magnitude. 

But it is olwaya easily determined ; and 
it is evident that if we now make F the 
axis of a enrfaco of revolution, tho radius of 
each transverse section being this common 
perpend icnlar, we shall have the form of a 
pin or tooth for B, which will work with Fm- !^. 

the pin E of no sensible diameter, tho velocity ratio being constant 
throughout. 

This process is more fully illustrated in Fig. 260, in which portions 
of tho pitch circles only are shown. The action is readily traced : 
the curve EI will be generated while the pins E and F traverse tho 
equal arcs EP, FO, and the curve LG, while they move through 
tho arcs PG, OR, which aro also eqnal to each other ; the ordiuates 
X, z, being fonnd by placing tho pins in the intermediate positions 
shown, any required number may bo determined in a similar 
manner. 
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436. upon SEsaming a sensible diatnoter for the pin of tho upper 
wheel, we proceed to derire the outline of tho working tooth of the 
other, precisely as wm done in the case of pin gearing, as shown on 
C 




the right in tho fignre ; drawing a curve at a constant normal dis- 
tance from LG, equal to tho rudius of the pin. 

Since on the equal circles AA, BB, wo have the arcs EP = FO = 
F'O', and PG= 0R= O'R', it follows that the arcs EF', PO', GR, 
etc., arc also equal to each other. Whence, EP being equal to PG, 
we find that EH ia greater than GK; similarly x is greater than a, 
and, in general, all the ordinates of EI are greater than the corre- 
sponding ordinates of GL, the difference diminishing as we descend, 
until finally IM is equal to LN. 

Conscqaently, the working tooth for the lower wheel must be do- 
A 




rived froni the curve GL aud not from EI ; and in order to secure 
receding instead of approaching action, the cylindrical pina must be 
given to the driver, and not to tho follower as in pin gearing. 

437. Unequal Wheels with Axes at Hight Anglet.— In Fig. 261. let the 
cylindrical pins be given to the smaller wheel, of which AP'A is the 
pitch circle. Assuming any point E upon this oircnrnferenoe, draw 



3vGooglc 



VAOB QEAEIKO. 



28? 



through it a parallel to CD, cntting the larger pitoh circle BPB in F. 
Then the are EP' ia greater than the are FP ; therefore, if we make 
FO equal to EP', a parallel to CD through will cut the tangent at 
P' ia Bome point Ton the right of P' ; and IM will be the loweat 
ordinate of the cnrre EI, which, as in the preceding figure, will be 
gencruted while a piti at E traverses the are EP' and one at F moTCS 
to 0. Also PTwili be equal to LN, the lowest, and eridently the 
least, ordinate of the cnrve LQ generated while the piaa traverse the 
equal area OR and P'Q. The whole process, including the determi- 
nation of the intermediate ordinates, is the same as before ; but since 
the least of tho two elementary sur&cea mast necessarily lie employed, 
we perceive that the working tooth in this case must be derived from 
EI instead of LG, and also that the cylindrical pins mast be given 
to the follower, as in pin gearing, and not to the driver, in order that 
the action may bo receding. 

438. As the diameter of the driver becomes greater its curvatare 
becomes less, and at the limit will disappear; the combination then 
becoming identical with that of a raek driving a pin-wheel. The 
corves EI and QL will in that case evidently be similar and equal, 
each being the cycloid of which AA is the generating circle. 

There is, in fact, a close analogy between pin-gearing and face- 
gearing ; for if in the latter wo suppose the axes to be parallel, tho 
teeth of one wheel will project radially from the curved surface of a 
cylinder, and their contours will be precisely like those of a spar- 
wheel working with the round staves of a trundle, or lantern pinion. 

438. But the cylindrical pins may be given to the larger of tho two 
unequal wheels. The 
case is then very nearly 
the converse of tho pre- 
ceding one : the rotations 
being in the same di- 
rection, tho pointed 
tooth, OS seen in Fig. 
262, appears on tho op- 
posite side of the piano 
of the axes, and if the 
action is to be receding, 
the larger wheel, with the cylindrical pins, must drive. 

The greater the difEerence between tho diameters of tho pitch 
circles, the shorter will be the teeth of the follower for a given ore of 
action. And, in consequence of this, tho size of the driver cannot 
be indefinitely increased, since upon reaching the limit, its pins 
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would more in a plane parallel to the face of the follower, and the 
tooth of the latter would reduce to a series of concentric circles lying 
in the same plane. 

440. Unequal Wheels with Azei in ffiffinent Planet Precisely the 

same method of conatrttction is applicable also when each axis lies in 
a plane perpendicular to the other, although they do not meet, and 
whether the wheels be eqaal or uneqnal in size. Thus in Fig. 263, 




Bupposing the cylindrical pins to be aseigncd to the nualler wheel, the 
axis E of one of them is placed arbitrarily with reference to the axis 
j'of a tooth of the other, whoso contour is derived from a curve El, 
determined as in Fig. 360. It is clear that nnder some conditions 
this elementary tooth may be pointed, as it was in Fig. 261 ; and in 
, Fig, 261 the condi- 

tions are so selected 
^ -^te.^.^ ,Athat this is the case; 

""^^^E^jl ^^"'^ ^'' ** be'efCi the cj- 

irl^^^ p1 ^^^^^ „ lindrical pins being 

Ipii |T ^ E|» given to the laigo 

wheel, this pointed 
tooth makes its ap- 
pearance on the other 
side of the axis, the 
direction of the rota- 
^»- >«■ tion being nnchanged. 

Hcnoo wc perceive that in order to secure receding action, tho larger 
wheel must drive, no matter to which one the cylindrical pins are 




Had the wheels been made of the same size, but with the least dis- 
tance between the a.\e3 greater than tho diameter of the cylindrical 
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pin, the EBinfi proceBfi would bare enabled as to detennino tbc form 
of the working tooth for the other wheel : in ehort, the constraction 
is general for tlio relative positions of the axes above mentioned, and 
Fig. 258 represents only a special case. 

441. UMellMUOuAirangeinentBOf FaoeGeariag. — It is not essential 
that cither the pins or the teeth, becanGo they are turned in the lathe, 
shonid be iosertcd into piano surfaces ; and wo append a few exam- 
plea in which they are otherwise arranged. 

Let the axes in Fig. 365 intersect at any angle; let the Telocity 
ratio bo given, and suppose the 
cylindrical pins to be assigned to 
the wheel with the TCrtical axis. 

Draw AB, dividing tho anglo 
DAO according to the velocity - 
ratio as in bevel gearing. Tbrongh 
any point E of AB draw a Terti- 
cal line as tho axis of a pin ; and 
also a horizontal lino cutting tho 
inclined axis in C; then EC by 
poTolving around A C will generate the cono EOF. Tho teeth of the 
inclined wheel aro to bo solids of revolution, whoso axes will evidently 
be elements of this eono; and they may be fixed in the surface of 
another cone OPL, normal to EOF, 

A pin of the vertical wheel is shown at S in contact with such a 
tooth, whose contour may be determined as follows : First, suppose 
the cylindrical pin to have no sensible diameter ; then if the vertical 
wheel turn through a given angle, tho other will also turn through 
an angle which is kuo^-n, becanse the circumferential velocities of 
the circles which roll in contact must bo equal. 

Consequently, the rgJative positions of tho axes of the given pin 
and the required tooth may be determined for any phase of tho 
action, and their common perpendicular at that instant may bo 
found. 

Having repeated this process as many times as may be deemed nec- 
essary, these common pcTpendicuInrs will obviously be tho radii of tho 
transverse Bections of the required tooth for a pin of no sensible diam- 
eter. From these the meridian outline can be constructed, and tho 
oontour of the working tooth is derived from this in the usual manner 
by assigning any radios at pleasure to the cylindrical pin. 

442. Amodification of this arrangement iashowninFig. 366, the pins 
being fixed radially in the periphery of the cylinder with the horizontal 
axis ; bat the process of coostructing the tooth is tho same as before 
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From the ODipIoynieiit of the conical sarfanxs, which afford the most 
coDTeoient and uataral meaas of supporting the teeth of one wheel 
of a pair, these combinations 
hare been erroneouBl; supposed 
to contain the germ from which 
: bevel gearing was developed. 
Bnt a moment's study of 
these flgnies will show that 
the principle of rolling cones, 
upon which bevel gear wholly 
depends, is not here involved 
in any way whatever ; tbe fun- 
damental idea appears to have 
been that of cauBing the teeth 
or pins to present themselvea to 
each other, at tlio instant of passing tbe plane of the axes, in the same 
relative position am thougb the axes were parallel. 

But, as shown in Fig. 267, the same methods and processes are ap- 
plicable also to the construction of what may be called bevel face- 
gearing, the axes of the pins coinciding with the elements of one 
pitch cone, and projecting nor- 
mally from the surface of the 
other. 

Face gearing is for general 
purposes practically obsolete ; 
hence it has not been deemed 
necessary to discnss in relation 
to it the questions of limiting 
lengths or numbers of teeth, 
angles of action, and the like. 
For models and light machinery 
it is sometimes employed, on ac- ""'■ "'" 

count of the facility of forming the teeth in tho lathe ; a special con- 
struction would in any event be almost necessary for each indiTidoal 
case, and this can readily be made by the aid of the preceding ezpli^ 
nations. 

443. Borew and Face Oeaiing Comlniied. — An example has already 
been given, in Fig. 257, of the use of rollers for reducing the friction 
which attends the action of tho worm and wheel. In that case the 
screw was of tbe hour-glass form ; but the same expedient baa been 
employed in connection with the common variety, as for instance in 
Van der Mark's hoisting apparatus ; the axes of the rollers projecting 
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radially from the periphery of a cylinder, and their ontlines being 
the saiae as those of the spur-teeth, conjugate to the rack-teeth cut 
from the screw hy a meridian plane. Since the teeth of the wheel, 
whether they be rollers, capable of rotating, or not, are solids of rey- 
olution, this arrangement combines the peculiaritica of both screw 
and face gearing. 

Id Fig. 268 is represented another combination of essentially the 
same nature. Upon the upper 
face of the disc B is formed a 
spirally coiled rib, constituting 
what may be properly called a 
plane or face screw. 

The section of this rib by a 
plane normal to the axis of the 
wheel C should, aa in the figure, 
have the form of a rack-tooth, 
the conjugate to which is the 
meridian section of the teeth of C. 
Thus, the distance between the 
corresponding edges of the adja- 
cent coils being equal to the 
pitch, the action is precisely 
equivalent to that of a rack and 
spur-wheel. 

444. This arrangement has been 
erroneously represented as having 
the rib coiled in the form of an fiq. kss. 

Archimedean spiral, and the axis of B lying in the same plane with 
the axes of the teeth of C. 

But the radiant of that curve does not cut the coils normally ; and 
in order to secure perfect kinematic action, the spirals, as shown in 
the figure, should be involutes of a circle whose circumfereuce is 
equal to the tooth-pitch, and the axes of the teeth of C nmet lie in a 
plane parallel to the axis of B, at a distance from it equal to the 
radius of that circle. 

This is, of course, upon the supposition that, as in the case selected 
for illustration, the spiral expands at the rate of one tooth-pitch in 
each convolution, thus making the action equivalent to that of a com- 
mon single-threaded worm. Wo may, however, double or treble the 
rate of expansion, increasing the angular velocity of tho face-wheel 
in the same proportion, and introducing a corresponding number of 
intermediate ribs or coils ; if this bo done, tlio diameter of the baeo 
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circle of the iDToluteB must be also doubled or trebled, as the case may 
be, and the position of tho plane of action changed accordingly. 

445. Spherical Borew and Wheel — A curious, and we believe a novel, 
modification of the preceding arrangement: is shown in Fig. 269, the 
rib being coiled upon tho concave surface of a hollow sphere, forming 
what may bo called a spherical screw ; the construction is as follows. 

The spherical involute OFF is generated by a point in the plane 
ACB, while the piano rolls around the cone ACKto which it is tan- 
gent. Since the elemeut of contact is the instantaneous axis, the 
^ngent to tho curvo at any point is perpendicular to the rolling 
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piano ; which latter cuts from the sphere a great circlo tangent to the 
base of the cone. Therefore, tho points 0, F, E, etc., of the curve, 
will in revolving about tho horizontal axis of the cone, come normally 
into the plane ACB, at points in tho circumference of the great circle 
out by it from the sphere. 

Or otherwise : lot tho cone ^C^and n disc ACB move in rolling 
contact about fixed axes ; then while the former makes one revolu- 
tion to the right, the latter will turn to the left through an arc PO 
oqoal to tho circumferenco of tho cone's base AK, and if the sphere 
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rerolve with the coDe, tlie point P will trace apou ita enrface the 
same curve PFO in a reverse order. 

If then a groove of thia form be cat in the concave snrfaoe of a por- 
tion ot a spherical shell, and 0, P, Q, etc., represent equidistant pins 
projecting from the edge of the disc AC£, it is clear that a rotation 
of the shell about the horizontal axis will impart to the disc a rota- 
tion about an axis perpendicular to its plane, with a constant velocity 
ratio. 

446. Let ns now take the circumference of the disc as the pitch 
circle of a wheel, and la; out upon it the form of a tooth suitable for 
driving in ita own plane a pinion in inside gear, as shown in iho 
upper diagram in tho figure. It will then be apparent from what 
precedes that this tooth outUne will he the normal section of the 
thread of the spherical screw, whose surface it will sweep np if the 
disc roll around the cone as before ; and that this screw will correctly 
drive the internal pinion if its teeth be made solids of revolution as 
shown in the cut. Tho axis of the screw being horizontal, the axis, 
XX, of tho pinion, is not vertical, but perpendicular to the plane 
ACB. 

It is hardly neceeeary to point cat, finally, that the pinion may he 
placed in outside gear, and tho screw cut upon the convex surface of 
the sphere. In short, tho construction is a general one, the face- 
screw and wheel being but the special case in which the radius of the 
sphere becomes infinite and its surface degenerates into a plane. 
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PBOBLEHS RELA.TINQ TO CIBCCLAB A.RCS. 

1. In Qr^ihio Opentioiu there ia frequent occasion to rectify ciroo- 
lar arcs, and to lay off arcs of given linear valnes, either upon circlea 
of giTen radii or subtending given angles. 

In such cases the following constructions, vhich we borrow from 
Prof. Baakine, will be found extremely useful and couTcnient ; the 
results being obtained much more eipoditioualy than by calculation, 
and with a degree of accaracy amply sufficient for all ordinary pur- 
poses. 

I. To lay off on a right line a distance appTOximately equal in length 

to a given circular arc. 

Let AB, Fig. 1, be the given arc, and ^^its tangent at^. Draw 

the chord BA, and produce it; bisect ABio.D, and set oft ^.2? equal 




to AD. About Baaa centre, with EB as radios, describe an arc cut- 
ting AHm F: then AF = arc AB, very nearly. 

n. To lay off on a given circle an arc approximately equal in length 

to a given right line. 

In Fig. 2, let AB, the given line, be tangent at A to the given 
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circle. Set off AD = { AB, aod about J? as a centre, wil^ radius 
DB = $ ABy dGBoribe an arc cutting the girea circle in F. Then 
arc AF = AB, very nearly. 

ni. To find the radius of a circular arc which shaU tubUnd a given 
angle, and be approximately equal in length to a given right line. 
Let AB, Fig. 3, bo the given riglit lino. Draw AQ perpendicular 
to AB ; and also AH, making tlw angle BAH 
cqaal to half tho given angle. Set oft AD =^ 
1 AB, and about centre iJ, with radJUBi>5 = 
I AB, deacribo an arc cutting AH in F. 
Bisect AF by tho perpendicular EC, which 
will cut AO'mC, the centre o( the required 
arc .4^. 

I. Amount of the Error in tlw above Prao- 

Bt. — It is stated by Prof. Bankino that in 

^ tho application of either of these rales the 

'""'■ "■ Btrnight line is a little less than the arc. 

Tho magnitude of tho error is giron as about ^^^ part of an art: 

of 60° ; but it varies as the fourth power of the subtended angle, and 

may bo reduced to any desired extent by subdivision. Thus, for an 

arc of 30°, the error will be jj^ x y^ = ttIst > ""^ '*•'" **^* **' ^^"i 

Practically, thereforo, if the given orrequiredaro subtends an angle 
of over G0°, subdivision should be resorted to in applying either proc- 
ess. 

Tho first two rules are applicable also in many cases to other curves 
than circles, provided that tho change of curvature in the part to be 
dealt with be small and gradual. 

ORAPHIC CONSTRUCTIONS RELATING TO TANGENT LIITKS. 

3k The Determination of a Tangent to any curve with absolnte pre- 
cision, must of coui^c depend upon a previoui investigation oF ita 
mathematical i)ropertics. 

But a sufflcicnl degree of accuracy for moat praotical purposes can 
be attained by purely graphic methods, very simple, and qnitA inde- 
pendent of tho special nature of the curve. 

The most direct and expeditions of those consists in finding by 
trial tho centre and radius of a circular arc which shall sensibly 
coincide with the given curve in tho immediato vicinity of the point 
of tangeucy. This is more particnlarly eligible when the change of 
curvature in that part is small and gradual, aa in Fig. 1, 
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If it be desired to draw tho tangent at a given point P, we find by 
trial the centre C, as above, and the required line will be perpendicn- 
Ur to CP. 

If it be required to draw a tangent in a given direction, or through 
a given point not tipon the curve, the 
line is drawn mechanically with tho aid 
of a mler, which can be done as bccu- 
ately as a line can be drawn through two 
given points. Then in order to locato 
tho point of tangency, wo find the centre 
C as before, and draw tho perpendicular 
GP, cutting tho tangent in the required 
point, 

4. This tentative method is not very ^^- *■ 

reliable in respect to the exact lomtion of tho centre of curvature, 
OEpecJally if tho curve bo flat ; in whicli case a considerable variation 
in tho radius may be made without sensibly affecting tho curvature 
oC tlie circular arc. But the direction of the radios of cuT\'atuTe is 
thus ascertained with considerable precision, as may readily be veri- 
fied by seeking for two other centres, D and E, of circular arcs which ■ 
shall lie respectively witliiu and without tho given cuire, and deviate 
from it equally on opposite sides o£ tho given or apparent point of 
tangency. If tho manipulation bo made with care, these three cen- 
tres will be fonnd to lie very nearly, as they should, in one straight 
lino. And this fact may be practically utilized in dealing with a very 
flat curve ; in which case, should the centre Cfall at an inconvenient 
distance, the centre J) of tho inner circle may be used instead with 
equal confidence, 

_ 5[ 6. The follow- 

Xj ing construe tion's 
may sometimes 
bo preferred, al- 
though they are 
less direct ond 
mora laborious. 

In Fig. 5, de- 
scribe with any 
conrenieut radius 
no. 8. a circular arc ^JV 

about P, tho point upon tho curve £X at which the tangent is to bo 
drawn. From various points, as A, B, etc., taken at pleasure upon 
KL, draw through P right lines eutljog MN in a, b, etc. From 
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these intersections set o£F, on tlieee linee, distances eqnal to the corre- 
sponding chords of the curve meaaured from P, and in the eamo di- 
rection ; thus, for instance, aa' is laid off to the right, and eqnal to 
PA ; while W, equal to PB, is laid off to the left, and so on. 
Through the points d', b', etc., thus located, draw the auxiliary 
curve ROP, cutting MN in ; then OP is the required tangent. 

Should the intersection at be too acute, the distances aa', hb', 
etc., may be made twice as great as the chords, thus cbanging the 
direction of the auxiliary curve. 

6. A similar principle is iuTolred 
n the process for finding the 
point of contact when the tangent is 
given, as in Fig. 6. Draw any num- 
ber of chorda parallel to the tangent, 
and, through their opix)site extremi- 
ties, draw in opposite directions a 
series of parallel lines, which may or 
may not be perpendicular to the tan- 
gent Upon each ordinate set o3 
from the btngent a distance equal to 
the corresponding chord or some mul- 
tiple thereof, and through the points 
thus determined draw the auxiliary 
curve, which will cut the given one at the required point of tangency. 
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7. For the General ProUem of drawing a normal to a given curve 
from a given point without, no solution, by graphic or any other 
means, has yet been discovered. 

When the given point lies upon the curve, the mathematical prop- 
erties of the latter may or may not be such as to enable ns to draw 
the normal by a direct and independent construction. Sat, in gen- 
eral, the graphic operation in this case depends upon the previous 
determination of the tangent, by one or other of the methods above 
described. 

THE ELLIPSE. 

8. First Method. — About the centre C, Fig. 7, describe two circles 
whose diameters are respectively equal to the major and minoi axee, 
AB and MN. 

Draw any radius CE at pleasure, cutting the inner circle in D and 
the outer one in E. Draw through D a parallel to one axis, and 
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throngh E a parallel to the other : the intersection of these lines 
will be a point upon the ellipse. 

This ia the most aconrate of all methods of constructing this curve 
by points, all the intersectionB, D, E, 0, being right angles. 

To draw the tangent at a given point. — By reversing the aboTe proo- 
088, we find that the given point P would have been determined by 
the rsdiuB CQS. At O and H, draw tangenta to the two circles, 
cutting the axes produced, in L and B respectively : then LR is the 
required tangent at P. 

Converaely, to find the point of contact : if the tangent bo given, pro- 
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dnce it to cnt Mlf prodnced in L, and AB prodnced, in Ji. From 
X draw a tangent to the inner circle, from Jt a tangent to the outer 
one, and from C draw a perpendicular to these lines, thns determin- 
ing and ff; draw through G a parallel to AB, and through ffa 
parallel to JOT; these will intersect-in P, tlie point sought. 

9. Second Method. — Let C, Fig. 8, be the centre, AB tito major 
asis, BE the minor axis. About D with radius A C describe an arc 
cutting AB in the foci E, F'. About /" as a centre, describe an in- 
definite arc with any radius EH, greater than AF and less than BE. 
About F' describe another arc, with a radius E'Q = AB — EH; 
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this arc will cut the one first drawn in 0, 0', two points of the re- 
quired carve. 
Thii method is not eligible for the ordinary pnrpoeefl of the 




draughtsman, since it invoWes much more labor than tho preceding 
one, and the intersections of the arcs are in many cases too acute to 
be reliable. Bat it is of interest as depending upon the property of 
the ourre that tho sum of the focal distances is the same for every 
point upon it, and equal to the major axis ; thus, 
PP + PF' = OF + OF' = AF + AF' = BF + BF' = AB. 
10. Third Method. — Upon this property also depends the operation 
of drawing the " gardener's 
ellipse" by the aid of a 
string and two pins. 

Let two fine pins be fixed 
in the drawing board at F 
nnd F' ; around these paaa 
a loop of waxed sewing silk, 
of which the total length is 
AB + FF' : if this loop be 
kept constantly taut by a 
Tm. 9. pencil P, tho latter in mov- 

ing will trace the curve. 

To draw a tangent at any point, as : produce FO and F'O, and 
bisect the exterior angles FOI, F'OK, by the line TT. To draw 
the normal at the same point, bisect the angles lOK, FOF', by the 
line NN. Obviously, the axes cut the curve normally at their ex- 
tremities A, B, D, E. 
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11, Fourth Method. — Fig. 9 illmtrates the principle of a common 
rlliptographic trammel. The three points P, M, It, are in one right 
line, the distance /'Jf being eqnal to CD, and PJV equal to CA. The 
point JV being then kept always upon the line of the major axis, and 
the point JV upon the line of the minor axis, the point P will st all 
times lie npaa the ellipse. 

This metliod ia extremely convenient when no great precision is 
required, the three points being selected upon the graduated edge of 
a scale, or marked upon the edge of a smoothly cut strip of paper. 

To draw the normal at i* : at Jf draw a perpendicular to AB, at JV 
a perpendicular to DE-y these perpendicnlara intersect at 0, and OP 
is the normal required. For MO and NO are the planes normal to 
the paths of the two moving points, and is oonsequeiitly the in- 
stantaneouB axis of the whole line NP. 
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12. Fifth Method. — To inscribe an ellipse in a given rectangle. 
Fig. 10. Join the middle points of the opposite sides by the right 
lines AB, EF; these will bo the axes, and interaect in the centre C. 
Divide the semi-minor axis CF, and the half side QFot the rectan- 
gle, into the same number of equal or proportional parts ; through 
theiwints of subdivision on CF, draw right lines from B, and pro- 
duce them to intersect the lines drawn from A to the corresponding 
points on OF; these intersections will lie upon the ellipse. 

Or, divide the semi-major axis AC^and the half Eide AH in like 
proportion, and proceed in a similar manner, the two series of inter- 
secting lines converging in the extremities E and F of the minor axis. 

13. The same process is applicable, when it is required to inscribe 
the ellipse in any given parallelogram, as shown in Fig. 11. Bnt in 
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this case AB, EF, vill not be the axes. They are, however, conja- 
gate to each other, for each is parallel to the tangents at the extrem- 
ities of the other: and since the parallelogram can always be con- 
structed if AB and EF &k given, we have thna a simple and ready 
metbodof constructing the ellipse upon any pair of conjugate diameters. 




In order to determine the directions of the axes, describe about the 
centre, C, a circle upon either of the given conjugate diameters, as 
EF'. its circumference cuts the ellipse in P, and the supplementary 
chords, PE, PF, are parallel to the axes. 

14, Sixth Method. — To construct tho ellipse by means of ordiuates 
of the circle. In Fig. 12, let it be required to draw tho ellipse of 
which AO is the semi-major and A E the semi-minor axis. Describe a 
circle with radins CR ~ AE, and divide CP and OA into any number 
of proportional parts. At each point of subdivision, erect a perpen- 
dicular to OA, equal to the ordinate of tho circle at tho correspoading 




point of GP ; the curve OE thus determined is the required ellipse. 

Or CR may be made equal to the semi-major axis BF; then if the 
radius CP and the eemi-minor axis BN bo similarly subdivided, the 
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ordinatea of the circle vill be equal to the correBponding ordinates 
of the ellipse NF. 

15. In a given ellipse, to find the conjtiffaie to a given diameter. 
Let PO, Fig. 13, be the given diameter. Draw any chord HF parallel 
to PO, and bisect it, then the required coajngate dianieter JfWpasBes 
through tho point of bisection, and TT, the tangent at P, is parallel 
to MN. T _ _P T 

Otherwise : draw tho chord EF 
parallel to PO, and also the diam- 
eter EG : then ifJV and TT are 
parallel to the Bupplementary chord // 
FG. '' 

16. To draw the tangents to an 
ellipse from a point Kilhoui. Let Pio. is. 

AA, Fig. 14, bo the major axis, C and the foci, P tho giren point. 
About P describe an arc through the nearer focus C ; intersect thia 
at M and JV by another arc whose centre is 0, with a radius OJV equal 
to AA. Draw OM and Olf, cutting the ellipse in 6 and M; then 
P6 and PH will be the required tangents. For, 

OH + HN=AA= OH + HC; .-. CH = HN; 

also, PC ~ FN", therefore, PH is perpendicular to CJ^, and bisects 
the angle CHIf. 

Similarly, PO is perpendicular to CM, and bisects the angle COM. 

17. In Fig. 14, draw PC, PO; then the angles GP6, OPH, will 
be equal. For MN is a 
common chord of the cir- 
cular area whose centres 
are and P, therefore, 
PO is perpendicular to 
MK; also, PHie perpen- 
dicular to CiV; whence 
the angles OPH, CNM, 
are equal. 

But GNM, in the cir- 
cumference, is one half of 
CPM, at thecentro, which 
again is equal to CPG ; 
therefore, OPH = CPG. 
18. In Chapter XI. 
Pia, 14. (348), the argument in 

connection with Fig. 213 depends upon tho following demonstration. 
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Let tho foci C, E, of the ellipse irlioso major axis is RR, Fig. IS, 
be 60 situated with reejiect to the foci D, F, of tlio equal and similar 
ellipse whose major axis is BB, that the right lines CD, EF, which 
intersect at P, shall be equal to each other ; thou the common tan- 
gents to the two ellipses, ilK and QL, will also intersect in P. 

n, For, first, joining 

DF, the triangles 
DEF, DEC, haTC 
two sides of one i-e- 
y spectively equal to 
I two sides of tho 
I other, and the third 
/side is common, 
whence the angle at 
F is equal to tho 
angle at C; and in 
the triangles DPF, 
CPE, the angles at 
P are equal, whence 
the angles PDF, PEC, are also equal : and since EC = DF, wo have 
also DP = PE, and FP = PC. 

Next, draw TT bisecting the angles DPE and FPC ; by the prts- 
ceding consti'uction (16) draw P6 tangent to one ellipse, and find the 
point of tangency ; draw DG, and produce it to cut TT in A j draw 
AE cutting the other ellipse in H, and join HP. 

Then the triangles DP A, EPA, have tho angles at P equal, tho 
side PD — side PE, and tho side PA common ; the triangles are 
therefore similar, and we have 

ADP = AEP ; 
but PDF = PEC, 
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.-. ADF = AEG: 
consequently, since tho 
ellipses are similar, HE 
= GD, and the tri- 
angles PHE, PGD, 
having the two sides and 
tho included anglo of 
ono equal to the two D 
sides and tho included 
anglo of the other, are '^"- "■ 

similar and oqnal ; whence PH is equal to PG and tangent to the 
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ellipse at H, and also the angle GPD is equal to the angle 
HPE. 

Now draw PK tangent to the ollipao at K ; then (17) the angle 
FPK is equal to the angle QPD, and, therefore, to the angle HPE. 
But FE'k a right line by hypothesis, therefore, HPKia also a right 
line and tangent to both ellipses. In like manner it may be shown 
that PL, tangent to the ellipse on the right, is a prolongation of PO. 

It will also be observed that if xx be an arc uf an ellipse whose 
foci are D, F, the major axis being equal to DP + PF^ and yy an 
arc of a similar and equal one whose foci are C, E, then jfTwill be 
tangent at P to both those ellipses. 

THE PARABOU. 

19, The Parabola, Fig. IC, is a curve every point of which is equally 



distant from a given point F, called the focus, and a given right line 
BD, called the directrix. Hence the axis OFG is perpendicular to 
DD, and the vertex V lies at the middle point of FC. Draw any 
parallel to DD, as RLP ; then the points in which this line is cut by 
an arc described about F, with a radius equal to ZC, will lie upon 
the curve. 

To draw a tangetU at any point, as P : Draw FP, and also PA 
perpendicular to DD: then the required tangent bisects the angle 
FPA. 

Otherwise : let R bo the given point. Draw RL perpendicular to 
the axis, and on the axis make VM = LV; then 3fR is the reqnired 
tangent. 

Second Method. — The parabola may be traced mechanically, as 
shown in Fig. 17. Let BD bo n ruler fixed to the drawing-board. 
Let a fine thread whose length is equal to LA bo fixed at one end to 
the point X<H] the vertical side of the right-angled triangle, and at the 
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other end to the drawing-bo&rd at F, the focus of the required cnrro. 
Then b; sliding the triangle along the ruler, keeping tlie thread taat 
b; a pencil P which always touches tho side A Lot the triangle, the 
^ I * t -a "lotion of tho pencil will 

be so controlled as . to 
trace a parabola, since 
PF is always equal to 
PA. 

20. Third . Itethod.— 

In Fig^ 18, let F be the 

- vertex, VO the axis, and 

P & point ill the required 

currc. 

Draw PO, VA, per- 
pendicular to the axis 
and equal to each other ; 
divide VA in any man- 
'^"'- "■ ner, and through the 

points of division draw parallels to VO : divide AP in like propor- 
tion, and join the points of division with the vertex V. The inter- 
sections of the lines thus drawn through corresponding points upon 
VA and AP will lie upon the parabola VP. 
21. Fourth Method.— In Fig. 19, let The the vertex, VO the axis. 




and P a point through which the curve is to pass. 

Draw PR perpendicular to VO, and make RO — PO. On tho 
axis set oS VL = VO ; draw PL and RL, divide thorn into the 
same number of equal parts, number the points of division in oppo- 
site directions, and join tho points correspondingly numbered, as 
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1, 1, 2, 2, etc. : the lines thus drawn will be tangents to the reqaired 

To find the point ofiangeney o« any one of these lines, for instance 
1, 1. This line cute the axis at N; set off on the axis, VK = VN, 
and draw KB perpendicular to VO, cutting 1, 1, in the required 
point B. 

THE HTFEBBOLA. 

22. The Hypwbola is a plane cnrre generated by the motion of a 
point subject to the condition that the difference of its distances from 
two fixed points called the foci shall always be equal to a given line, 
whoso length most bo lees than the distance between the foci. 

In Pig. 20, set off CF = CF', and let F, F', be the foci : set oft 
also CA = CB, and let AB be the given constant difference. It ia 
evident that 

FB - BF' = AF' - AF= AB ; 



therefore A and B satisfy the conditions and are points on the curve. 
With any radius FO greater than FB, describe an arc about ^as a 
centre ; then about F' describe, 
with a radius F'O - FO - 
AB, another arc, which will 
out the one first drawn in two 
points 0, 0', of the required 
hyperbola. Since with the 
eamo radii, arcs may be de- 
scribed about the other foci, - 
it follows that the curve is 
composed of two equal and op- 
posite branches ; and since 
FO may bo of any length, 
these branches arc infinite. 
The point C is called the cen 
tre, and the lino AB the 
major axis, to which the minor axis is perpendicular. 

To draw a tangent at any point of Ike hyperbola, as P : draw PF, 
PF', and bisect the angle between them. 

Otherwise ihtta : describe a circle upon AB as a diameter, let fall 
PG perpendicular upon the major axis, and from its foot draw 
OJC tangent to that circle. Find the point of tangency K, and draw 
KL perpendicular to AB and cutting it in L ; then LP is the re- 
paired tangent. 
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By the eo&Terse operation ve may find the point of contact if the 
tangent be given. 

Tojind the asyviptotes. From either focus, as F, draw tangents to 
the circle described upon AB : find the points of tangenc; R and S, 
then CR and CS are the aeymptotes. 

23. Second MetMd. In Fig. 21, let C be the centre, AB the 
major axis, and'(? a point 
through which the hyper- 
bola is to pass. 

Describe upon AB the 
semicircle ADB, aud draw 
DCE perpendicnlar to AB, 
also DT tangent to the semi- 
circle. Draw OS perpen- 
dicular to DE, and with 
centre C and radius CL = 
■j; ^ OS, describe an arc catting 
DT m L; on SO set off 
SQ = DL, then CO is an 
*^''- "■ asymptote to the curve. 

Draw any line f/ parallel to AB, aud produce it; setofEZ'iVou tlie 
tangent, equal to KI, then on KI produced set off KN = CM, and 
^will be a point on the curve. 

To jind the focus. Pi-oduce OC to cut the eemi-circumference in 
R, at which point draw a perpendicular to OR ; which will cut the 
major axis in the focus F, 

To draw a tangent at any point, P. Draw PF parallel to the 
asymptote HC, cutting the other 
asymptote GR in V. On OR set off 
VU = CV, and draw PU, which will 
be the tangent required. 

24. Third Method. Given, the 
asymptotes and one point in the curve. 
The construction depends upon the g^ 
property that if any line be drawn 
cutting both asymptotes, the parts in- 
tercepted between each of those lines 
and the curve are equal. 

In Fig. 22, let CR, CS, be the 
nsymptotes, P the given point. 
Through P draw any line ot pleasure, Pio. «, 

as BF, and make F6 = EP ; then ff will lip upon the curve. Any 
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point thas found ma; then be treated in IJko manner, tlius : drawiog 
HQK, make KL = HO, then £ is a point upon the hyperbola ; and 
EO on. 

To find the vertex. Set off upon the asymptotes any equal distanceB 
CM, CN; draw MN, und bisect it by a perpendicular CO, which will 
be in the direction of the major axis, and cut the curve at tJie ver- 
tex V. 

25. Fourth Method. Oiven, in Fig. 23, the major axis AB, and P 
a point in the required eurre. 

Draw PO, BE, perpendic- 
ular to AB and equal to each 
other, and join PE. Divide 
FO and FE into the same 
number of equal parts, uum- 
bering the points of division 
from V upon each line. From 
A draw lines to the pointa 
upon PO, and from B, lines 
to f he pointa upon FE ; the 
intersections of the lines thus drawn ti 
sion, as for instance, A\, Bl, will lie upon the hyperbola required. 
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THE SPIBAL OF ABCHIKEDES. 

26. A Spiral is a plane curve traced by a marking point which moves 
along a right line, wbileat the same time the right line revolves about 
one of ita points as a fixed centre. 

This fixed centre is called the poJe, and a right line drawn from it 
to any point of the curve is called a radiant, or radius vector. Sup- 
posing the angular velocity of the revolution to be uniform, the linear 
motion of tlie marking point along the radius vector may be governed 
by any Jaw at pleasure, and thus an infinite variety of spirals may be 
produced. 

In Fig, 24 both motions are uniform, and the resulting curve is the 
well-known spiral of Archimedes, also called the equable spiral, be- 
cause the rate of expansion is constant, so that the distance between 
any two consecutive coils, measured on a radiant, is the same. 

If this distance or rate of expamion be given : with it as radius, 
dcEcribe a circle about the pole as centre, and divide its circum- 
ference into any number of equal parts by radial lines ; divide the 
given distance into the same number of equal parts, and set out from 
the pole P, upon consecutive radii, as I, II, III, IV, distances 
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equal to one, two, tliree, etc., of theae snbdinsioiiB : the spiral is 
then drawn through the points thus determined. 

If any two radiants he given : 
divide tiie incladed angle into 
anj nnmber of eqnal parts, 
and the difference between the 
given radiants into the same 
nnmber ; then set off on the 
fii-st dividing radial line, a dis- 
tance cqnal to the least radiant 
S pins one of the subdivisions of 
the difference, and so on, each 
Eucceesi ve radiant being greater 
than the preceding, by one of 
these subdivisions. 

To draw a tangent at any 
point. The tangent to this 
spiral can readily be drawn by 
geometrical construction ; for 
the motion of the tracing point 
is the resultant of two known 
components. The direction of 
tho circular motion is that of 
^^■^ thetangenttothe circle through 

the given point, of which the pole is the centre, and its magnitude 
may be repr^ented by tho circumference of that circle. While mak- 
ing one revolution, the tracing point also travels along the radiant 
through a given distance, which is the other component ; and tho re- 
sultant, representing both in magnitude and direction the actual 
motion of the point at the instant, is the required tangent to the spiral 
path. It is not necessary to set off the entire circumference in maldng 
this construction ; should this be inconveniently large, we may use 
one-half, one-third, or any other fi-action, reducing the radial compo- 
nent in the same proportion. 

27. In Fig. 24 PA is the zero line from which the circnlar divisions 
are reckoned in constructing the curve in the first manner above ex- 
plained. And as tho length of this radiant is zero, the circnm- 
ference of the circle described with it as radius b also zero, bnt 
the other, or radial component in the determination of the tan- 
goit is constant ; the zero line, therefore, is tangent to tho curve at 
the pole. This is called the axis of tho spiral ; and it will be noted 
that 
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1. The length of the radiant Taries directly aa the angle of rotation 

from this fixed axis, 

2. The lengths (rf Bncceaaire radiants which inclnde equal angles, hav- 

ing a constant difference, form a series in arithmetical progres- 
sion. 

3. This spiral conBiets of two infinite branches, curving in opposite 

directions, and Bymmetrically placed with reference to a line 
passing through the pole, perpendionlar to the axis. 

THE RECIPROCAL SPIRAL. 

28. This is the exact converse of the Archimedean spiral, the 
lengths of the radiants varying inversely aa the angle of rotation from 
a fixed axis. 

In Fig. 25 deacnhe about the pole S a circle with any convenient 
radios, and beginning at the axis SA, divide it into any number of 







^^^s 












^ 






^\ 


XI 






/\ 


\ * 




7" 


A 






7\ 






^„^3 


/ 


^K/ 






^^\ 


'Z^^^^^^^ 




w 


f 


T\ 




^= 


-^■^ 










-^vy 










~L 


\ 


/ 




\ 


y 






VN, 






\ 


J 










^~^~ 


-vr 











eqnal parts at the points /, //, ///, etc. On the radii through theee 
points set off in their order distances measuring respectively I, \, \, 
i, etc., by any scale of equal parts. Draw also lines from B, making 
with BA angles equal to i, J, \, etc., of the angle ABI', and set off 
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oD them by the same scale distances measuriog 4, 3, S, etc. ; the 
spiral is then drawn through the points thus determined. 

This carve, evidently, makes an infinite number of couTolutions 
about the pole, which it contiDually approaches, but never reaches. 



THE LOGARITBUIC 5PIBAL. 

29. This curve presents to tbe Archimedean spiral the contrast that 
the saoceesive radiants which include equal angles form a series in 
geometrical progression : each being greater or lees than the preceding 
is a certain constant ratio, instead of by a constant distance. 

Hence tbe radiant which bisects tlie angle between two others is a 
mean proportional between them ; thns in Fig. 26, if the angles APE, 
KPH, HFC, h© equal, wo have 



AP:PK:iPE:PH. 
PK-.PH: 



Pff : PC, and so on. 



Had the radiants AP, FH, and tbeir inclnded angle, then, been 
given, the intermediate point K would have been found by bisecting 
the given angle, and 
setting off PK, a 
mean proportional 
between the two 
given radiants. 

If the given radi- 
ants lie in the same 
straight line, a&AP, 
PB, the construc- 
tion is the same — 
this angle of 180° is 
bisected by CP per- 
pendicnlar to AB, 
and describing on 
AB a semicircle, 
ontting this perpendicular in C, we have CP* = AP. PB, as re- 
quired, therefore C is a point upon the spiral. Toward A set off 
PD = PC, and describe a semicircle on DB aa a diameter, cutting 
CP in E. Bisect the angle CPB, and on the bisector set oft PF = 
PE, then F is also a point on the curve. 

In like manner tbe spiral may he extended as far as desired : thus, 
drawing the chord CB, bisect it by a perpendicular cutting CP in O, 
and about describe a semicircle passing through C and £;'thiB 
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semioircle will cut CP produced in &, which will lie upon the spiral, 
since by this conBtraotion PS* = CP. CO. 

80. Id Tiew of the practical application of cnrres of a spiral form 
in the constniotion of cbidb for commanicating definite motion to one 
piece by t)ie rotation of another, it ia of interest to note that by set- 
ting up the saccessiTO radiants as equidistant ordinates, any spiral 
may be tranaformed into a cnrve capable of transmitting motion with 
corresponding chaogea in velocity, while the driver moves in a right 
line. And conversely, any curve may be transformed into a spiral 
poaseBsing analogoua mecbaoioal properties, by setting ont its equi- 
distant ordinates as the radiants, taking core that the sncceasiTe ones 
inolade equal angles. 

THE HELIX. 

31. The Hdix is a curve traced npon the snr&ce of a cylinder of 
revolution by a point which moves uniformly aroand the axis, and at 
the same time travels uniformly in a direction parallel to the axis ; 
the rates of the two motions being entirely independent of each other. 

Thus in Fig. 27, let the relative motions' bo auoh that the marking 




point shall traverse the distance A'M while going once around the 
cylinder; then in going half way around, itwill travel half as far; in 
going one quarter around, or through the arc AB, it will travel one 
quarter as far, or throagh a distance equal to AL, which will, evi- 
dently, bring it to the position B'. Intermediate points are readily 
found by subdividing the arc AB and the distance AL into the same 
number of equal parts at 1, 3, 3, etc, and projecting the former 
points of subdivision to lines drawn through tho latter, perpendicnlar 
to the axis, as shown. 

If the cylinder be cut along the line A'M, and unrolled into a 
plane, it will develope into a rectangular sheet whose length is eqnal 
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to the circamfeTeiice, and the helix will derelope into the diagonal of 
this rectangle. 

To draw the tangent at any point, osB". The curre pierces the 
base of the cylinder at A', corresponding to ^ in the end viev. Pro- 
ject ff to B, and perpendicular to the radius BC, set oft BJ equal to 
the arc BA, Project / to T' upon NA' produced, then B'T' is the 
required tangent. 

By projecting J to J' upon a perpendicular to the axis through the 
given point B', it will be readilj perceived that the eame result would 
have been reached by compounding the two motions of the point, the 
resultant being the tangent. 

A curve analogous to the helix may also be traced upon the surface 
of a cone, or of a hyperboloid, by a point moving uniformly along an 
clement, while the surface at the same time rotates uniformly about 
its axis. (For illustration of the conical helix, see Fig. 226 ; the hy- 
perboloidal helix is represented in Fig. 243.) 

DBAWINO OP BOLLSD CUBT^. 

32. In Fig. 28 ..4.^ isacurvedrulerfiied to the drawing-board, and 
BB is a free one rolling along it. Let a pencil be fixed to and carried 



by the latter, cither in the contact edge, as at D, or at any distance 
from it, as at E. Since P, the present point of contact, is the in- 
stantaneous axis, the motion of D is in the direction DF, perpendic- 
ular to DP, the contact radius. DF is, therefore, tangent to the path 
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of D, traced as the mler BB rolls ; but it is also tangent to the cir- 
cular arc whoae centre is B and radius PD, coDsequently the path of 
D is also tangent to that ore. 

Let the arcs Pc, Po, of BB, be equal to the arcs Pe', Po', of AA, 
then cD will bo contact radius when c reaches c', and oD when o 
reaches o'. If, then, we describe with these radii circular arcs about 
c' and o', the curve traced by D will be tangent to those arcs ; and 
that traced by B will bo tangent to nrcs about the same centres with 
cE and oE as radiL 

Curves thus deBoribed by points carried by one line which rolts 
upon another ore called rolUd curves, roulettes, or epttroehoida ; and 
the drawing of a series of tangent arcs as above explained is the read- 
iest and most reliable known method of laying them out. 

The lino which carries the tracing point is called the generatrix or 
describing line, and the one in contact with which it rolls iscalled the 
directrix or base line; either of these may bo straight, or both may 
be curved. 

TBB CYCLOID. 

S3. This curve is traced by a point in the circumference of a circle 
which rolls upon its tangent. 

In Fig. 39 find Aa', the length of a convenient fraction Aa of the 
circamference ; step this off upon the tangent the required number of 
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times, making ^fequal to the semicircnmf erence. Divide each into 
the same number of equal parts, draw chords from P to the points of 
division on the semicircle, with which as radii, strike arcs about the 
correapondiug points on AE% the cycloid is tangent to all these arot. 
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To find poinia on the curve : When aC becomes contact radius, it 
has the position a'S, per|)endicxilar to AE, The angle aCP remains 
nnchaaged ; therefore, make a'SL equal to it ; then EL is the gener- 
ating radius in its new position, and L is a point on the cycloid. 
Also, a'L, the instantaneous radius, ie normal, and a perpendicular 
to it is tangent to tho carve at L. 

Conversely : Let bo any point on the curve ; about this as a 
centre describe an arc with radius equal to CP. This arc cuts CD, 
the path of tho centre of the rolling circle, in S; then OS is the gen- 
crating radius ; Sb', perpendicular to AE, is tho contact radius, and 
i'O is normal to the cycloid. 

THE EPICYCLOID. 

34. The describing circle, in Fig. 30, rolls on the outside of another 
wliose centre is 0. 
Praw tho common tangent at A, set off upon it the length of Aa 




(any convenient fraction of semiciicumference AP) and find the aro 
of the base circle eqnal to that length. Step this off as above, mak- 
ing AE — semicircumference AP. The curve is drawn by tangent 
uxM in the same manner as the cycloid. 



3vGooglc 



APPEKDIX. 



31'? 



The path of the centre of the deecribing circle is in thfa case another 
circle whose centre is ; and the contact radii a'R, b'S, are prolon- 
gations of the radii Oa', Ob', of the base circle ; which alightlj mod- 
ifies the processes of finding the point of the curve correeponding to 
a given point of contact and the converse. 

THB HYPOCTOLOID. 

35. Traced, as shown in Fig. 31, hj a point in the Gircamference of 
a circle rolling inside another. 
The construction ia in all respects the same as in the case of the 




epicycloid, and the diagrams being lettered to correspond thronghout, 
no further explanation is needed. 

In all three of these curves, if the rolling continue beyond £, anew 
branch springs up, which is of course perfectly symmetrical with JEL. 

It is to be particularly noted that these branches are tangent to ED, 
and therefore to each other at E. 

THE myOLUTE OP THE CIRCLE. 

36. This is in a manner the converse of the cycloid, being gener- 
ated by the rolling of a tangent right line npon a circle. Thus in 
Fig. 33, the ruler, carrying in the line of its edge the pencil P, while 
rolling around the cylinder describes the curve in question. 

It may also be regarded as generated by unwinding an inextensible 
fine thread from a cylinder : the thread being always taut and always 
tangent to the circle, its length ie equal to that of the arc from which 
it was unwound ; thus, beginning at 0, make the tangents AP, BE, 
DFy reepootively equal to the arcs OA, OAB, OBD, and so on ; then 
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the curve paawa through the extremitieB P, E, F, 0, etc., of these 
tangente.' 

The tangent Off, thcD, will be eqnal to the circamference of the 
circle, and if the unwinding be continned, the result will be the for- 
mation of a Bpiral, the distance between the BaccesaiTe conTolutions, 
-■jj^ measured on the 

tangent to the base 
circle, aa for in- 
Btance Pff, being 
constant and equal 
to the circumfer- 
ence. 

Considering it as 
traced by the ruler 
as in the figure, it 
will be Been that as 
the point of contact 
A is the instantane- 
ous axis, the edge 
AP is normal to 
the curve. This 
1)eing true for all 
positions of the 
ruler, we have the 
simple conBtruetion 
F^a. 8». that the normal at 

any point of the curve is tangent to the base circle. 

If the rolling of the ruler continue in the direction of the arrow, it 
is evident that aft«r P reaches a new branch will be formed as shown 
by the dotted line ; the two branches being tangent to each other, 
and to the radius CO at its extremity. 

THE SFITBOCHOID. 

, 37. Although the terra epitrochoidal is used in a general sense, in- 
cluding all roiled curves, yet custom sanctions also a special sense, 
and the curve traced by the rolling of one circle upon another, when 
the marking point is not sitnated upon the circumference, is the one 
ordinarily meant when " The Epitrochoid " simply is mentioned with 
no qualifying word in connection with it. 

In Fig. 33, if the circle whose centre is C, roll upon the circle whose 
centre is D, carrying the marking point P situated without the cir- 
cumference, it describes the looped curve PLE, called the cvrtate 
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epitrochoid. If the trsoiog point be eitiuted at V, within the oircntn- 
feience, the resulting waved cnrve VWX ie called the prolate epitro- 
choid. 

Since the rolling circle meaanres iteelf off upon the baae circle as ia 
the preceding cosea, the poBition of the generating radins can alwaye 
be fonnd as in the couBtmction of the epicycloid, and its length being 
constant, points on the carve are readily fonnd ; and the instantane- 
one radius being always normal to the epitrochoid, the tangent at any 




point may be drawn with the same facility. For example, let it be 
required to draw the tangent at L ; with radins equal to CP describe 
an arc cutting the path of the centre in R, draw iZO, cutting the base 
circle in a' : then a'R is contact radius, BL is generating radius, a'L 
is the normal, and a perpendicular to it is the required tangent. 

DOCBT.E GENEBATION OF THE EPICYCLOID. 
38. By way of distinction, the curve traced as in Fig, 30, by the 
rolling of one circle upon another in external contact, ia called an ex- 
ternal epicycloid. Bat if tho contact be internal, the curve traced by 
tho rolling of the larger upon the smaller is called an internal epicy- 
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oloid ; and in Fig. 34, the circle whose centre ie S, rolling npon the 
fixed circle whose centre is D, and carrying the marking point F, thai 
deacribes this cnrve, of which FL is a portion. 

Now let the same point F be carried by the circle whose centre is 
O, whose diameter FA is eqnal to the difference between the diame- 
ters FG and AO ot the other cireles : it will then trace the same 
path FL. 

First, let the three centres, C, B, D, the two points of contact A 
and 0, and the tracing point F, }io in one straight line FG. Then 
through A draw EAH in any direction at pleaenre, and draw FI par- 




allel to it. Then the three chords EA, AH, FI, subtending eqnal 
angles in the three circles, are proportional to the radii ; therefore, 

EA ■\. AH = FS ■\- SI. 

Also, the triangles AHO, FIG, are similar. 

Set off the are QH£ = are GI. Draw the chord KM =HA, and 
prolong it to L, making ML = AE. Draw the diameter 3£DT, and 
a parallel to it through L, cutting KT produced in the point li. 
Then the triangles MET, LKR, are respectively similar and equal to 
the triangles AHG, FIG. 

Now KD bisects MT in D, and when produced will bisect LR in 
P ; therefore, the circle round LER will be tangent at JT to the cirelo 
round JffTand AHG. Consequently, if the circle whose centre ia 
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B tolls npon the circle whoee centre ie D until 7 reaches A', its centro 
will then be at P, and KL will be the new position of the chord IF; 
the point ^meantime tracing the internal epicycloid FL. 

39. Produce TM to 0, making MN = NO = AC. Then the 
circle whose centre ie N and ladiua KM, will paaa throngh L, and the 
arcs OL, FE, will be eqnal ; because ML = AE, and the angles CAE, 
NML, are equal. 

The point ^will, therefore, reach L, if it first describe the are FE 
abont centre C, and then the arc EL about centre D. And it will 
be perceived that this ia equivalent to the rolling of the circle whoso 
centre is C, upon the cirele whose centre is D, if it be proved that tho 
arcs AM, OL, are equal. 

In order to do this, we have, first, 

BD = DP = AG= JVL, by hypothecs, 
and 

LP = JV7>, by constmotion ; 

. ' . the angles ONL, MDP, are equal. 

Draw BI; then since arc KH(} = arc 01, we have, second, 

KDQ iIBQ :: B6 -.DO; 
but 

. IBO = 2 {IFG) = 8 (CAE) = 2 (NML) = ONL = MDP, 
also 

EDO = ADP. 
Whence 

ADP : MDP:: BO : DO ; 

.-. ADP - MDP : MDP : BO ~ DO : DO, 
or 

ADM : MDP :: SD: DO, 

ADM : ONL : : ON : AD 

.-. arcyLtf = arc OL = are FE. 

Q. E. D. 

40. Although tho epicycloids thus traced by the rolling of the two 
circles npon the same base circle are identical, it is not to be sseamed 
that the epitrochoids generated by marking points not in the circum- 
ferences of tho describing circles will be the same. 

On the contrary, they will bo qnite different, as shown in the dia- 
gram. If the generating radius BF be extended to W, the latter 
point will trace the intemai epitrochoid WZ, during the generation 
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of the internal opicjeloid FL, the flnal position of the generating 
radius being PLZ. On the other hand, proJooging the radius CF . 
to the same point W, wo perceive that during the generation 

of the ext«r&al epi- 
, A cycloid FL by die 

rolling of tho 
Emaller circle, tho 
external epiirochoid 
WX vill be do- 
Gcribed, and NLX 
will be the final po- 
sition of the genc- 
C rating radios CW. 
41. Every inter- 
nal epicycloid, 
then, is also an cx- 
ternal one ; and it 
may bo remarked 
that the latter 
mode of generation 
is nsnally more 
~'--. convenient in prac- 

rio. sj. tical execution. 

Similarly, every hypocycloid is capable of two generations. Thus, 
if in Fig. 34 we take FIG as the fixed base circle, the hypocycloid 
A Y will be traced by the point A, whether it be carried by the semi- 
circnmferenco FSA of the smaller circle, which is equal to FT, or by 
the semicirenmleronce OHA of tho larger, which is equal to GIT. 

PARALLEL CUETES. 

42. Parallel Cnrres are those whose normal distance from each other 
is everywhere the same. If one curve and the length of the normal 
be given, the other is readily mapped out by merely describing any 
number of circular arcs with their centres npoii the first curve, and a 
radius equal to the normal : tho envelope of these area is the parallel 
curve. 

At first thought it is natural to suppose that two curves thus related 
will be similar in form, like two concentric circles. And tjiis will 
really be tho case, if the derived curve be exterior to the first. But if 
it lie within, tliat is, upon the concave side of the fundamental curve, 
quite curious and unexpected results may arise, of which Figs, 35 and 
36 are sufficiently remarkable illustrations. 
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In the former, the original cnrro is the parabola A YB, of which 
VG is the axis and the focos. 

Tho two dotted cnrveB resemble it in form, but though both are 
symmetrical, neither is a true parabola. The normal dietance VHis 
Teas than VO ; but the result of asBuming a greater one ia the forma- 
tion of the Bgure of which tho conBtmction is ehown, and its resem- 
blance to the original curve \% at least not strikiug. 

In Fig. 3C the ellipse of which the axea are AB, DE, is the funda- 
mental cnrre ; and ae before, when the normal distance is small, the 
parallel curves are somewhat similar to it, although neither is a true 
ellipBe. But again, upon increasing the normal, the derived curve 
loses all resemblance to tho original, and developes the four-cusped 




figuro shown within, symmetrical about the centre, and also with re- 
spect to the axes of the ellipse. 

THE LIMACOH AMD THE PAEALLEL TO THE EPICTCLOID. 

43. Mention has previously been made of these curves, whose pecu- 
liarities, which were shown to have direct practical bearing upon the 
true theory of pin gearing, merit for that reason further examination. 

In Fig. 37 the epicycloid PBE is traced by the rolling of the 
circle from Cia D, and the extremity /of tho normal /*/ meantime 
traces the parallel curve TOHF, consisting of two branches. 

It is worthy of note that this cnrve will always exhibit these two 
branches, however small the normal dietance chosen may be ; which 
will be readily seen if we suppose it to be traced in the opposite direo- 
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tion by tho rolliog of the circle from D to C, ia which case the initial 
motion of the circle having the direction of the arrow at E, aod tho 
point E being the centre of rotation, it is apparent that the initial 
motion of tho extremity of the normal, be that lino long or ehort, will 
haye tho direction of the arrow at F; eo that under no circumatancea 
will there be an interior curve similar to tlie original, as was the case 
with the ellipse and the parabola. 

Beginning at F, then, this carve descends to some point H, and 
then begins to rise, the normal taking successively tho positions EF, 
WU, SH. The fact that thero will bo a cusp at the lowest point, is 




shown by the consideration that were there either a wave or a loop, 
there would also be a tangent in some direction nearly coincident with 
HS, the impoasibility of which is perfectly obytous. 

44. Now again beginning at P : tho rolling of tho circle 13 a com- 
pound motion, consisting of n rotation around the travelling centre C, 
and a revolution around tho fixed centre 0, Wc may then suppose 
these two motions to take place eeparutely, in succession. 

Thus if the generating circle be first turned through the angle 
FOR, and then be made to revolve about O through an angle meas- 
ured by an aro AO of the base circle equal to PR, tho tracing point 
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P will hare reached the pomtion B on the epicycloid, and OB, the 
normal to that carve, will be the new position of the chord AH. 

We may reverse this process ; if, for instance, we select any point 8 
on the epicycloid, and describe a circle about Q, cutting the genera- 
trix at J, then AJ is the chord which, by the preceding operation, 
will become the normal 8T, and the arc t*J will be equal to the 
arc AT. 

4fl. A series of chords in tho generating circle, drawn through the 
point A, then, arc tho lines which will eyentually become normals to 
the epicycloid. If now we set off upon each of these chords, from the 
circumference toward A, a distance equal to i*/, as w, JK, etc., the 
points thus located will determine a new curre lAKL, called the 
Umaoon. 

And just as points upon the epicycloid are deriyed as aboTe from tho 
npper extremities of these chords, so points upon the parallel curve 
are derived from their lower extremities. Or in other words, as points 
of the former are derived from points upon tho generating circle, so 
points on the latter are derived from points upon the limacon. For 
instance, the point g of the epicycloid would be determined by rotating 
P about C to fl, then revolving the whole generatrix about O, the 
angle being measured by the o,kAZ equal to Pe : during this revolu- 
tion the point r of tho limacon goes through the same angle, giving 
tho position j? of a point upon the parallel cnrre, which lies upon gZ, 
tho final position of eA. 

By the aid of the limaoon, then, we may determine the direction of 
a normal at any point of the parallel curve : let p, for instance, be the 
given point ; we first describe an arc about O through^, cutting the 
limacon at r, then draw Ar and produce it to cut the generating 
circle at e, and finally draw through an arc cutting the epicycloid in 
g; iheapg is the required normal. 

46. To Draw a Hormal to a Given Epioydnd from a Given Fcdnt 
Withont. — It may bo pointed on t that the foregoing indicates a method, 
circnitous, it is tme, and probably more curious than useful, of graph- 
ically solving the problem just enunciated. 

Supposing the epicycloid given as in the figure, and any point p 
assigned, tho normal distance of this point from the curve, even if not 
given, may practically he ascertained with great accuracy by drawing 
a circle about^ as a centre, tangent to the curve ; for the eye is capa- 
ble of appreciating the fact of tangenoy with extreme nicety, if the 
lines be fine, although wholly unable to locate the point ot contact. 
Th0 radius of this tangent circle then is used in the construction of 
the limacon, by means of which, as above, the normal is drawn. It 



3vGooglc 



may be added, that should the int£rseoti<m of the epicycloid at g, by 
the arc through e, in this construction, be too acute, a better determina- 
tion can be made as follows : about ^, with radius rA, describe an arc 
cutting the base circle in Z, or eet off tho arc AZ equal to Pe ; GZ 
produced will then be the corresponding contact radius, thus locating 
the position of the centre of the generatrix ; an arc about this centre 
with radius CP will then cut the arc eg less acutely than that are 
cute the epicycloid ; and if gZ be found to pass, as it should, though 
the given pointy, the determination may be accepted as at least accu- 
mte enough for all practical purposes, if any such there be. 

47. By the aid of the limacon, however, we can determine with ab- 
solute precision the location of the point of cnspidation H, and of the 
points and U at which the parallel curve crosses the base circle, as 
well as the directions of the normals at these points. 

In order to do this we will first examine the limacoa itself more par- 
ticularly. If we suppose CJ to be a crank turning about C as a fixed 
centre, and JK to be a rod jointed to it at J, and capable of sliding 
endwise through a socket pivoted so as to rotate freely about the fixed 
centre A ; then if JKhe equal to PI, it is clear that a pencil fixed at 
the end ^of this rod will mechanically trace the limacon during the 
rotation of the crank. 

Now, tlie motions of the points J and J. being always known, the 
instantaneous axis of the rod can be found for any given position, and 
we are thus enabled to draw the tangent and normal to this curve at 
any point with geometrical accuracy. The motion of J being perpen- 
dicular to CJ, the plane normal to the path of this point is CJ itself ; 
the motion of the point ^1 of the rod i/X at the instant is in the direc- 
tion JA, therefore, A Q perpendicular to JK is the plane normal to 
its path. But since both A and / lie in the circumference of the 
circle whoso centre is C, the intersection Q of these normal planes, 
that is, the instantaneous axis, will also lie in that circumference 
throughout the action, and will at any givon instant be diametrically 
opposite to the position of the crank at that instant. 

48. To draw the tangent to the limacon at any point. In illustra- 
tion of tho above, let it be required to draw the tangent to tho given 
limacon at the point M. Draw through^ tho chord jVj4 and produce 
it to out the generating circle in 2f, and draw the diameter iVd ; then 
b is the instantaneous axis of JfM, bM is normal, and a perpendicular 
to it is tangent to the curve at ^as required. 

49. Now when, as in this figure, the normal distance PI is less than 
PA, it will be perceived that the limncon must cross the base circle 
of the epicycloid at A ; and since the final chord AL lies outside of 
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that base oircio, the limacon muBt also cross its circumference again 
at Bome point M between A and L. And further, there muBtbesome 
point K, intermediate between A and M, nearer to C than any other 
point of tbo curve ; at this point, therefore, the limocoa must he tan- 
gent to a circle whose centre is Q. 

Obviously, tbo point of the parallel curve is derived from the 
point A of the limacon ; and nuking AR equal to IP, and the arc 
A equal to tbo arc PB, we may find the direction of the normal 
OB eitlier by describing about G an arc throagh R cutting the 
epicycloid in R, or by producing GO to cut CD, the path of the 
centre, in JC, describing the generating circle in that position, and 
making the chord OB = AR = PI. Also, the intersection U is de- 
rived from the point M. We here obBcrvo that the chords MA, Ay, 
of the two circles which are tangent at A, lie in one right line ; there- 
fore, tbo triangles ACN, AOM, are similar, and we have the known 
magnitude M^ divided at A into segments directly proportional to 
the given radii AC, A6. Tho arc PK being thus determined, we 
lay off the arc A F equal to it, then with centre V and radius equal 
to AM describe an arc cutting the base circle in H, at which point 
UVW\& the normal. 

80. Finally, the point of cQBpidation II is derived from tho lowest 
point A' of the limacon. And this point must he bo sitnated that GK 
produced shall paES through the instantaneous axis Q of the rod KAJ 
when the limacon is mechanically traced as above described. 

But Q is then diametrically opposite to J, and P is diametrically 
opposite to A ; therefore, PQ is parallel to AJ, and consequently to 
AK, which is a prolongation of JA ; and, moreover, PQ is equal 
to AJ. 

Then from similar triangles, AKQ, PQG, 

AK AG , AE AG 

PQ = -PG' "^'°'* AJ = PQ- 

Tho magnitude of .iJ/ being thus determined, the arc^Tis made 
equal to tho arc PJ, whence the pOBition of the contact radius TY 
and the normal TS to tho epicycloid are found as before, and STH 
being made equal to JAK, tbo point in question is located with 
geometrical precision. 
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AoUon, arc and angle ot 9i 

" line of 48 

" ftpproacbing and receding 06 

" of spur and beret wheels compared 2S0 

Angular Telocity 4 

" " parallelogram of 09 

Annular wheels — epicycloidal teeth 106 

" involute teeth 148 

" " in pin geariiig 204 

Approximate forms for teeth of spur wheels 113 

" " " "bevel " 888 

Arbitrary proportions for teeth of spnr wheels 108 

Axis of rotation, inatantaneous 14 



BackUsh »4 

Band motioni 89 

Bevel wheels, pitch surfaces. 64 

" " in double pairs 68 

" " " inside gear 888 

" " teeth ot approiimate forms SS8 

" " " " correct " 280 

" " " " involnto " 288 



Centres, line of 87 

Circular pitch 84 

ClasNfication of gearing. 89 

Clearance 9S 

Clcse-fltting tengent screws 267 

Composition and resolution of motions. 12 

" of rotation and translation 19 

Computation of limiting numbers of teeth 128 
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Condition of compulsor; rotetion 41 

" " constant velocity ratio 41 

Condition of rolling oont»ot 43 

Ckinical lobod wheels 74 

Conjugate teeth 187 

Connected pointa, motion of 18 

Constructiva mechanism 3 

Contact, rolling, sliding, and mixed 80,85 

Contact motions 40 

" " rate of Eliding in 42 ■ 

Continuous motion 5 

Contraction of angles 61 

Cotter engine, pantagraphic 183 

Cutters, geriea of equidistant 186 

t^cleof motions 



Dead points 88 

Degenerated hjperboloids. KI 

Describing circle 98 

" " intermediate, limiting diameter of 106 

" " interior and exterior, limiting diameter of 107 

Determination of path of contact 170 

" " a series of cutters 166 

Diametral pitch 170 

Direction 8 

Direotional relation 88, 43 

Dissimilar lobed nheels 54,01 

Double contact of teeth In inside gear. 107 

Driver and follower 8 



Elemcntar; comI)inations 7 

Ellipses, rolling 51 

" spherical 70 

Elliptical bevel wheels 73 

" gearing, construction of teeth 33S 

" " involute teeth S28 

" pulleys 836 

Epicycloid and involute compared 168 

" spherical 288 

Epicycloidal milling engine 178 

Equidistant gear cutteis 186. IM 



Face and flank M 



3vGooglc 



IMDSZ. 331 

Face gearing 287 

'> " and screw gearing combined 390 

Fallacy of Willis's and Rankine's theory of skew teeth SSO 

Friction gearing 46 

" " grooved 46 

■' beTel 66 

" skew. 87 

G. 

Qear cnttera, equidistant series of 186, IM 

" " manufacture of 178, 181 

Gearing olassifled 88, 98 

Geometrical method of inTestigation 11 

Onphic representation of motion 10 

n. 

Hindley'B screw, or honr-glnss worm 280 

Hollow cones, double pair 68 

Hooke's stepped wheels 105 

" spiral gearing 107 

Hyperboloids of revolutioft 77 

" in internal contact 81 

" one rolling upon another which is fixed. 350 

I. 

Inmde gearing 100,148,804 

Instantaneous axis of rotation 14 

Interchangeable spur wheels 100 

lobed ■' 08 

Intenniltcnt motion 

Intermediate describing circle 106 

Irregular lobed wheels 68 

Involute, flrst generation 144 

■' second " 165 

spherical 230.203 

teeth 149 

" " with epicjcloidal extension 138 

" " original pitch circle 146 

" " proper obliquity 146 

" " max. pitch for given obliquity 151 

" " compared with opicycloidal 163 

" " for elliptical wheels 230 

' ' Olivior's, in different planes. 253 



Least amount of sliding ir 
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Limiting nntnbers ot tMth, epicyololdal 114, 138, 184 

" " " involute 158, 162 

" ' in pin gearing 206, 816 

" diametfr of pin " " " 306 

Une of Action 43 

" " centres 87 

linka 8 

Link motion, velocity ntio in 80 

Lobedwheeb 49,28* 

" " derived from ellipse 53 

" " pin gearing for 281 

LogariUiniio spiral 47 

Low-nambered pinions Ill, 146, ISO 



Machine 1,8,8 

Uechanism, pure and constructive 1.3 

" train of 8 

Mechanical movements 8 

Milling engine, epicjcloidal 178 

Mixed contact T 81,85 

Momentary constancy of velocityntio 88 

Motion and rest 3 

" compoBilion and resolution of 12 

" continuona, intermittent, reciprocating 5 

" graphic representation of. 10 

" modes of transmitting 8 

" modiflcation of 8 

■' of connected points 13 

" of a rigid lx>dy in space, 25 

" of translation 18 

" phases and cycles of 6 

Motive power 1 



Noise and vibration of incorrect teeth 218 

Nomodont 130 

Non^circular cones TJJ 

" " wheels 49,230 

Normal component 13 



Oblique rack and wheel 271 

• ' screw gearing 273 

" andtaclf 278 
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ObUqnit;, tronaTetBe, in skew gearing 82 

" proper, of involute teeth 146 

Odontograph, Robinson'a templet -. 175 

■' WiUiBB 17B 

Odontoscope, Mac Corf's 22X 

Olmer's involutes, in differoot plAoes, StS8 

Originid. piteh ciide. 146 



Pantagmphlc cutter engine 1&3 

FsmUelogrom of motions 13 

" " angular Telooities 68 

Parallelopipedon of motions. 13 

Path 8 

" of contact IBl, 170 

" " in pin gearing 217 

Phases and cycles of motion. 6 

Pinions, low-nnmbered Ill, 1«, 160 

Rn gearing 203 

" " for lobed wheels 381 

Htch, circular M 

" diametral 170 

Proper ofallqnit; of Involote teeth. 146 



Back and wheel 103, 147 

" " " obliquB 371 

" " " inpingearing 308 

" " screw ■ 270 

Badial planes, wheels with 300 

Rate of sliding in contact motions 42 

Ratio, velocity 0, 86 

Receding and approaching action « 06 

Reciprocating motion 5 

Relation, diiectional 88, 43 

Resolution of motions 13, 20 

Rest, absolute and relative 8 

Resultant 13 

" motion of a rigid body 26 

Revolution and rotation 4 

Robinson's odontograph 175 

Boiling contact 83,45 

" condition of 42 

cones 64 

" in double pairs 86, 68 

" with varying velocity ratio 60 

ellipses 61 
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BoUiag hfperboloids 78 

" " double taageaaj of. 8S 



Sftng's theorj of the teeth of wheels. 168 

" " practical embodiment of 369 

Screw gearing 187, 366 

" " combined vith face gearing 291 

" " distingaiahed from twisted gearing fli 

" " boor-glass 380 

" " least amount of sliding in 2T8 

" " multiple-threaded SK 

" obUqw 270 

■" " prac-tlcal proportions of. 268 

Kaw gearing, pitch surfaces 78 

'■ " teethof 2& 

" " transverse obliquity 82 

" " resemblance of to screw gearing 279 

Sliding, rate of in contact motions 42 

Sliding contact 80 

8[Aerical epicycloid S8S 

' ' inTolute 280, 203 

" screw and wheel 298 



Tables of equidistant cutters 104 

■' " limiting numbers of tcelJ), epicjdoidal 134, 135 

*' " " " " " involute 163, 168 

" " " " " " pin gearing. 216,217 

" " " ■" " " computation of. 128 

Tangential component 18 

Tangent screws, close-fttting 267 

Teeth of lievel wheels, approximate 388 

" correct 836 

* faoo " 884 

' lobed " 228,838 



" skew " 343 

new theorf. 858 

" spur •' conjugate 168 

Bpprosiir.ate 178 

" ejMcycloidal tlB 

involute 143 

" Sang-B theory. 168 

Three-leaved pinion 118,117 
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Transfbniution of rolling caries. 51 

TiaDsI&U<ai 18 

Transmitting motion, modes of. 8 

Transverse obliqnit; in skew gearing 82 

Twisted spur wheels (Hookc's spiral gearing) lOS 

" bevel " 841 

skew '• SSO 

Two-lenved pinion, eitamtd ,. 118 

" " internal 123 



Uniform periodic motion G 

Use ot low- numbered pinions 110, 149 

Unsymraetrioal teetli 171 



Velocity. 8 

Velocity ratio 

in band motions 80 

" contact motions 40 

" link " 86 

condition of a constant 41 

momentarily constant S8 

varying 47 

of lolling hypertmloids 79 
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Wear, effects of on inoorrect teeth 219 

" In bearings, effects of 230 

Wearing to a bearing 830 

Wheels with mdial planes. 20B 

Willis's odontograpb 173 
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